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(2021-22) 
Time: 3 hours One Paper Max. marks: 80 
S. No. Units No. of Periods Marks 
I RELATIONS AND FUNCTIONS 30 08 
I. ALGEBRA 50 10 
III. CALCULUS 80 35 
IV. VECTORS AND THREE-DIMENSIONAL GEOMETRY 30 14 
V. LINEAR PROGRAMMING 20 05 
VI. PROBABILITY 30 08 
Total 240 80 
Internal Assessment 20 
UNIT-I: RELATIONS AND FUNCTIONS 

1. Relations and Functions (15 Periods) 
Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one and onto 
functions, composite functions, inverse of a function. 

2. Inverse Trigonometric Functions (15 Periods) 
Definition, range, domain, principal value branch. Graphs of inverse trigonometric functions. 
Elementary properties of inverse trigonometric functions. 

UNIT-II: ALGEBRA 
1. Matrices (25 Periods) 


Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of 
a matrix, symmetric and skew symmetric matrices. Operation on matrices: Addition and 
multiplication and multiplication with a scalar. Simple properties of addition, multiplication 
and scalar multiplication. Non-commutativity of multiplication of matrices and existence of non- 
zero matrices whose product is the zero matrix (restrict to square matrices of order 2). Concept 
of elementary row and column operations. Invertible matrices and proof of the uniqueness of 
inverse, if it exists; (Here all matrices will have real entries). 











2. Determinants (25 Periods) 
Determinant of a square matrix (up to 3 x 3 matrices), properties of determinants, minors, 
co-factors and applications of determinants in finding the area of a triangle. Adjoint and inverse 
of a square matrix. Consistency, inconsistency and number of solutions of system of linear 
equations by examples, solving system of linear equations in two or three variables (having 
unique solution) using inverse of a matrix. 

UNIT-III: CALCULUS 

1. Continuity and Differentiability (20 Periods) 
Continuity and differentiability, derivative of composite functions, chain rule, derivatives of 
inverse trigonometric functions, derivative of implicit functions. Concept of exponential and 
logarithmic functions. 

Derivatives of logarithmic and exponential functions. Logarithmic differentiation, derivative of 
functions expressed in parametric forms. Second order derivatives. Rolle’s and Lagrange’s Mean 
Value Theorems (without proof) and their geometric interpretation. 

2. Applications of Derivatives (10 Periods) 
Applications of derivatives: rate of change of bodies, increasing/decreasing functions, tangents 
and normals, use of derivatives in approximation, maxima and minima (first derivative test 
motivated geometrically and second derivative test given as a provable tool). Simple problems 
(that illustrate basic principles and understanding of the subject as well as real-life situations). 

3. Integrals (20 Periods) 
Integration as inverse process of differentiation. Integration of a variety of functions by 
substitution, by partial fractions and by parts. Evaluation of simple integrals of the following 
types and problems based on them. 

i dx i dx f dx j dx i dx 

xbxaU Seta yax ax? +bxte’ 5 Jab bxc 

LF x+ 
P 1 dx, | 4 7 dx, [va £x? dx, [ x? - à? dx 

ax^*bx*c Vax^*bx*c 
[Vax?*bx*c dx, [(px*q)vax? *bx*c dx 
Definite integrals as a limit of a sum, Fundamental Theorem of Calculus (without proof). Basic 
properties of definite integrals and evaluation of definite integrals. 

4. Applications of the Integrals (15 Periods) 
Applications in finding the area under simple curves, especially lines, circles/parabolas/ellipses 
(in standard form only). Area between any of the two above said curves (the region should be 
clearly identifiable). 

5. Differential Equations (15 Periods) 


Definition, order and degree, general and particular solutions of a differential equation. Formation 
of differential equation whose general solution is given. Solution of differential equations by 
method of separation of variables, solutions of homogeneous differential equations of first order 
and first degree. Solutions of linear differential equation of the type: 


d 
ES * py =q, where p and q are functions of x or constants 


E *px =q, where p and q are functions of y or constants 





UNIT-IV: VECTORS AND THREE-DIMENSIONAL GEOMETRY 


1. Vectors (15 Periods) 


Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction ratios 
of a vector. Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector 
of a point, negative of a vector, components of a vector, addition of vectors, multiplication of a 
vector by a scalar, position vector of a point dividing a line segment in a given ratio. Definition, 
geometrical interpretation, properties and applications of scalar (dot) product of vectors, vector 
(cross) product of vectors, scalar triple product of vectors. 


2. Three-dimensional Geometry (15 Periods) 


Direction cosines and direction ratios of a line joining two points. Cartesian equation and vector 
equation of a line, coplanar and skew lines, shortest distance between two lines. Cartesian and 
vector equation of a plane. Angle between (i) two lines, (ii) two planes, (iii) a line and a plane. 
Distance of a point from a plane. 


UNIT-V: LINEAR PROGRAMMING 
1. Linear Programming (20 Periods) 


Introduction, related terminology such as constraints, objective function, optimization, different 
types of linear programming (L.P.) problems, mathematical formulation of L.P. problems, 
graphical method of solution for problems in two variables, feasible and infeasible regions 
(bounded and unbounded), feasible and infeasible solutions, optimal feasible solutions (up to 
three non-trivial constraints). 


UNIT-VI: PROBABILITY 
1. Probability (30 Periods) 


Conditional probability, multiplication theorem on probability, independent events, total 
probability, Bayes' theorem, Random variable and its probability distribution, mean and variance 
of random variable. Binomial probability distribution. 


The changes for classes XI-XII (2021-22) internal year-end/Board Examination are as under: 





Classes XI-XII 





Year-end 
Examination / Board 
Examination (Theory) 


(2020-21) (2021-22) 
Existing Modified 





* Objective type Questions |% Competency Based Questions will 
including Multiple Choice be 20% 


Question-20% These can be in the form of Multiple- 


%  Case-based/Source- based Choice Questions, Case- Based 
Integrated Questions-10% Questions, Source Based Integrated 
Composition 4 Short Answer/ Long Answer Questions or any other types 


Questions- Remaining 70% * Objective Questions will be 20 % 


* Remaining 60% Short Answer/ 
Long Answer Questions- (as per 
existing pattern) 











Design of Question Paper 


Mathematics Code No. 041 
Class XII (2021-22) 





Time: 3 hours Max. Marks: 80 


: % 
S. No. Typology of Questions Total Marks Weightage 


Remembering: 

Exhibit memory of previously learned material by 
recalling facts, terms, basic concepts, and answers. 
1. Understanding: 44 55 
Demonstrate understanding of facts and ideas by 
organizing, comparing, translating, interpreting, giving 
descriptions, and stating main ideas 








Applying: 
2. Solve problems to new situations by applying acquired 20 25 
knowledge, facts, techniques and rules in a different 
way. 


Analysing : 

Examine and break information into parts by 
identifying motives or causes. Make inferences and 
find evidence to support generalizations 


Evaluating: 


Present and defend opinions by making judgments 
about information, validity of ideas, or quality of work 
based on a set of criteria. 

Creating: 


16 20 


Compile information together in a different way by 
combining elements in a new pattern or proposing 
alternative solutions 


TOTAL 80 100 














1. No chapter wise weightage. Care to be taken to cover all the chapters. 


2. Suitable internal variations may be made for generating various templates keeping the overall weightage to 
different form of questions and typology of questions same. 


Choice (s): 
There will be no overall choice in the question paper. 


However, 33% internal choices will be given. 














INTERNAL ASSESSMENT 20 MARKS 
Periodic Tests ( Best 2 Out of 3 tests conducted) 10 Marks 
Mathematics Activities 10 Marks 











Note: For activities NCERT Lab Manual may be referred 


Conduct of Periodic Tests: 


Periodic Test is a Pen and Paper assessment which is to be conducted by the respective subject 
teacher. The format of periodic test must have questions items with a balance mix, such as, very 
short answer (VSA), short answer (SA) and long answer (LA) to effectively assess the knowledge, 
understanding, application, skills, analysis, evaluation and synthesis. Depending on the nature 
of subject the subject teacher will have the liberty of incorporating any other types of questions 
too. The modalities of the PT are as follows: 


(a) Mode: The periodic test is to be taken in the form of pen-papertest. 


(b) Schedule: In the entire Academic Year, three Periodic Tests in each subject may be conducted 








as follows: 
Test Pre Mid-term (PT-I) Mid-Term (PT-II) Post Mid-Term (PT-IIT) 
Tentative Month July-August November December-January 




















This is only a suggestive schedule and schools may conduct periodic tests as per their 
convenience. The winter bound schools would develop their own schedule with similar time 
gaps between two consecutive tests. 

(c) Average of Marks: Once schools complete the conduct of all the three periodic tests, they will 
convert the weightage of each of the three tests into ten marks each for identifying best two 
tests. The best two will be taken into consideration and the average of the two shall be taken 
as the final marks for PT. 


(d) The school will ensure simple documentation to keep a record of performance. 


(e) Sharing of Feedback/Performance: The students’ achievement in each test must be shared 
with the students and their parents to give them an overview of the level of learning that 
has taken place during different periods. Feedback will help parents formulate interventions 
(conducive ambience, support materials, motivation and morale-boosting) to further enhance 
learning. A teacher, while sharing the feedback with student or parent, should be empathetic, 
non- judgmental and motivating. It is recommended that the teacher share best examples/ 


performances with the class to motivate all learners. 


Assessment of Activity Work: 


Throughout the year any 10 activities shall be performed by the student from the activities given 
in the NCERT Laboratory Manual for the respective class (XI or XII) which is available on the link 
http://www.ncert.nic.in/exemplar/labmanuals.html. A record of the same may be kept by the 


student. An year end test on the activity may be conducted at the School Level. 

The weightage are as under: 

€ The activities performed by the student through out the year and record keeping: 5 marks 
€ Assessment of the activity performed during the year end test: 3 marks 


€ Viva-voce: 2 marks 
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MULTIPLE CHOICE QUESTIONS 
FILL IN THE BLANKS 

VERY SHORT ANSWER QUESTIONS 
SHORT ANSWER QUESTIONS-I 
SHORT ANSWER QUESTIONS-I 
LONG ANSWER QUESTIONS 
PROFICIENCY EXERCISE 
SELF-ASSESSMENT TEST 









Relations and 
Functions 





BASIC 
CONCEPTS 
1. Relation: If A and B are two non-empty sets, then any subset R of A x B is called relation from set A 
to set B. 
ie., R:AoOBo RcAxB 
For example: Let A = (1,2, B = {3, 4} 
Then Ax B= a, 3), a, 4), (2, 3), (2, 4)} 


A subset R, = {(1, 3), (2, 4)} CA x B is called relation from A to B. 
Similarly, other subsets of A x B are also relation from A to B. 


If (x, y) € R, then we write x R y (read as x is R related to y) and if (x, y) e R, then we write x R y (read 
as x is not R related to y). 


2. Domain and Range of a Relation: If R is any relation from set A to set B then, 
(a) Domain of R is the set of all first coordinates of elements of R and it is denoted by Dom (R). 
(b) Range of R is the set of all second coordinates of R and it is denoted by Range (R). 
A relation R on set A means, the relation from A to A i.e., Rc A x A. 
3. Some Standard Types of Relations: 
Let A be a non-empty set. Then, a relation R on set A is said to be 
(a) Reflexive: If (x, x) e R for each element x e A, i.e., if xRx for each element x e A. 
(b) Symmetric: If (x, y) € R > (y, x) e R forall x, y € A, ie., if xRy > yRx for all x, y € A. 
(c) Transitive: If (x, y) e R and (y, z) e R > (x, z) e R for all x, y, z e A, i.e., if xRy and yRz > xRz. 


4. Equivalence Relation: Any relation R on a set A is said to be an equivalence relation if R is reflexive, 
symmetric and transitive. 


5. Antisymmetric Relation: A relation R in a set A is antisymmetric 
if (a, b) e R, (b,a) e R => a=bVa,b e R,oraRb and bRa > a=b,Va,beR. 
For example, the relation “greater than or equal to, “>” is antisymmetric relation as 
a>b,b>a => az=bVa,b 
[Note: “Antisymmetric” is completely different from not symmetric.] 


6. Equivalence Class: Let R be an equivalence relation on a non-empty set A. For all a e A, the 
equivalence class of ‘a’ is defined as the set of all such elements of A which are related to ‘a’ under 
R. It is denoted by [a]. 


ie., [a] = equivalence class of ‘a’ = {x € A: (x,a) € R} 
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10. 


11. 


12. 


13. 


10 


For example, Let A = (1, 2, 3} and R be the equivalence relation on A given by 
R - (0, 1), 2, 2), (3, 3), (1, 2), 2, 1)] 
The equivalence classes are 
[1] = equivalence class of 12 {x e A: (x, 1) e R} = {1, 2} 
Similarly, [2] = (2, 1} and [3] = {3} 


. Function: Let X and Y be two non-empty sets. Then, a rule f which associates to each element x € X, a 


unique element, denoted by f(x) of Y, is called a function from X to Y and written as f: X > Y where, 
f(x) is called image of x and x is called the pre-image of f(x) and the set Y is called the co-domain of 
fand AX) = (f(x): x e X] is called the range of f. 


. Types of Function: 


(i) One-one function (injective function): A function f : X — Y is defined to be one-one if the 
image of distinct element of X under rule f are distinct, i.e., for every x4, x; e X, f(x) = f(x) 
implies that x, = x3. 

(ii) Onto function (Surjective function): A function f : X > Y is said to be onto function if each 
element of Y is the image of some element of x i.e., for every y € Y, there exists some x € X, such 
that y = f(x). Thus f is onto if range of f = co-domain of f. 

(iii) One-one onto function (Bijective function): A function f : X — Y is said to be one-one onto, if 
fis both one-one and onto. 

(iv) Many-one function: A function f : X Y is said to be a many-one function if two or more 
elements of set X have the same image in Y. i.e., 


f: X Y is a many-one function if there exist a, b € X such thata +b but f(a) = f(b). 


. Composition of Functions: Let f : A > B and g : B > C be two functions. Then, the composition of 


f and g, denoted by gof, is defined as the function. 


f:A>B g:B>C 





gof: A C given by 
gof(x) = g(fx)), Vx eA 
Clearly, dom(gof ) = dom(f) 
Also, gof is defined only when range(f) c dom(g) 
Identity Function: Let R be the set of real numbers. A function I : R > R such that 
I(x) =x Y x e Ris called identity function. 
Obviously, identity function associates each real number to itself. 


Invertible Function: For f: A — B, if there exists a function g : B > A such that gof = I, and fog = Ip, 
where I, and I, are identity functions, then f is called an invertible function, and g is called the 
inverse of f and it is written as f = g. 


Number of Functions: If X and Y are two finite sets having m and n elements respectively then the 


number of functions from X to Y is n”. 


Vertical Line Test: It is used to check whether a relation is a function or not. Under this test, graph of 
given relation is drawn assuming elements of domain along x-axis. If a vertical line drawn anywhere 
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in the graph, intersects the graph at only one point then the relation is a function, otherwise it is not 
a function. 


y-axis 










f(x) = 2? 












Vertical line <— Vertical line 


x-axis x-axis 


(a) (b) 


(a) Itis graph of function i.e., f(x) = x° is a function. 
(b) It is not the graph of function i.e., f(x) =+yx is not a function. 

14. Horizontal Line Test: It is used to check whether a function is one-one or not. Under this test graph 
of given function is drawn assuming elements of domain along x-axis. If a horizontal line (parallel 
to x-axis) drawn anywhere in graph, intersects the graph at only one point then the function is one- 
one, otherwise it is many-one. 


y-axis y-axis 


f(x) -2x* 1 f(x) 23? 





Horizontal line 
Horizontal line 


x-axis x-axis 


(a) (b) 
(a) f(x) = 2x + 1 is one-one function. 


(b) f(x) = xà is many-one function. 


Selected NCERT Questions 


1. Show that the relation R on the set R of real numbers, defined as R = {(a, b): a < b?) is neither 
reflexive nor symmetric nor transitive. [CBSE (F) 2009] 


Sol. We have, R = ((a, b): a < b°}, where a, b e R 
2 


1 Lo 
Reflexivity: Obviously, 7 is a real number and > = io) is not true. 


Therefore, R is not reflexive. 

Symmetry: Consider the real numbers 1 and 2. 
Obviously, 1x2? > (1,2) e R 

But, 2 < (1)? is not true and so, (2, 1) ¢ R. 
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Thus, (1,2) e R but (2,1) e R 

Hence, R is not symmetric. 

Transitivity: By taking real numbers 2, - 2 and 1, 

we have, 2 < (22) and 2 < (1)? but 2 < (1)? is not true. 
Thus, (2, 2) e R and (22, 1) e R, but (2,1) e R. 
Hence, R is not transitive. 


2. Check whether the relation R in IR defined by R = ((a, b) : a < b*} is reflexive, symmetric or 
transitive. 


Sol R={(a,b):a<b? Va,b eR} 
1 
Reflexivity: Here 3 € [R (Real number) 


1 1 i ji 1 ,/1Y 
and > or 5» (4) or £(3) 





<. Ris not reflexive. 

Symmetry: 1, 2 € IR (Real number) 

and 1x8 or1<2° 

So,(1,2) e R but, D) eR [72210r22 17] 
-. Ris not symmetric. 

Transitivity: Here 10, 3,2 e IR (Real number) 
and 10x27 or 10<3° 

so, (10,3)eR and 

3<8 or 3x2 

so, (3,2)e R 

But 10>8 or 1022? or 1022 
So, (10,2) g R 

So, here (10, 3) e Rand (3, 2) e R but (10,2) e R 
-. Ris not transitive. 

3. Show that the relation R in the set A = {1, 2, 3, 4, 5} given by R = {(a, D) : |a -b | is even} is an 
equivalence relation. Show that all the elements of {1, 3, 5} are related to each other and all the 
elements of {2, 4} are related to each other. But no element of {1, 3, 5} is related to any element 
of {2, 4}. [CBSE Delhi 2009; Chennai 2015] 

Sol. For the given relation R on A, we have 
R= {(1, 1), (1, 3), (1, 5), (2, 2), (2, 4), (3, 1), (3, 3), (3, 5), (4, 2), (4, 4), (5, 1), (5, 3), (5, 5)} 
For an equivalence relation, it must be reflexive, symmetric and transitive. 
Reflexivity: Given that, A = {1, 2, 3, 4, 5] and R = {(a, D) : |a—b| is even} 
Here (a,a) e Ras |a-a| 20 is even for a e A, so itis reflexive. 
Symmetry: Let (a, D) e Rie.,|a—b| iseven > |b-a| is also even 
=> (ba)eR 
Thus, it is symmetric. 
Transitivity: Now, if (a, b) € R i.e., |a - b| is even 


=> a-b-t2m meN 
and = (b,c) E R ie, |b-c| iseven 
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> b-c=+2n, neN 
Then, a-c-(a-b)«(b-c) 
= (+ 2m) + (€ 2n) 2 x 2(m +n) 


[a - c| 2 2(m 4 n) 





Thus, |a - c| is even. 
Hence,(4,2c) eR = Ris transitive. 
Hence, it is an equivalence relation. 


In set R all the elements corresponding to {1, 3, 5} ie., (1, 3), (3, 1), (1, 5), (5, 1), (3, 5), (5, 3) are 
related to each other because difference of these elements are even. 


Again, all elements corresponding to {2, 4} are related to each other. 
But no element of {1, 3, 5} is related to elements of {2, 4} because the difference of elements of the 
two sets are not even. 
4. Show that each of the relation R in the set A = (x e Z:0<x<12},givenby [CBSE (AI) 2010] 
(i) R = {(a, b) :| a -b | is a multiple of 4} 
(ii) R = {(a, b) : a = b} is an equivalence relation. 
Find the set of all elements related to 1 in each case. 
Sol. A={xeZ:0<x<12} 
(i) R={(a,b): | a-b | isa multiple of 4} 
Reflexive: Letx cA =  |x-x| 20, which is a multiple of 4. 
=> (x, X) eRVxeA 
R is reflexive. 


Symmetric: Let x, y €A and (x, y) e R 


= [x-y| isa multiple of 4 

or x-y=+4p {pisany integer} 

> y-x-t4p 

= | y -x | isa multiple of 4. > mxyjeR 
> R is symmetric. 


Transitive: Let x, y, z € A, (x, y) € R and (y, z) e R 

|x-y| is multiple of 4 and | y- z |is multiple of 4 
x-yis multiple of 4 and y - z is multiple of 4 

(x-y) + (y —z) is multiple of 4 > (x —z) is multiple of 4. 
[x -z| is multiple of 4. 


Uuyuvuvuu 


(x,z) ER => Ris transitive. 
So, R is an equivalence relation. 
Let B be the set of elements related to 1. 
B={aeA: |a-1| is multiple of 4} 
=> B={1,5,9} {as |1-1] =0, |1-5 |=4, |1-9| =8} 
(ii) R = {(a,b):a=b} 
Reflexive: Let x €A 
asx=x => (x,x) ER => Ris reflexive. 
Symmetric: Let x, y e A and (x, y) eR 
> x=y > y=x 
> (y,x)>R 
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- Ris symmetric. 
Transitive: Let x,y,z € A 
and let (x, y) e Rand (y, z) eR 
> x=yandy=z > x=z => (xáz)eR = _ Ris transitive. 
z. Ris an equivalence relation. 
Let C be the set of elements related to 1. 
C= {ae A;az1]- [1]. 
5. Prove that the greatest integer function f: IR >R given by f(x) = [x], is neither one-one nor onto, 
where [x] denotes the greatest integer less than or equal to x. 
Sol. f:IR ^ IR given by f (x) = [x] 
Injectivity: Let x, = 2.5 and x, = 2 be two elements of IR. 
fq) =f (2.5) -[25]-2 
f%2)=f(2) = [2] =2 
e fo) =f (x2) for x1 # x3 
> f (x) = [x] is not one-one i.e., not injective. 








Surjectivity: Let y = 2.5 € IR be any element. 
fO => [x] =2.5 
Which is not possible as [x] is always an integer. 
=> f (x) = [x] is not onto i.e., not surjective. 
6. Show that the modulus function f : IR ^ IR given by f (x) = |x|, is neither one-one nor onto, 
where |x| is x, if x is positive or 0 and |x| is —, if x is negative. 


Sol. f= Ixl = DE co 
One-one: Let x, = 1, x; = -1 be two elements belongs to R 
fou) =f) = |1| and fœ) = f(-1) =-(-1)=1 

=> = fl%1) = f) for x, z x; 
5 f(x) is not one-one. 

Onto: Let f(x) 2-1 => |x| =-1 e R, which is not possible. 
=> f(x) is not onto. 

Hence, f is neither one-one nor onto function. 


7. Letf:N > N be defined by 


+1 
— if n is odd 
f= 


PL ifnis even 


For all n € N, state whether the function f is bijective. Justify your answer. [CBSE (AI) 2009] 


+1 
a if nis odd 


Sol. Given, f(x) = 
2! ifnis even 
Let x, = 1 and x, = 2 be two elements of N. 


2 
fey-Rn- =l and fef ci 
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Sol. 


Sol. 


f(x) = flxz) for x4 ¥ x; 
f:N > Nis not one-one. 
— As f is not one-one. f is not a bijective function. 
Consider f : R, > [- 5, œ) given by f(x) = 9? + 6x - 5. Show that f is invertible and 


Jy+6-1 
f = (we) [CBSE Delhi 2017; (E) 2010] 
Given function f : R, — [- 5, 0) such that f(x) = 9x? + 6x - 5 


One-one: Let x1, x; € R, then 


fex) = feo) = 9x? + 6x, —5 = 9x5 + 6x, -5 
> A(x? -x5)+6(x,-x,) =0 2 3(3(x, + x) + 2} {x1 7 x} =0 
> x0-x-0 [e xx € R, > x*x;2023( + Xp) +240) 
> XX 


So, given function is one-one. 
Onto: Let y € [-5, œ) then y = f(x) 
=> y=9x+6x-5 

ie, 9x7 +6x-5=y 

= (3x)? +2.3x.14 (1)?-1-5=y 


=> (3x+1) =y+6 > 3x +1 =,/y+6 
—1+.,/y+6 
= xo’ (i) 


Clearly, x e R for all y € [- 5, œ) 
Thus, for every y e [- 5, o») there exists 
-1+,/y+6 
x= =e ER 
3 
So, given function is onto. 
Thus, f is both one-one and onto. 
Hence, it is invertible. 
Inverse: 
From (i) we get, 
_ lt /y+6 . |4y*6-1 
OE D ££. il um 
E *6-1 
> f° w= we 


fü E | X E -1 


Give examples of two functions f: N > N and g: N > N such that gof is onto but f is not onto. 


x-1Lifx>1 

Let a) ex Land gi) e f — 
Let x e N be any element. 

x2] = x4122 


=> f(x)22VxEN 
^ R;# N 


Hence, f is not onto. 
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Also, gof:N > Nis such that 
(gof) (x) = off @)) = g(x +1) = (x 1) -1 ex 
> (gof) (x)=xVxeEN 
gof is an identity function. 
Hence, gof is onto. 


10. Let A = (-1, 0, 1, 2}, B = (-4, -2, 0, 2} and f, g : A >B be function defined by f(x) = xX -x x eA and 





1 
g(x) =2 |x- zl -1, x € A. Are f and g equal? Justify your answer. 


Sol. Givenf: A > Band g: A ^ B defined as 




















fæ) =x -xand g(x) =2 x-5 vře 
2 1 3 
fe) = CIP 4-1) = 2; gl) = 2)-1-5]-1=2|>-|-1=2 
1 
f0) =0°-0=0; g(0)= 2 0-5|-1-1-1=0 
2 1 1 
f)-r-1-1-1-06 — g(1)= 2/1-5]-1= 2]5|-1=1-1=0 
2 1 3 
f(2) =2°-2=2; 8$2-222-5|-122|5 -1-2 
Clearly, f (-1) = g(-1); f(0) = (0); f(1) = g(1) and f(2) = g(2) 
f(x) =a(x) VxeA 
1x>0 
11. Letf:IR IR be the Signum function defined as f(x) 210,x -0 and g:IR > IR be the Greatest 
-1,x«0 


Integer Function given by g(x) = [x]. Then, do fog and gof coincide in (0, 1]? 
Sol. Given f:IR > IR and g : IR ^ IR defined as 
1,x>0 
f(x)=) 0,x=0 and g(x)=[x] 
-1,x<0 
fog (x) =f B0) =f (x) 
f(0, if0<x<1 
Ja,» ifx=1 
0 if O0«x«1 
1 


fos(s)=| if x=1 


and 8of (x) = g(f (x)) 
=g(1)Y xe (0,1] 
=[1]=1 
gof (x) =1V x e(0, 1] 
Clearly, fog (x) and gof (x) do not coincide V x €(0, 1]. 
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Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. 


10. 


11. 


12. 


The relation R in the set A = (1, 2, 3, 4} given by R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)} 
is 

(a) reflexive and symmetric but not transitive 

(b) reflexive and transitive but not symmetric 

(c) symmetric and transitive but not reflexive 


(d) an equivalence relation 


If A = la, b, c, dj, then a relation R = {(a, D), (b, a), (a, a)} on A is 
(a) symmetric only (b) transitive only 


(c) reflexive and transitive (d) symmetric and transitive only 


For real numbers x and y, define xRy if and only if x - y + /2 is an irrational number. Then the 
relation R is [NCERT Exemplar] 
(a) reflexive (b) symmetric (c) transitive (d) none of these 


Consider the non-empty set consisting of children in a family and a relation R defined as aRb 


if a is brother of b. Then R is [NCERT Exemplar] 
(a) symmetric but not transitive (b) transitive but not symmetric 
(c) neither symmetric nor transitive (d) both symmetric and transitive 


The maximum number of equivalence relation on the set A = (1,2, 33 are [NCERT Exemplar] 


(a) 1 (b) 2 (c) 3 (d) 5 

Let L denotes the set of all straight lines in a plane. Let a relation R be defined by /Rm if and 
only if l is perpendicular to m V I,m e L. Then R is [NCERT Exemplar] 
(a) reflexive (b) symmetric (c) transitive (d) none of these 


Let A = (1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are reflexive and 
symmetric but not transitive is 


(a) 1 (b) 2 (c) 3 (d) 4 
Let A = (1, 2, 3}. Then number of equivalence relations containing (1, 2) is/are 
(a) 1 (b) 2 (c) 3 (d) 4 


Let A and B be finite sets containing m and n elements respectively. The number of relations that 
can be defined from A to B is 


(a) 27" (p) 2" (c) mn (d) 0 

Set A has 3 elements and the set B has 4 elements. Then the number of injective mapping that 
can be defined from A to B is [NCERT Exemplar] 
(a) 144 (b) 12 (c) 24 (d) 64 

The function f : R > R defined by f(x) = 2* + 2!*! is 

(a) One-one and onto (b) Many-one and onto 

(c) One-one and into (d) Many-one and into 


If the set A contains 5 elements and the set B contains 6 elements, then the number of one-one 
and onto mapping from A to B is 


(a) 720 (b) 120 (c) 0 (d) none of these 
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13. Which of the following functions from Z into Z is bijection? [NCERT Exemplar] 
(a) faye? (b) fe) =x 4 2 O fle) 22x «1 (4) fe) 23^ «1 
14. Let f:[2, œ) > R be the function defined by f(x) = x? — 4x + 5, then the range of f is 
[NCERT Exemplar] 
(a) R (b) [1, co) (c) [4, vo) (d) [5, cc) 
15. Letf:R  R be defined by f(x) = x? + 1. Then, pre-images of 17 and 3, respectively, are 
[NCERT Exemplar] 
(a) Q, {4, 4j (b) I3, -3}, $ (c) i4, -4j, $ (d) {4, Aj, {2, -2j 
16. Letf:R  R be defined by f(x) = 333 -5 and g : R > R by g(x) = up Then gof is 
x [INCERT Exemplar] 
3x7 -5 3x7 -5 3x? 3x? 
© of—s02426 P ont 6x? +26 ( 4 © 944 30x72 
17. If f(x) = sin? x and the composite function g(f(x)) = | sin x|, then g(x) is equal to 
(a) yx*1 (b) yx-1 (c) vx (d) -yx 
18. Letf:R  R be the functions defined by f(x) = x? + 5. Then f(x) is [NCERT Exemplar] 
1 1 1 
(a) (x+5)3 (b) (x -5)3 (o) S- x)3 (d) 5-x 
19. Let f: R - HI >R be a function defined as f(x) = = 1 The inverse of f is the map 
g:Rangef O R- E [NCERT] 
3 4 4y 3 
@ szy Ossory  — Os. Ory 
3 . 3x +2 
20. Letf:R- il >R be defined by f(x) = 7. 3. Then [NCERT Exemplar] 
7 * 1 
(a) f(x) - fe) (b) f^) 2 - fe) (c) fof(x) 2 - x @ f'@= 75 f@) 
Answers 
1. (b) 2. (d) 3. (a) 4. (b) 5. (d) 6. (b) 
7. (a) 8. (b) 9. (a) 10. (c) 11. (c) 12. (c) 
13. (b) 14. (b) 15. (c) 16. (a) 17. (c) 18. (b) 
19. (b) 20. (a) 


Solutions of Selected Multiple Choice Questions 


1. 


Since every element of A is related to itself in the given relation R, therefore R is reflexive and as 
(1,2) € R and (2, 2) e R > (1, 2) e R also (1,3) € Rand (3, 2) € R > (1, 2) e R. Again (1,3) e R 
and (3, 3) e R > (1, 3) e R. Thus R is also transitive. Hence relation R is reflexive and transitive 
but not symmetric because, (1, 2) e R but (2, 1) € R, also (1, 3) e R but (3, 1) e R and (3, 2) € R but 
(2, 3) e R. 

On the set A = {a, b, c, d} given relation R = ((a, b), (b, a), (a, a)) is symmetric and transitive only. 
Since, (a,b) e R 2 (b, a) e R, therefore it is symmetric 

Also, (a,b) e Rand (b,a) e R > (a,a) e R, so it is also transitive. As (b, b), (c, c) and (d, d) does 
not belong to R hence R is not reflexive. 


Hence relation R is symmetric and transitive only. 
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10. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Given, aRb = ais brother of b 
This does not mean that b is also a brother of a because b can be a sister of a. 
Hence, R is not symmetric. 
Again, aRb =  aisbrother of b and bRe = bis brother of c. 
So, a is brother of c. 
Hence, R is transitive. 
ForlimeL 
if(lL,i) e R 22 lLm 
—mllc-í(mleR 


- Ris symmetric. 


The total number of injective mappings from the set containing n elements into the set containing 


m elements is "P, So here it is P} = 4! = 24. 

Given that, fe) == 4045 

Let y=x?—4x4+5 

y=x—4x4+441=(x-27 «1 
(x-2y-2y-1 => x-2-24y-1 
> x=2+jy-1 
y-120,y21 

Range = [1, o) 

Since f-'(17) =x > f(x) 217 or x°+1=17 

=> x=+4 orf (17)-14,-4) 





andf“(-3)=x => fx)=-3 > 741=-3 => x =-4 andhencef !(-3)- p. 





mU o 

We have, gof(x) = g(f(x)) = gx" - 5) = (333-53 «1 
3x7 -5 

=> 8X) = y 39,2 496 

We have, 


g(f(x)) = |sinx| = Vsin?x 
=> g(9))- vf) 
=> g(x)= yx 
1 
Lety=+5 > y-5=x° > x=(y-5)3 
1 
=> fl9-(x-53 
__ 4% " 
Let y= 35711 => 3xy + 4y = 4x 
=> 4x-3xy=4y => x(4-3y) =4y 


4y 4y 
X= 7-3, = 8W=q-3y 





Let yx => Sxy-3y=3x+2 
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=> x(5y-3)23y-«2 
_ sy*2 
|. 5y-3 
3x +2 
> f'@)=5—3 =f@) 


> fix) =flx) 





x 


Fill in the Blanks 


A relation from a set A to a set Bisa |. .— .— -. of A x B. 
2. A relation R from set A to set B is said tobe — ifR=A xB. 
If any set A contains n elements. Then, the total number of injective functions from A onto 
itself is |. . | . 
4. The domain of the function f: R > R defined by f(x) 2 / x!^-3x*2 is — 
If f(x) = {4-(x-7)°}, then f(x) =_ |. ^ -. : [NCERT Exemplar] 
Answers 
1. Subset 2. The universal relation 3. n! 4. (- o», 1] U [2, æ) 
1 
5. 7+(4-x)3 


Solutions of Selected Fill in the Blanks 
4. For f(x)to be defined 
xi-3x 4220 
= 3'-2y-xy4220 e xx-2)-1(x-2)20 
=> (x-2)(x-1)20 => (x-1)(x-2)20 
x&X1or x22 
Domain of f = (- œ, 1] U [2, oo). 
5. Lety=fx) => y={4-(x-7°) 
=> y-4=-(x-7) 
=> (x-7P-4-y 


> (x-7)- (4-398 => x274(4-5)3 


=> fig-74-33 


Very Short Answer Questions 


1. Let A = (1, 2, 3, 4}. Let R be the equivalence relation on A x A defined by (a, b) R (c, d) iff 


a+d=b+c. Find the equivalence class [(1, 3)]. [CBSE Sample Paper 2018] 
Sol. [(1,3)]={(x, y) Ax A:x+3=y+1}={(x, vy) € Ax A:y -x 7 2] 
= (0,3), (2, 4) 
2. If R= {(x, y): x + 2y = 8} is a relation on N, write the range of R. [CBSE (AI) 2014] 
Sol. Given: R= {(x, y):x+2y = 8} 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 
10. 
Sol. 
11. 
Sol. 


x+2y=8 


=> y= => when x =6, y=1;x=4,y =2;x=2,y=3. 








Range = {1, 2, 3} 
State the reason for the relation R in the set (1, 2, 3} given by R = {(1, 2), (2, 1)} not to be 
transitive. [CBSE Delhi 2011] 
R is not transitive as (1,2) e Rand (2,1) € R but (1,1) e R 
[Note: A relation R in a set A is said to be transitive if (a, b) e Rand (b,c) e R > (ac) Ee RVab,c eR] 


Let R = ((a, a): a is a prime number less than 5} be a relation. Find the range of R. 
[CBSE (F) 2014] 


Here R = {(a,a°):a is a prime number less than 5} 

=> R= {(2,8), (3, 27)} 

Hence Range of R = {8, 27} 

Let A = (1, 2, 3}, B = {4, 5, 6, 7} and let f = ((1, 4), (2, 5), (3, 6)) be a function from A to B. State 


whether f is one-one or not. [CBSE (AD 2011] 
fis one-one because f 
f0) =4; <> 
f(2)=5; aa, 
f@)=6 = 


i.e., no two elements of A have same f image. 


If X and Y are two sets having 2 and 3 elements respectively, then find the number of functions 
from X to Y. 


Number of functions from X to Y = 3? - 9. 


If the mapping f and g are given by f = {(1, 2), (3, 5), (4, 1)) and g = {(2, 3), (5, 1), (1, 3)], then 
write fog. [NCERT Exemplar] 


Obviously, domain of "fog" is domain of “g” i.e., (2, 5, 1]. 
Now, fog(2) = f(g(2)) = (3) = 5, fog(5) = flg)) 2 f(1) = 2 
fog(1) = f(g(1)) = f(3) =5 => fog = (2, 5), (5, 2), (1, 5)} 


1 
If f: RO Ris given by f(x) = (3 — x°)? , then determine f(f(x)). [CBSE (AI) 2010] 


We have, f(x) = (3- x3)3, 
ae 
fife» =¢e-293} =[s-{e-293} | -p-e- items 

Find fog(x), if f(x) = |x| and g(x) = |5x - 2]. [CBSE (F) 2011] 
fog(x) = fig(x)) =f ([5x-2]) = [5x -2] 
Write fog, if f: R O Rand g : R > Rare given by f(x) = 8x? and g(x) = x". [CBSE (F) 2011] 
fog(x) =f (gG)) = f(x?) = 819 = Bx 
If f: Ro Ris defined by f(x) = 3x + 2, define f [ f(x)]. [CBSE (F) 2011] 
f(f(x)) =f (8x + 2) 23 (3x 2) 42 

=9x+642=9x+8 
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12. Which one of the following graph represents the function of x? Why? 


Sol. 


13. 
Sol. 


yos y-axis 


dii t d, a 


x-axis x-axis 





(a) (b) 


y-axis Vertical 
Line 


x-axis 





(a) (b) 


Graph (a) represents the function of x, because vertical line drawn in (a) meets the graph at only 
one point i.e., for one x, in domain there exist only one f(x) in codomain. 


If f: R > Ris given by f(x) = x’, find the value of f! (25). 
Let ysf(x)) > yar > x-4Jy 
> fi-/x 
= f'(25)=/25=+5 
f” (25) = {-5, 5} 


Short Answer Questions-! 





1. 


Sol. 


Sol. 


Write the inverse relation corresponding to the relation R given by R = {(x, y): x e N, x «5,y = 3}. 
Also write the domain and range of inverse relation. 
Given, R= {(x,y):x € N, x«5,y «3| 


=> R= {(1, 3), (2, 3), (3, 3), (4, 3)] 
Hence, required inverse relation is 
R” = {(3, 1), 3, 2), 3,3), (3, 4) 
- Domain of R^! = {3} and 
Range of R^! = {1, 2,3, 4] 
Check if the relation R in the set A = (1, 2, 3, 4} defined as R = {(a, b) : a divides b} is (i) symmetric 
(ii) transitive. 
In the set A = (1, 2, 3, 4] 
Relation is defined as R = ((a, b) : a divides b} 
(i) Symmetric: Take a = 2, b = 4,a, b € A 
2divides4 — (a,b)eR 
but 4 does not divide2 = (b,a) R 
It is not symmetric 


22 Xam idea Mathematics-XII 


Sol. 


Sol. 


Sol. 


6. 
Sol. 


(ii) Transitive: Leta = 1, b = 2 and c = 4 


Here 1 divides2 => (L2)eR 
and 2divides4 > (2,4) eR 
> 1 divides 4also => (14)eR 


It is transitive. 
If f is an invertible function, defined as f(x) = c write f (x). [CBSE (F) 2010] 
Since f is inverse of f. 
i nr =I = fof (x)=I(x) 
> fof (x) =x > fF") =) 








3(7()-4 
gA Ue. s is plage EE 
5 3 
-1 
What is the range of the function f(x) - Fa = 5 ? [CBSE Delhi 2010] 
. |.x-1| 
Given f(x) = (x- 1) 


(x-1) if x-1>0 or x>1 
—-(x-1) if x-1«0 or x«1 
x-1). 
(x-1) 


Obviously, |x - 1|- | 


ESN 


Now, (i) yx>1, f(x)= (x - 1) 





1, (d) vx«L f(x)= 





i.e., f(x) = -1,1 
Range of f(x) = {-1, 1}. 





Let f: R > R be the function defined by f(x) = si v xE R. Then, find the range of f. 
[NCERT Exemplar] 
: : 1 
Given function, f(x)= Jacan We R 
V^ 2-cosx 
> 2y-ycosx-1 > ycosx-2y-1 
N.H zu edd. 
> cosx= 7 2-y > cos x 2-4 
> -l<cosx<l => -1<2-7 <1 
- galgi => 1<i<3 
y y 
=> _ <y<l 
gor 
1 
So, range of y is E 1| : 
If f: R > R is defined by f(x) = x? — 3x + 2, write f {f(x)}. [INCERT Exemplar] 


Given that, fx) =x -3x4+2 
FR = flo? - 3x + 2) 
= (x? — 3x + 2)? -3(x*-3x4+2)4+2 
= x44 9x7 +4- 6x7 — 12x + 4x7 -3x + 9x-642 
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= xf -6x + 10x? - 3x 


FR = x* -6x + 10x? — 3x 


Short Answer Questions-Il 


1. Check whether the relation R defined on the set A = {1, 2, 3, 4, 5, 6} as R = {(a, b) : b= a+ 1} is 


reflexive, symmetric or transitive. [CBSE 2019 (65/2/1)] 
Sol. Given relation R defined on the set A = {1, 2,3, 4, 5, 6} as R = ((a, b) : b=a+1} 
Now, 


Reflexivity: Leta € A 
Wehave,a#a+1 > (@a)¢R 
It is not reflexive 
Symmetric: Leta = 1 and b =2 ie. a,b € A 
b=a+1 > 2=1+1 > (@bbeR 
buta#b+1as142+1 => (ba)eR 
It is not symmetric. 
Transitive: Leta, b,c € A 
Now, if(a,b)eR > b=a+1 ..-(7) 
and(b,c)e R => czb«1 ...(i) 
from (i) and (ii), we have 
c=(a+1)+1=a+2 
> c=a+2 > (agco)eR 
Is is not transitive 
Hence, relation R is neither reflexive nor symmetric nor transitive. 


2. Show that the relation R on the set Z of all integers, given by R = {(a, b) : 2 divides (a — b)} is an 
equivalence relation. [CBSE 2019 (65/3/1)] 


Sol. Given relation R = {(a, b) : 2 divides (a — b)} on the set Z of all integers 
Reflexive: Leta € Z 
Since (a-a) = 0, which is divisible by 2 i.e., (a, a) € R 
R is reflexive. 
Symmetric: Let a, b € Z 
such that (a,b)eR = (a—b) is divisible by 2 
= -(a-b) is also divisible by 2 
= (b-a)isdivisibleby2 = (ba)eR 
Le., (a,b) eR => (ba)eR 
Ris symmetric. 
Transitive: Leta, b, ce Z 
such that (a,b) e R =  (a- D) is divisible by 2 
Let a — b = 2k, where k is an integer a(i) 
and (bc) eR => (b-c)isdivisibleby2 = b-c = 2 k, where k, is an integer ..-(i1) 
Adding (i) and (ii), we have 
(a-b)+(b-c)=2(k +k) => a-c=2(k, +k) = (a-c) is divisible by 2. 
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Sol. 


Sol. 


Sol. 


> @odeR 
R is transitive 
Thus, R is reflexive, symmetric and transitive. Hence, given relation R is an equivalence relation. 


Let A = (1, 2, 3, ..., 9) and R be the relation in A x A defined by (a, b) R(c, d) if a + d = b + c for 
(a, b), (c, d) in A x A. Prove that R is an equivalence relation and also obtain the equivalent class 


[Q, 5)]. [NCERT Exemplar] 
Given that, A= {1, 2, 3, ..., 9) and (a, b) R(c, d) if a + d =b + c for (a, b) € A x A and (c, d) € A x A. 
Since (a, b) R(a, b) as 


a+b=b+a,¥a,beA 
Hence, R is reflexive. 
Let (a, b) R(c, d) then 
a+d=b+c 
> c+b=d+a > (c,d) R(a, b) 
Hence, R is symmetric. 
Let (a, b) R(c, d) and (c, d) R(e, f) then 
at+d=b+candc+f=d+e 


=> at+d=b+candd+e=c+f 
(a+ d)-(d+e)=(b+c)-(c+f) 
> (a- e)=b-f 
> at+f=bte 
(a, b) R(e, f) 


So, R is transitive. 

Hence, R is an equivalence relation. 

Now, equivalence class containing [(2, 5)] is {(1, 4), (2, 5), (3, 6), (4, 7), (5, 8), (6, 9)}. 

Let A = {x e R:-1<x<1}=B. Show that f: A B given by f (x) =x |x| isa bijection. [HOTS] 
We have, 


foy=x1x1=| 


Y 


x ifx20 
-x?, ifx<0 
For x > 0, f(x) = x? represents a parabola opening upward 


and for x < 0, f(x) = -x° represents a parabola opening 
downward. 






So, the graph of f(x) is as shown in figure. 


y=-x? 





Since any line parallel to x-axis, will cut the graph at only 
one point, so f is one-one. Also, any line parallel to y-axis 
will cut the graph, so f is onto. 


Thus, it is evident from the graph of f(x) that fis one-one and onto. 

If f(x) =/x (x 2 0) and g(x) = x? - 1 are two real functions, then find fog and gof and check 
whether fog = gof. [HOTS] 
The given functions are f(x) = yx, x 0 and g(x)- x-1 

We have, domain of f= [0, oo) and range of f = [0, o») 

: x°20 forallxeR 

4 #+~12-1 forallxeR 
Computation of gof: We observe that range of f = [0, oo) c domain of g 


domain of g = R and range of g = [-1, oo) 
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gof exists and gof : [0, o) > R 

Also, gof(x) = g(f(@)) = 8(/3)) = (Wx)?-1=x-1 
Thus, gof : [0, ©) > R is defined as gof (x) = x - 1 

Computation of fog: We observe that range of g = [-1, ©) g domain of f. 

. Domain of fog = {x : x e domain of g and g(x) e domain of f} 
= Domain of fog = (x : x e Rand g(x) e [0, )} 
=> Domain of fog = [x : x e Rand x? - 1 e [0, oo)] 
=> Domain of fog = {x: x e Rand 3? - 17 0] 

Domain of fog = (x: x e Rand x < -1 or x2 1} 

- Domain of fog = {x : x e (- o», -1] v [1, o9)] 
Also, fog (x) = f(g (x) - fe? -1) =x? -1 
Thus, fog : (- oo, -1] v [1, ©) > R is defined as fog (x) = /x^-1 : 
We find that fog and gof have distinct domains. Also, their formulae are not same. 
Hence, fog + gof 

6. Let A ={-1, 0,1, 2}, B = (-4, -2, 0, 2} and f, g : A > B be functions defined by f(x) = xi-xxeA 


1 
and, g(x) =2/x - 2 Z x € A. Are f and g equal? Justify your answer. 





Sol. For two functions f: A > B and g : A > B to be equal, f (a) = g(a) V a e A and Ry R, 


Here, we have  f(x)- gx 


g(x) =2| x- 5 |-1 [x e A - (-1, 0, 1,2] 
Weseethat,  f(-1)- C1?- (-1) = 2 
g(t) =2| cn-1 L1=2x5-1=3-1=2 


So, fol) =e) 
Again, we check that, f(0) = g(0) = 0, f(1) = g(1) = 0 and f(2) = 9(2) = 2. 


Hence, f and g are equal functions. 








-1, x<0 
7. Let g(x) =1+x-[x] and f(x) =; 0, x=0 then for all x find fog(x). [HOTS] 
1, x>0 
Sol fog(x) = f(g(x)) = f + x [x]) =f + (x) =1 


Here, {x} 2 x - [x] 
Obviously,0 < x - [x] < 1 
=> O<{x}<1 
=> 1+ {x}21 
fog (x) = fll + bd) - 1 
Note: Symbol {x} denotes the fractional part or decimal part of x. 
For example, {4.25} = 0.25, {4} = 0, {-3.45} = 0.45 





In this way {x} =x- [x] => O<{x}<1 
8. Let A =R R- (3, B= R - 1. If f : A > B be defined by f(x)= na Y x E A. Then, show that f is 
bijective. [INCERT Exemplar] 
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Sol. 


Sol. 


Given that, A=R-({3}, B= R- {1}. 


-2 
f: A > Bis defined by f()- ^ 7, Y x€A 
For injectivity 
X02 X2 
Let Ka) =f) 7. 376 -3 





6a - 2)(%q - 3) = (Xp - 20 - 3) 
X1 X2 — 3x1 — 2X + 6 = X4X_ — 3X, — 2x, + 6 


— 3x, -2x, = -3x,-2x, 


Uuu 


=X, = -X > xX, =X, 
So, f(x) is an injective function. 


For surjectivity 





Let y-i-3 => x-2= xy -3y 
2- 3y 
1-y)=2-3 =4 
> x(1-y) y = E 
_ 3y- : 
> prp Sen YS [codomain] 


So, f(x) is surjective function. 
Hence, f(x) is a bijective function. 
Show that the relation S in the set A = (x € Z:0 < x < 12} given by S = {(a, b) : a, b € Z, |a -b| 
is divisible by 3} is an equivalence relation. [CBSE 2019 (65/4/1)] 
On the set A = {x e Z:0 < x < 12] and relation S is given by 
S= {(a,b):a,b e Z, |a—b| is divisible by 3} 

Reflexivity: 
Let a e A Then 

(a, a) => |a-a| 20 which is divisible by 3. => @ayeS 

It is reflexive. 
Symmetric: 
Let a,b e A Then 

(a,b) e S => |a- b| is divisible by 3. 


=> |b-a| is also divisible by 3. => (ba)esS 
It is symmetric relation. 
Transitive: 
Let a,b,c e A Then 
(a,b) e S = |a- b| is divisible by 3. => a-b=+3k,, where k, is an integer (i) 
(b, c) e 5 => |b-c| is divisible by 3. => b-c=+3k,,wherek,isaninteger ..(ii) 


a-c-ca-br*b-c-2t83k 3k =+3(k +k)= |a-c| is also divisible by 3. = (a,c) eS 
It is transitive relation. 


Hence, the relation S is an equivalence relation. 
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10. Let A= R - {2} and B = R - {1}. If f : A > B is a function defined by f(x) = x, show that f is 
one-one and onto. Hence, find f™. [CBSE 2019 (65/4/1)] 
Sol. Given sets A = R - {2} and B = R - {1} and function defined such that f: A > B 
x-1 
f(x)= SET 
One-one: 


Let x, X, E€ A such that x; zx, x1-12zx,-1andx,-22»x,-2 


Gel x1 
x,-2 * x,-2 — fea) # f(x) 








f(x) is one-one function. 
Onto: 
x-1 
Let y 2 —— 
4 x-2 


=> xy-2y-x-1 > xy-x=2y-1 > x(y-1)-2y-1 
af7 = 1 
X ae 


Clearly, for every value of y there must be some x. 
f(x) is onto. 

Here, f(x) is both one-one and onto, so it is invertible. 

We have, 

2 


£y — Sty Ay! 
pee > f s= y-1 


Long Answer Questions 


1. Consider f : R, > [-9, œ) given by f(x) = 5x + 6x - 9. Prove that f is invertible with 


54* 5y -3 
fw = poem [CBSE Allahabad 2015] 
Sol. To prove f is invertible, it is sufficient to prove f is one-one onto 
Here, f(x) = 5x? + 6x — 9 
One-one: Let x4, x, € R,, then 
foy -f0) = 5x? + 6x, -9- Bx + 6x, -9 
=> oe Tx oxy = 625 = 0 > ba - x) Tox =a) =0 
=> 5(x, — x,)(%, +x) *6(x, —x,) =0 = (6 = %,) 5x, + 5x, +6) = 0 
=> X 370 D^ Dat oe, T6550] 


=> E 7 
i.e., fis one-one function. 
Onto: Let f(x) 2 y 
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y = 5x" +6x -9 =>  5x7+6x-(9+y)=0 


~6+,/36+4x5(9+y) N - 6x 216 + 20y 
x= 


10 10 


+,/54+ 5y -3 454 t 5y -3 
yo EEWO yo [^ x e R,] 








=> x= 


=> => 


Obviously, V y € [-9, œ) the value of x e R,. 
— fis onto function. 


Hence, f is one-one onto function, i.e., invertible. 


454 *5y -3 
Also, f is invertible with f !(y)- ol ; 
2. Iff, g: RO R be two functions defined as f(x) = |x| +x and g(x) = |x| ^ x, V x e R. Then find 
fog and gof. Hence find fog(-3), fog(5) and gof(-2). [CBSE (F) 2016] 
Sol. Here, f(x) = |x| +x can be written as 


2x if x20 

ffo if x «0 

And g(x) = |x| -x, can be written as 
0 if x20 

TERS if x <0 
Therefore, gof is defined as 
For x > 0, goflx) = g(f(x)) = goflx) = g(2x) =0 
and for x < 0, gof(x) = 9(f(x)) = g(0) =0 
Hence, gof (x)=0 VxeR. 
Again, fog is defined as 
For x > 0, fog(x) = f(g()) = (0) = 0 
and for x < 0, fog(x) = f(g(x)) = f(-2x) = 2(-2x) = - 4x 














Hence, fog(x) = E c 0 
2nd part 
fog(5) 20 ie 
fog Ca) =-4x(-3)=12 [^ -3 <0] 
gof(-2) =0 


3. Let N denote the set of all natural numbers and R be the relation on N x N defined by 
(a, b) R (c, d) if ad(b + c) = bc(a + d). Show that R is an equivalence relation. [CBSE Delhi 2015] 


Sol. HereR is a relation defined as 
R= ((a, D), (c, d)] : ad(b + c) = bc(a + d)} 
Reflexivity: By commutative law under addition and multiplication 
b+az=a+b VabeN 
ab = ba VabeN 
ab(b + a) = ba(a + b) Va,beN 
5 (a, b) R (a, b) 


Hence, R is reflexive. 
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Symmetry: Let (a, b) R (c, d) 
(a, b) R (c, d) = ad(b +c) = bc(a + d) 

=> bc(a + d) 2 ad(b + c) 
=> cb(d + a) = da(c +b) [By commutativelaw under addition and multiplication] 
— (c, d) R (a, b) 

Hence, R is symmetric. 

Transitivity: Let (a, b) R (c, d) and (c, d) R (e, f) 

Now, (a, b) R (c, d) and (c, d) R (e, f) 


=>  ad(b+c) = bc (ad) and cf(d+e) = de(c+f) 


b+c_atd dte ctf 
> =] = 
bc ad Ge cf 

















s dlc d mc 
c b d a7, a f x 

Adding both, we get 
1 1,1,1_1 1, 1 1 

> c be d da fc 
ld b a E d 

^7 be a f be — af 

=>  af(b-e)-be(a-f) > (a,b) R (e,f) [c, d + 0] 


Hence, R is transitive. 
In this way, R is reflexive, symmetric and transitive. 
Therefore, R is an equivalence relation. 


4. Consider f: R, 5 [4, o) given by f(x) = x? + 4. Show that f is invertible with the inverse (f) of 
f given by f !(y) » /y - 4, where R, is the set of all non-negative real numbers. 
[CBSE (AI) 2013; (F) 2011] 
Sol. One-one: Let x,, x; € R, (Domain) 
fle) =flx) => xà44-2xj)-44 
> xy Say 
> X= X, [~ 34, x; are +ve real number] 
Hence, f is one-one function. 


Onto: Let y € [4, oo) such that 


y=f(x) VxeR, [set of non-negative reals] 
> y= x oa 
> x-4y-4 [... xis + ve real number] 


Obviously, V y € [4, œ), x is real number € R, (domain) 
i.e., all elements of codomain have pre image in domain. 
=> fis onto. 
Hence, fis invertible being one-one onto. 
Inverse function: If f~ is inverse of f, then 
fof =I [Identity function] 
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— fe (ey Yy el o) 
=> ff" w)=y 
=> fF) +4=y [^ fx) =x? +4] 
> fl w=vy-4 
Therefore, required inverse function is f "s [4, œ) 2 R defined by 
f'Q-/y-4 vy€l4 o) 
5. Determine whether the relation R defined on the set R of all real numbers as R = {(a, b) : a, b € IR 


and a - b + /3 e S, where S is the set of all irrational numbers}, is reflexive, symmetric and 
transitive. [CBSE Ajmer 2015] 


Sol. Here, relation R defined on the set R is given as 
R-((a,b):a,b e Randa-b+ V3 e S] 
Reflexivity: Let a € R (set of real numbers) 
Now, (a,a) e Rasa-a4 /3= /3e8$ 
i.e., R is reflexive. 
Symmetry: Taking a= /3 and b =1, we have 
(a,bD)eRasa-b* 43-2 43-1*43-22/3-1€8$ 
But b-a*43-1-4/3443-1£gS => (ba)£R 
As (a, b) belongs to R but (b, a) does not belong to R 





-. Ris not symmetric. 
Transitivity: Taking a=1,b=/2 andc» /3 
(a,b)€ Rasa-b+/3=1-/2+/3E€S => (ab)e€R 
b-ct¥3=/2-73+/3=/2E€S => (b,0ER 
But a-c+¥3=1-73+/3=1¢4S > (40 ¢R 
As (a, b) and (c, d) belongs to R but (a, c) does not belong to R 





-. Ris not transitive. 
Hence, R is reflexive but neither symmetric nor transitive. 
6. Let: W — W, be defined as f(x) = x - 1, if x is odd and f(x) = x + 1, if x is even. Show that f is 
invertible. Find the inverse of f, where W is the set of all whole numbers. [CBSE (F) 2014] 
Sol. One-one: 
CaseI : When x, x; are even number 
Now, f(xj) 2f(59) > x4*12x 41  x-2x 
i.e., f is one-one. 
Case II : When xj, x; are odd number 
Now, f(4) 2f(x;) > x,-12x,-1 > x-2x 
i.e., f is one-one. 
Case III: When x, is odd and x, is even number 


Then, x, # x;. Also, in this case f(x) is even and f(x;) is odd and so 


fox) Z fe) 
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ie  xQzx, => f(xy) # f(x) 
i.e., f is one-one. 
Case IV: When x, is even and x; is odd number 
Similar as Case III, we can prove f is one-one. 
Onto: 


x-1, if xis odd 
x+1, if xis even 


Given, f(x) = | 


= For every even number ‘y’ of codomain 3 odd number y + 1 in domain and for every odd 
number y of codomain there exists even number y - 1 in domain i.e., f is onto function. 


Hence, f is one-one onto i.e., invertible function. 
Inverse: 
Let f(x) 2 y 
Now, y=x+1 => x=y-1 
And, y=x-1 > x=y+1 


Therefore, required inverse function is given by 











z x+1, if xis odd 
f 'Q = |: —1, if xis even 
7. Ifthe function f: R O R be defined by f(x) 22x -3and g: RO R by g(x) =x’ + 5, then find the 
value of (fog) (x). [CBSE Patna 2015] 
Sol. Heref: ROS Rand g: Ro R be two functions such that 
f(x) =2x-3 and g(x) = 45 
fand g both are bijective (one-one onto) function. 
> fog is also bijective function. 
> fog is invertible function. 
Now, fogt) =f IEO) — fog(x) = fle +5) 
=> fog(x) = 2(x? 4 5) -3 =>  fog(x)-2x5 «10-3 
> fag(x) 2 2x? +7 (i) 
For inverse of fog (x) 
Let fog(x) =y = x = fog (y) 
(i) => y=2x3 +7 => 2x° =y-7 
1 
=> got => xs (^y 
1 a 
> fg w-( = moy 


8. Letf: N O R bea function defined as f(x) = 4x? + 12x + 15. 


Show that f: N > S is invertible, where S is the range of f. Hence, find inverse of f. 
[CBSE (F) 2015] 
Sol. Lety € S, then y = 4x? + 12x + 15, for some x e N 


(Vy -6)-3 
2 


=> y=(2x+3)} +6 > x=7*——, asy>6 
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(Vy -6)-3 
2 


Let g:S —N is defined by g (y) = 


2 
gof(x) = g(4x? + 12x + 15) = g(Qx +3)? +6) = ies a 





2 
and fog(y) = +6= 


-d4 8-3) a g 





Hence, fog (y) = I5 and gof (x) = Iy 
fis invertible and its inverse is given by f™ (y) = g(y)= 


yy -6-3 
2 


9. Letf: R -{-5} > R be a function defined as f(x) = . Show that, in f: R -{-$} = 








3x+4 3 
Range of f, f is one-one and onto. Hence find f !: Range f > R - H8 : [CBSE 2017(C)] 
4 
Sol. Letx, x; €R- 5 
4x 4x, 
= => = 
New fone feng 3x,+4 3x, +4 
=> 12x, x, + 16x, = 12 x, x, + 16 x, => 16x,=16x, > X=X 
Hence f is one-one function. 
Since, co-domain f is range of f 
4 
So, f: R- FSI — IR is one-one onto function. 
For inverse 
Let f (x) = y 
4x 
3x44 Y > 3xy + 4y = 4x 
4x-3xy =4 4-3y)=4 a 
= x-3xy-4y =>  x(4-3y-4y > X 4-3y 
-1 : -1 4y 
Therefore, f^ : Range of f > R-(- 4/3} is f. (y) = Aa Gy 
PROFICIENCY EXERCISE 
B Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in each of the following questions. 
(i) Let R be a relation on the set N of natural numbers defined by nRm if n divides m. Then R is 


(a) reflexive and symmetric (b) transitive and symmetric 
(c) equivalence (d) reflexive, transitive but not symmetric 
(ii) Let A = (1, 2, 3} and consider the relation R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3). Then R is 
(a) reflexive but not symmetric (b) reflexive but not transitive 
(c) symmetric and transitive (d) neither symmetric nor transitive 
(iii) If a relation R on the set (1, 2, 3} be defined by R = ((1, 2)}, then R is 
(a) reflexive (b) transitive (c) symmetric (d) none of these 
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(iv) Let f: IR > IR be defined by f(x) = sin x and g : IR > IR be defined by g(x) = x?, then fog is 








(a) xX sin x (b) (sin x)? (c) sin x? (d) 
(v) Let f: IR > IR be defined by f(x) = 3x — 4. Then f(x) is given by [NCERT Exemplar] 
(a) ~ > : (b) 3 -4 (c) 3x 44 (d) none of these 
(vi) Let f :IR > IR be defined by f(x) = L Y x ER. Then f is 
(a) one-one (b) onto (c) bijective (d) fis not defined 
(vii) Let f : IR > IR be given by f(x) = tan x. Then f~'(1) is 
(a) n (b) Im * 7 Me z} (c) does not exist (d) none of these 


(viii) If A = {1, 2, 3}, B = {1, 4, 6, 9} and R is a relation from A to B defined by 'x is greater than y'. 
Then range of R is 


(a) {1, 4, 6, 9} (b) {4, 6, 9} (c) {1} (d) none of these 
2. Fill in the blanks. 
(i) A relation R in a set A is called relation, if (a4, 4?) € R implies that (a, a4) € R, 
44, 0, € A. 


(ii) A relation R on set N defined by R = {(x, y) : x + 2y = 8}. The domain of R is 


(iii) Let A = (1, 2, 3}. Then the number of relations containing (1, 2) and (1, 3) which are reflexive 
and symmetric but not transitive, is : 


x 
iv) Let f : R  R be defined by f(x) = —7———7 . Then (fofof) (x) = 
[NCERT Exemplar] 
B Very Short Answer Questions: [1 mark each] 


3. IfA={3,5,7} and B = {2, 4,9} and R is a relation from A to B given by “is less than”, then write R 
as a set of ordered pairs. 


Check whether the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is transitive. 





If f(x) = x +7 and g(x) = x - 7, x € R, then find fog (7). [CBSE Delhi 2008] 
6. Iff(x) is an invertible function, then find the inverse of f(x) - z ] [CBSE (AI) 2008] 
If f(x) = 27x? and g(x) = x”, find gof(x). [CBSE (F) 2010] 


For the set A = (1, 2, 3}, define a relation R in the set A as follows R = {(1, 1), (2, 2), (3, 3), (1, 3)]. 
Write the ordered pair to be added to R to make it the smallest equivalence relation. 


9. Iff: Ro R is defined by f(x) = 3x + 2, define f [f(x)]. [CBSE (F) 2011] 
10. Iff(x) =x? + 4, then find f(x). 
m Short Answer Questions-I: [2 marks each] 
11. Let the relation R be defined on the set A = (1,2, 3, 4, 5} by R = ((a, b) : |a? - b? | < 8}. Then write 
the set R. 


12. Let A = (0, 1, 2, 3} and define a relation R on A as follows: 
R {(0, 0), (0, 1), (0, 3), (1, 0), (1, 1), (2, 2), (3, 0), (8, 3)] 
Is R reflexive? symmetric? transitive? 


13. For real numbers x and y, a relation R is defined as xRy if x-y + y2 isan irrational number. Write 
whether R is reflexive, symmetric or transitive. 
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14. Let the function f: R > R be defined by f(x) = 4x — 1, V x e R. Then show that f is one - one. 


2x-1 


15. Ifthe functionf: R > R, defined by f(x) = x € Ris one-one and onto function then find the 


inverse of f. 











m Short Answer Questions-II: [3 marks each] 
16. Show that the relation R in the set N x N defined by (a, b)R(c, d) iff a? + P =b +c? v a, b, c, d €N, 
is an equivalence relation. [CBSE Sample Paper 2016] 
17. Show that the relation S in the set R of real numbers, defined as S = ((a, b): a, b e R and a < b°} is 
neither reflexive, nor symmetric nor transitive. [CBSE Delhi 2010] 
18. Prove that the relation R in the set A = (1,2, 3, ..., 12] given by R = {(a, b) : |a— b | is divisible by 3}, 
is an equivalence relation. Find all elements related to the element 1. [CBSE (F) 2013] 
19. Prove that the relation R on the set A = (1, 2, 3, 4, 5, 6, 7} given by R = ((a, b) : |a - b| is even }, is 
an equivalence relation. [CBSE 2019 (65/4/2)] 
4x *3 2 2 . : 

20. If f(x) = 6x2 ar # 3 then show that fof(x) =x, V x + 3 What is the inverse of f? 
[CBSE (F) 2012] 
21. Ifthe function f: R > R be given by f(x) =x? +2 and g : R > R be given by g(x) = =a x #1, find 
fog and gof and hence find fog(2) and gof(-3). [CBSE (AI) 2014] 
22. Show that the relation R on IR defined as R = (a, b) : a < b}, is reflexive and transitive but not 
symmetric. [CBSE 2019, (65/1/1)] 
23. Let Z be the set of all integers and R be relation on Z defined as R = ((a, b) : a, b € Z and (a — b) is 
divisible by 5}. Prove that R is an equivalence relation. [CBSE Delhi 2010] 

— 2 l 4x+3 . 
24. Show that the function fin A= R — 3 defined as f(x) = z is one-one and onto. Hence, 
x — 
find f. 

25. Prove that the function f: N > N, defined by f (x) = x? +x + 1is one-one but not onto. Find inverse 
of f: N S, where 5 is range of f. [CBSE 2019, (65/1/1)] 
B Long Answer Questions: [5 marks each] 


26. LetA={x eZ:0xxx12]. Show that R= ((a, b) :a, b e A, |a—- b | is divisible by 4} is an equivalence 
relation. Find the set of all elements related to 1. Also write the equivalence class [2]. 
[CBSE 2018] 


27. Letf:N — N bea function defined as f(x) = 9x? + 6x — 5. Show that f: N > S, where S is the range 
of f, is invertible. Find the inverse of f and hence find f! (43) and f! (163). [CBSE Delhi 2016] 


28. Show that the function f : IR > IR defined by f(x) = -7 vx ER is neither one-one nor onto. 
a 


*1 
Also, if g : IR > IR is defined as g(x) = 2x - 1, find fog(x). [CBSE 2018] 
29. Let f: N >R, be a function defined as f(x) = 4x? + 12x + 15. Show that f : N > S, where S is the 
range of f, is invertible. Also find the inverse of f. [CBSE (F) 2015] 


30. Show that the relation R defined by (a, b) R (c, d) a +d =b + c onthe A x A, where A = (1,2, 3, ..., 
10] is an equivalence relation. Hence write the equivalence class of [(3, 4)]; a, b, c, d e A. 


[CBSE (East) 2016] 
31. Let f:N— N bea function defined as f(x) = 4x” + 12x +15. Show that f: N > S is invertible (where 
S is range of f). Find the inverse of f and hence find f~'(31) and f ~'(87). [CBSE (South) 2016] 
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32. Letf: W — W be defined as 


ntl, ifniseven 


Fl) = ben — 1, if n is odd 


Show that f is invertible and find the inverse of f. Here, W is the set of all whole numbers. 
[CBSE (Panchkula) 2015] 


33. If the function f: IR > IR be defined by f(x) = 2x -3 and g : IR > IR by g(x) = x? +5, then find fog and 


15. 


21. 


26. 


28. 
30. 


31. 


33. 


show that fog is invertible. Also, find (fog) !, hence find (fog) (9). [CBSE Sample Paper 2018] 

















Answers 
-OA (ii) (a) (iii) (b) (iv) (c) (v) (a) (vi) (d) 
(vii) (b) ^ (vii) (c) 
. (i) symmetric (ii) {2, 4, 6} (iii) 1 (iv) ee 
R= (8,4), (3,9), (5,9), 7,9)) 4. No, itis not transitive. 5.7 6 9072 
. 3x 8. (3,1) 9. 9x 4 8 10. f!(x) - /x-4 
- 1 1), (1, 2), (2, 1), 2, 2), (2, 3), (3, 2), (3, 3), (3, 4), (4, 3), (4, 4), (5, 5)1 
. Reflexive, Symmetric but not transitive 13. Reflexive but neither symmetric nor transitive. 
py = x E 1.14710 20 f(x) = 23 
m 5 -1+/4y-3 
P eh Ti m 4. f(x) = " 25. fou 
(1,5,9], 2, 6, 10} 27. f(x p VETO £1(43) = 2, £1(163) = 
_ 2x-1 __ -1 yx-6-3 
Ax! - Ax +2 S ue 
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 7), (7, 8), (8, 9), " 10)j 
pg HGS peg-v genos x per Teo 


-1, if xiseven 


fog(x)- 2:2 +7, (fog) (x) -[5 D (fog) ! (9) = 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 


96 


1. Choose and write the correct option in the following questions. (4 x 1=4) 


(i) In the set Z of all integers, which of the following relation R is not an equivalence relation? 


(a) xRy:ifx<y (D x Ry:ifx-y 
(c) xRy:ifx -yis an integer (d) x R y if x= y (Mod 3) 
(ii) Let A = (1, 2,3} and R = ((1, 2), (2, 3), (1, 3)} bea relation on set A. Then R is 
(a) neither reflexive nor transitive (b) neither symmetric nor transitive 
(c) transitive (d) None of these 
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(iii) Iff : N — S where S is the range of f and given by f(x) = 2x? — 4x + 7 is an invertible function. 
Then f~'(x) is 


xD x-2 x- 
> 
(a) 2 +1,x25 (b) 5 +1 (c) 2 











5 
+1,x25 (d) None of these 


(iv) If f(x) = [x] and g(x) = |x|, find fog (2) : 





(a) -3 (b) 3 (c) 4 (d) +4 
2. Fillin the Blanks. (2x 1=2) 
(i) Total number of all onto functions from the set (1, 2, 3, ..., n} to itself is 
(ii) Let f = {(1, 2), (8, 5), (4, 1)) and g = (2, 3), (5, 1), (1, 3). Then gof = 
B Solve the following questions. (2x 1=2) 
3. Check the injectivity of the function f: R > R, defined by f(x) = 2 - 3x. 
4. Show that the function f : IR > IR defined by f(x) = |x|, for x € IR is not surjective. 
m Solve the following questions. (4x2=8) 
5. Show that the function f : IR — IR defined by f(x) = x? + 2 for all x is a bijective function. 
6. Let R bea relation on the set of all lines in a plane defined by ‘is parallel to’, i.e., (h, L) € R & 4 || L. 
Show that R is an equivalence relation. 
7. Tf fx) = 27x? and — = x! 5, find gof(x). 
=3 ., 2 
8. If f(x) ae x4 then show that fof(x) =x, Vx £ 3 What is the inverse of f ? 
m Solve the o imi (3 x 3 =9) 
9. LetA={x €IR:-1<x<1}. Show thatf: A > B pu by f(x) 2 x|x| is a one-one and onto function. 
10. Show that the function f: R > R given by f(x) = x? + x is a bijection. 
2 2x -4 
11. Let A = R- {3} and B= n- [5]. If f:A—B: f(x) = 3x9” then prove that f is a bijective 
function. 
m Solve the following question. (1x 525) 
12. Show that the relation R on the set A of points in a plane, given by 
R= ((P, Q) : distance of the point P from the origin = distance of point Q from origin} 
is an equivalence relation. 
Further, show that the set of all points related to a point P + (0, 0) is the circle passing through P 
with origin as centre. 
Answers 
1. (i) (a) (ii) (c) (iit) (c) (iv) (b) 
2. (i) n! (ii) gof = {(1, 3), (3, 1), (4, 3)} 
_4x+3 
3. Yes Fe dx 8. f'(x) =A 


Relations and Functions 37 







Inverse 
Trigonometric 
Functions 






BASIC 





CONCEPTS 


1. Definition: If f : X — Y is one-one onto (bijective) function, then there exists a unique function 


f |: Y > X which assigns each element y € Y to a unique element x € X such that f(x) = y and is 
called inverse function of f. 


i.e., fx e f(x)=y, xeXandyeY 


Principal value branches: Since trigonometric functions being periodic are in general not bijective 
(one-one onto) and thus for existence of inverse of trigonometric function we restrict their domain 
and co-domain to make it bijective. This restriction of domain and range gives principal value 
branch of inverse trigonometric function which are as follows: 


























: 3 Range 
Functions Domain (Principal value branch) 
yes FLU [2:3 
y=cos" x i i [0, 7] 
y-cosec x RE | z a 9 
Sf a 
y=sec x (ea) [0, 7] -5] 
T LE 
y- tan x R ( 227 ) 
y=cot! x R (0, 7) 














The value of an inverse trigonometric function which lies in its principal value branch is called the 
principal value of that inverse trigonometric function. 


2. Principal and general values: 


(a) If sin 0 = sin a then its principal value is 0 = a, -5 <a< 5 and its general value is 
O=nn+(-l)"a,neEZ 


(b) If cos 0 = cos a then its principal value is 0 = a, 0 < a < mand its general value is 
0-22nntaoa,neZ 


(c) If tan 0 = tan a then its principal value is 0 = a, - 5 «ax E and its general value is 
O=nn+a,neZ 


Properties of Inverse Trigonometric Functions 





1. (i) sin (sin 0) = 0, for all 0 e [- 1/2, 1/2] 
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(ii) cos ‘(cos 0) = 0, 
(iii) tan (tan 0) = 0, 
(iv) cosec '(cosec 0) = 0, 
(v) sec !(sec 0) = 0, 
(vi) cot" (cot 0) = 0, 
(i) sin (sin! x) = x, 
(ii) cos (cos! x) = x, 
(iii) tan (tan ! x) = x, 
(iv) cosec (cosec ! x) = x, 
(v) sec (sec! x) = x, 
(vi) cot (cot! x) = x, 
(i) sin 1(1) = cosecy, 


(ii) cos! (4) = sec !x, 

(iii) tan"! (=) - ae 
*^ |-t+cotx, 

(i) sin (-x) = - sin! x, 
(ii) cos (x) = x - cos ! x, 
(iii) tan! (-x) = - tan ! x, 
(iv) cosec ! (-x) = — cosec ! x, 
(v) sec! x) = x - sec ! x, 

) cot! (x) 2 x - cot! x, 


(vi 


mses - T 
(i) sin lx * cos eus 
T = = T 
(ii) tanx + cot We 


D EE 4 E _ 
(iii) sec x-*cosec x = 2! 


(i) sinx + siny 


- sin! (x41- y^ * yy1- x^], 


(ii) sinx- sin !y 





= sin (x1 -y4 - yV1 =X}, 


(i) cos™x+cos™y 


= cos ! (xy -V1-x°y1-y°}, 


(ii) cos !x- cos !y 


7 cos ! [xy * 41- x^J1- y^], 


for all 0 e [0, x] 

for all 0 e (- 1/2, n/2) 

for all 0 e [- 2/2, /2], 0 2 0 
for all 0 € [0, n], 0 2 1/2 
for all 0 e (0, x) 

for all x e [-1, 1] 

for all x e [-1, 1] 

forallx e R 

for all x e (- oo, -1] v [1, oo) 
for all x e (- ©, -1] v [1, oo) 
forallx e R 

for all x e (- oo, -1] v [1, oo) 
for all x e (- oo, -1] u [1, oo) 
for all x » 0 

for all x « 0 


for all x e [-1, 1] 

for all x e [-1, 1] 

forallx e R 

for all x e (- oo, -1] v [1, oo) 
for all x e (- ©, -1] v [1, oo) 


forallx e R 


for all x e [-1, 1] 
forallx e R 
for all x e (- o», -1] u [1, oo) 


if-1<x,y<1and x +4°<1 
or 

if xy < 0and x? « y? »1 

if-1sx,yslandxi?«y^s1 


Or 
if xy » Oand xà « y^» 1 


if-l<x,y<landx+y20 


if-l<x,y<landx<y 
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+ 
8. (i) tan”x+ tany = tan! | - ) if xy «1 
(i) tan'!x - tan! y = tan! Te ) if xy 2-1 
1 1 
9. (i) 2sin !x = sin! (2x/1- x?), Eg T 
(ii) 2cos!x- cos! (2x? - 1), if0<x<1 
2 
(iii) 2tan"'x = tan” ( E if-1«x«1 
-x 
1 1 
10. (i) 3sin! x = sin"! (3x — 4x)), i= Exe. 
1 
(ii) 3cos! x = cos! (4x? - 3x), if 2 <x<l 
(iii) 3tan !x = tan! arca if E «x« E3 
1-3x? |" JS V3 
11. (Ù 2tan ty = sin! (1— 3, if-1<x<1 
x 
1 _ 2 
(ii) 2tan!x = cos! [m if0<x<0 
x 
x 
12. (i sinx = cos! ( 1- x?) - tal T | 
y 1 
= cot | x ) = sec" | 2 = cosec ! (=) 
1-x 
TER 
(ii) cos !x = sin !( 1- x?) = tan = 2: 
1 1 
= cot ad 7 ) = sec! (i) = cosec ! x) 
1-x x 1-x 


(iii) tan !x = sin Pari - d ) = 
1 y1+x? 
= cot! (=) = sec! (y1 + x?) = cosec ! (ate | 


Important substitution to simplify trigonometrical expressions involving inverse trigonometrical 























functions. 

Expression Substitution 
due x=atan0 or x=acot0 
aw =a x=asin0 or x-acos0 
xcu x-asecO or x =acosec 0 

EMT Or = x =a cos 20 
(e (fis oe 
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Important Facts: 


(i) 


(ii) 
(iii) 


If no branch of an inverse trigonometric function is mentioned, we mean the principal value branch 
of that function. 





"S : ; ; 
sin ix # or(sinx) and same holds true for other trigonometric functions also. 


sinx 


If sin ! x = y then x and y are the elements of domain and range of principal value branch of sin! 
respectively. 


T T 
ie., x e [1,1] and ye l-5 > 


Similar fact is also applicable for other inverse trigonometric functions. 


Selected NCERT Questions 


1 


Sol. 


Sol. 


Sol. 


Sol. 


. Find the principal values of cos : 


3B 


M 


Let cos? (2) = ĝ so that 0 € [0, x] and cos 0 = 


E ad af y3) n. 
=> cos 8 = cos c => 0 g bey cos ( 5 6 
Find the principal values of tan” (- /3).. 
Let tan ! (-/3) = 0 where0 € ES 2) 
=> tanb =-/3 = tan0= -tan( 3) 

n T 

=> tan @ = tan| - 3 => 0= Ux 
=> tan ! C43. =-7. 


Write the following function in the simplest form: 


1{ /1-cosx ^" 
tan errs | €x «Jt 











í ii eret 4 
ds 1*cosx) 4n 
= tant XM uas Slo A och 
= tan (i (3] tan (tan 5} 2 [Note thato<xr<r=0 <3 <3 
Write the following function in the simplest form: 
8 P 
acere x 3T 
t z ]-. €«x« 
cosx t sinx 4 4 = or 
. Note that -— «x < — 
í apee] 4 4 
cosx + sinx 3m 


ui coc m 
Inside the bracket divide N" and D' by cos x = 7 
>77- x> -5 
: d eem) tant a (3-a) LO 4 2) 
=tan \ 1+ tang | n MN “4. > 





2 
4 
ab 
2 
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j= 2 
5. Find the value of the n sin! EE cos ! er M , |x |< 1,y > 0and xy «1. 

2 1+x2 1*3? 

[CBSE Delhi 2013] 
1|. 4 2x ade uc Tus, d 3 
Sol. tan ?|sin z * cos 5 tan z (2tan x-*2tan y) 
1+x 1*y 
1 d E Lay? 
= tan| 5 *2(tan ‘y+ tan 'y| n sin” a rim 2tan ! x and cos ! =A =2tan"y 

1+x 1t+y 





= tan4tan ! xty = a 
1- xy T=xy 


6. Prove that: tan ! i ttan'! z + tan” i + tani - z [CBSE Delhi 2008, (AI) 2010, 2016, 2017] 


x+ 
Sol. We know that tan! x + tan ly = tan! Rer) for xy « 1, therefore, 











1 
41 a ( 41 15) 
= —- =. — + — 
LHS (tan 5 tan 7 +| tan 3 tan 3 
1 1 1 1 
= tan! = + tan” S. 
jou dL. 
5 7 3 8 
= tan? (32) eta (55) = tan (47) + tan | 
34 23 17 23 
6 LH 
E 17 23 f 6x23 + 11x17 E (m) E T 
1 1 = 1 = Tq. 
- ta (6 1 - ta (Eum D] tan | 355] = tan 1 4 RHS 
17 23 
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7. Provethat: tan vx 7 cos i +x Wx € [0,1] 


Sol. Let tan! yx = 0 then tan0 = yx and 0 < us 


1 (zz) 1 j/[1-tan?0 
7 008 lz yey] = 59008 ee 








Now, 








= Z cos"! (cos20) - 10) -0-tanV/x | 0x0«L .0oxo0« d 


Note that the result is valid for all x = 0. 


In particular, it is valid for all x € [0, 1]. 











mite mer| x ux 
8. Prove that: cot? &—,*el — 
i (zit 2 ( re 


[CBSE Delhi 2011, 2014; (AI) 2009; (F) 2016] 





V1 * sin x * /1- sin x 
VA * sin x - /1- sin x 








Sol. LHS = cot" ) x e(o, T) Given 

















Set | i Cien + sine yo) + V (cosx/2 - sinx/2) | 
V (cosx/2 + sinx/2) - V (cosx/2 - sinx/2) 
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Given 





















































* . a x . > 
cos sin COS — -sin 
eni 2 2 2 2 (eee 
x x x x 4 
+ sin |- cos > -sin | ae 
ae 2 2 2 — dece 
= cor (052/7 RR teosx/2 | T (0 E 3 
(cosx/2 + sinx/2) - (cosx/2 -sin x/2) Dic m an) 
$c 
2 = =>- >0 
=c (SEZ) = cott(cotx/2) = + = RHS oa sin 
sinx/2 2 * X x * 
5 cosž-sinž|=cosž - sin 
/1*x-w«1 7 1 1 
9. Prove that: tan™ (pee) i z COS 1x, Nin im [CBSE (AI) 2011, 2014] 
1lt+x-yl- 
So. Ls = tan (SRE?) 
1*x-*/1-x 
a [VA x-41-x MEM f f 
= x R: I 
tan MEE VEG E [Rationalize] 
t (3 — t Re = as Fe SxS! 
= tan = tan 
* 1+x-1+x x 
: T : 
Putx=sin0 > O=sin'x = sin(- 7) 5 sin0 < sin 
0 T x 
m. 
(S T 2sin 5 — EL 
= tan -=a | = “tal |= ae 
sin 0 2si 0 8 n 0 m 
smg -COS 5 => 7-855514 
0 0 1 1;/n 0 
= al — ] = — = — oj zi = —| — — zd T T 
tan (tn. j^3sin x 25 cos x) E zels 5) 
m 1 1 =i SIT T 
= — = — m = pid T = — 
a z COS x = RHS cos x+sin x 2 
9x 9 1 9 2/2 
10. Prove that: 8 Er ae LM = [CBSE (F) 2011, 2020 (65/4/1)] 
m. P E Au n 1) 
Sol. LHS = -7° 3 T z sin 3 
h 1 i 1 
= Z cos" (=) il E ; eL 
Let, cost (2 m => cos = 2 


=> sin 8 = = a/ 1 ye a [0,7] 


= sin is positive 





=> sin0- " => sin0- 22 
=> 0-sin p |. 2. € EX 
a 22 


> cei] 
cos 3 sin 3 


' From equation (i), we have = sin 


4 2E 


—— = RHS 
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11. Solve: tan! = = L tany, x>0 [CBSE (AI) 2008; (E) 2011] 


















































E al1-x 1 E al-x _ =] 
Sol. Given, tan 14x 2 fan x => 2tan 14, tan x 
1-x 
- 2 x) = =i x>0 
= tan 7 = tan x -x 
1 (=) sex <1 
1+x l*x 
20b x^ 20-x? 
— gi m Iy > Ur 
4x 4x 
=> jar =o => 1s8c 
1 1 
Qc mot. qu 
ie., X73 x 3 [x > 0] 
-1 +1 mx 
12. If tini gui = —, then find the value of x. 
x-2 +2 4 
[CBSE Delhi 2008; (AI) 2010; (F) 2013, 2016] 
: a4x-1 ax*t1 m 
Sol. Given tan y_2 ttan E EE 
x-1 x+1 
ej Xem ee? . a Ay ae ot XEY 
=> tan ; x-1 xt] =7 Usingtan x + tan` y = tan IFxy 
0x2 x-2 
(x-1) +2) +(x +1)(x- 2) x 
5 _ 


(x-2)9*2-(-1G*1) "4 


^.x-24x!-x-2 2(yt22 
FX xt-x "T (x ) 





— B] 5 23458 
x!-4-x41 -3 
2 2 1 
=> 2921 => => 
2 
1 
x-t—— 
J2 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


T 
1. tan 3-*tan A = tan! (2A) is valid for what values of à ? [CBSE 2020 (65/2/1)] 
Td 1 1 
(a) AE (3. 3) (b) A» zi (c) A< 3 (d) All real values of X 


1 
2. The value of tan 1 (/3) * cos! (-3) corresponding to principal branches is 








T T 
a) -15 (b) 0 (c) n (d) 4 
3. The value of cot (sin ! x) is [NCERT Exemplar] 
/41*x x 1 ees 
a = O TF (Or yc 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


T 
The value of sin ! (cos =} is 


9 

T 5r -5n 

() 5 Ons Or 
. 43 ETAT 

tan|sin 5 + tan 4) 5 equal to 

7 24 3 
uU eT On 
Let 0 = sin (sin (-600°)), then value of 0 is 

T T 27 
() 5 O 5 Ue 
If sin !x + siny = = , then value of cos ! x + cos! y is 

T 
a) 5 (b) x (c) 0 
If 3 tan ! x + cot! x = n, then x equals 
(a) 0 (b) 1 (c) -1 

A =1 E | 1 r 

The value of the expression 2sec 2 + sin (2) is 

T 5r 7T 
a) c (D c pe 





tan! (=) - tan! XTY 
y xt 


is equal to 
p) iea 





T T T 
a) > (b) = (c) T 
The value of tan? (sec ! 2) + cot? (cosec ' 3) is 
(a) 5 (b) 11 (c) 13 
The domain of the function defined by f(x) = sin! /x — 1 is 
(a) [1,2] (b) [-1, 1] (c) [0, 1] 
If a € 2sin ! x + cos ! x < B, then 

-T T -T 3n 

a) a- 7, 8-5 Œ) a-0 Bon © a» T B- 





[NCERT Exemplar] 
7T 
() is 
[CBSE 2020 (65/3/3)] 
3 
@ > 
—2n 
cn 
21 
@ > 
[NCERT Exemplar] 
1 
@ 5 
[NCERT Exemplar] 
(d) 1 
[NCERT] 
= 3i 
Maa 
(d) 15 
[INCERT Exemplar] 


(d) none of these 


(d) a=0, B=2n 


2a 1-4? 2x 
If sin? (a) *cos! 1 = tan (i) where a, x € (0, 1), then the value of x is 
a +a —X 


2 


(a) 0 (b) E (c) a 


2 
If cos( sin” 5 + cos] = 0, then x is equal to 


1 2 2 
(a) Js (b) 5 (c) J/5 
The value of sotcos* (2) is 
24 
@ 2 o T o + 


2a 


leg 





(d) 
[CBSE 2020 (65/2/2)] 
(d) 1 


[NCERT Exemplar] 
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17. sin (tan! x), |x|« 1 is equal to 














x 1 1 
v) Vice 9 i-e 9 ex © rz 
18. If tan! z +tan” 2 = tan ! a then a is equal to 
1 1 3 
(a) 4 0) > () 4 (a) 1 
19. If cos! a * cos ! B +cos ! Y 2 3z, then a (B * y) * B (y to) * Y (a * B) equals 
[NCERT Exemplar] 
(a) 0 (b) 1 (c) 6 (d) 12 
413 al). 
20. The value of tan(cos 5 ttan 1) is 
19 8 19 3 
(a) g (0) ig (c) 15 a) y 
Answers 
1. (c) 2. (c) 3. (d) 4. (d) 5. (b) 6. (a) 
7. (a) 8. (b) 9. (b) 10. (c) 11. (b) 12. (a) 
13. (b) 14. (d) 15. (c) 16. (d) 17. (d) 18. (c) 
19. (c) 20. (a) 


Solutions of Selected Multiple Choice Questions 





+ 
1. Given, tan !3* tan !A = tan“ = ) is valid for 3A < 1 














1-3A 
1 
> <7 
2. We have, 
1 
tan (y3) + cos! (- 5) 
ot (tan + cos“ (- cos 
= tan (tanz cos” cos 
E oa 
= 3 t cos |cos 3 cos {cos 
m 2m 3n. 
a eg: ge 
3. Letsin™ x= 0, then sin 0 = x. 
1 1 
> cosec 0 = — => cosec?0 = s 
x x 
1 jex^ 
= 1+cot*0 = —> => cot 8 = E 
x? x 


4. sin! (coss )=sin = 


sa(>-3)) 


B ES 7T 
= sin™ | sin 


E TES "mu 
=§ = sinü =- => cos0- l-3575 
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3 
. -19 
5. Let sin 5 


10. 


12. 


13. 





_ sind 3 _, 43 
tan 89 = ae a = 0 = tan 1 
Now, 
t cies ELE ( Lm 21) 
anisin cz +tan jj-tan|tan ttan | 
2x— 
- tan(2tan“ 1) = tan| tan™ 
' -] 
^44 
E (t EI rJ s 
= tan|tan -|= 7 
Given, 3tan!x+cotx=n 
5 2 tan! x + tan! x+cot!x=r 
T 
= 2tan!lx = x -5 s tantx *cot!x = > 
aI 
> 2tan x 2 
> tan tx = 
-tdanT-1 
— x= tan 
=> x= 
Hence, only x = 1 satisfies the given equation. 


We have, 
4 osi d 
2sec (2) + sin (5) 
52sec" (e SJ + sin" (sinl 8 )) 
= 2sec |sec| 5 sin |sin|c 


"T 2 mx On 
+ 

















uo wo GG. G 
Bo e 
i( X. ET — al Y **Y mo | 
tan (5)- ten c = tan x X-y Here peau t 
I1 
Vy x+y 
i x? +xy—xyty? y(xt+y) 
= tan” x 35 
y(x +y) xyty + x^ — xy 





2 
ee” Lu ME ee 
= tan | A "|= tan 0-4 


f(x) s sin ^ x-1 


=> O<x-1<1 [^ /x-1z0 and -1€ /x-1z1] 
— 1<x<2 

x e [1,2] 

-T afi T 

Z Z 
We have 7 SSiN xs, 

CH Sree nac prer” 
d j "9 a 3 
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= 0 < sin” x + (sin! x + cos! x) < n 








5 0<2sin'x+cos'x<nx 
. 4{ X 4/1- a? i. 2S 
14. Wehave, sin "T + cos ame - tan Ee 


—  2tana + 2tan'! a =2tan! x 


=> Otanla-tan!x 
2a 








=> tan” Tog = tanx 
ee 2a > 
1-a 
15. We have, 
cos( sin“ 4 + cos] =0= cos, 
> sin! ie +cos x = E 
5 2 
> sin? E - 5- cos !x = sin !x 
> le =sin'x > x= E 
v5 v5 
19. We have, cos! a + cos ! B + cos! y 2 3x 


We know that, 0€cos!x «m 
cos! a + cos ! B+ cos! y=3n 


If and only if, cos! a = cos ! B= cos! y-n 


> cost=a=B=y > -l=a=B=y 
=> a=fp=y=-l 
opty Bor-Fe rye B) =-1-1-1)-1-1-1)-1(-1-1) 
2242-42-26 


Fill in the Blanks 


3 
1. The value of sin! (s) 


2. The principal value of tan ! (- /3) is 
8. The value of sin(tan !2 + cot !2) is 
4. If cos(tan! x * cot! /3) - 0, then value of x is 


pet) 


5. The value of sin! is 








1 
6. The principal value of cos ! (- 3) is . [CBSE 2020 (65/2/2)] 
Answers 
E E 3.1 4. 3 5. = E 
. 5 . 3 . . . 6 . 3 
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Solutions of Fill in the Blanks 





1. We have, 
sin (si T) = sin! [sin(x - | 
5 5 
= sin (sin) = am 
5 5 
2. Wehave, 
tan! (-/3) = tan ‘|= tang 








3. Wehave, 


T 
sin(tan™2 + cot !2) = sin -1 


n 
E tan !x * cot x = z) 


4. We have, 
T 
cos(tan!x + cot! /3) =0= C08. 
T 
—  tan!x*cot!/3 = > 


T 
=> cot! /3 = z7 tan lx = cot !x 


— cot! J/3 = cot!x => x= y3 


dete: 


5. Wehave, 





sin! 











6 6 
cedente neo] i] 
- cos” |- 5] = cos” |— cos] = cos |cos(t- 3] = cos (cos 773 
Very Short Answer Questions 
. c ei] s 17x 
1. Find the value of sin ' |sin -z5 I [CBSE 2020 (65/5/1)] 
Sol. We have, 
sin! |sin(- A J|- si - sin T = sin! -sin(2 +5) 








EE 
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2. Write the principal value of tan !1- cos ! (-3). [CBSE Delhi 2013] 


Sol. tan 1-cos! (-5) = tan” (tan 2) +cos? (cos(x - a 


T 27 
= tan! (tan i) +cos? (cos T) 














T 20 T T T 2x 
Ug k TEl-5 5) and 5 € [0,7] 
| 3nt+8n dix 
12 12 
3. Write the value of tan (2 tan! 2| à [CBSE Delhi 2013] 
1 
34 E " 5 ej a[ 2X 
Sol. tan(2tan 5) = tan|tan 1v '2tan x = tan 1232 
1-[5) 
2 
= al- 3 (= = 
= tan} tan 24 = tan|tan 5 x 24 
25 
=t ( 5 z) Eu 
TM 1227-32 
4. Write the principal value of cos” (cos ae [CBSE Delhi 2011; (AI) 2009] 
Sol. cos! (cos m) = cos! (cos(27 - 23) 
6 6 
ee 51) m4 | .O9 | 
COS (cos 6 6 dir € [0, x] 
5. Find the value of sin" (sin). [CBSE (AI) 2010] 


Sol. We are given sin! (si = sin! (sin(x — 5)) = sin! (sim. - = 


1 1 
6. Write the principal value of cos! (>) +2sin™ (2) à [CBSE (F) 2014] 


af. =i T 
Sol. We have, cos (5) = cos (cos 3 ) 





^3 |- elo] 
Abo sin(})= si (si) 
L I: £48] 
cos" (5) 2s (2)-e(5)- 345-2 


[Note: Principal value branches of sin x and cos x are |-5) 5] and [0, 1] respectively.] 
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Sol. 


Sol. 


Sol. 


10. 


Sol. 


11. 


Sol. 


12. 
Sol. 


Write the value of cot (tan ! a + cot’ a). [CBSE (F) 2012] 
cot(tan ‘a+ cot !a) = cots =0 [. tan x + cot" x = E VxeER] 
; ; . 13 
Write the value of sin|2sin =). [CBSE (F) 2013] 
, 2423 
Let sin(2sin 5) =y 
foe See 
> 2sin 5 siny 
en 3 9 ish . -1 S 2 
— sin 2x T 1-55 -sin y [. 2sin x-sin Qxw1- x°}] 
^ fpd = ae) 
sin |5Xgj[-sin y sin |55]-sin y 
"E = sin(zsint2) = 2 
y 25 Boner ABIT 5 
7 
Write the principal value of tan” (tan). [CBSE (F) 2013] 
A Tm) SPRE n 
tan (tan Bl tan (tan(x + 6 )) 
a iT TIT 
= tan (tan =) 6 k se( 7) 
If sin(sin” i $ cosx) = 1, then find the value of x. [CBSE Delhi 2014] 
' ni 4 
Given sin(sin zt cos x) =1 
— sin! i *cos!x-sin!1 — sin! i *tcos!x- = 
5 apil- ood x vedi le eei zo eed. 
sin 5 = 5 ~ cos x sin 5 = sin x X7. 
" xL ef 437 
Find the value of sin™ | cos 3 I) [NCERT Exemplar] 
in (cos( sr + 2.) = sin (cos 55) = sit (sin( 3-55) 
sin (cos(sx + 5 sin [cos ; J-sin |sin| — = 
nux c XEM S 3b vus ne e dE dU 
CUR (sim(-15)) 10 E Ti 2/5] 
Find the principal value of cos ! [cos (- 680°)]. [NCERT Exemplar] 
cos ! [cos (- 680°)] = cos” [cos (680°)] [ cos (- 0) = cos 0] 
= cos! [cos (720° — 40°)] = cos ! [cos (4x — 40°)] = cos! (cos 40°) 
= Ane 2T 2400 = 2X. 
= 40 rg « 40 9 € [0, x] 
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Short Answer Questions-l 


1 
1. Write cot! Ix) , |x| » 1 in simplest form. [CBSE (F) 2013] 
x — 


Sol. e| l ) 
x^-1 


Letx-2sec0 => 0-sec!x 














1 1 
Now, e| = cot™! (ss) 
x-1 Vsec?0-1 
1 
= cot! (3) = cot! (cot0) = 0 = sec !x 
37 ps 
2. Express tan? [ 1 eem ) — «x« in the simplest forms. [CBSE 2020 (65/3/1)] 
Sol. We have, 
í a cosx | 9m v = 
Nesey uw 999 
5X 9 X 
cos^ c — sinf — 
jt — Fe) Goog dE 
7 ( xo xy | 4 2 4 
cos, - Sin 





x SX 
cos, —SIn4 


x ee c 
2 2 


l-ttanz " 
= tan!|—————, |Dividing N' and D' by cos in the bracket 
1- tan * 














2 
B E nx) x nx m 
= tan La 2427 
- AX 
4 2 
Tc 
8. If2tan ‘(cos 0) = tan ! (2 cosec 0), then show that 0 = 4" [NCERT Exemplar] 
Sol. Wehave, 2tan ‘(cos 0) = tan! (2 cosec 0) 
t (ERR) (9 0 le gcc a 2x 
=> tan 1 co320/ 5 (2 cosec 0) : an x-tam |. 3 
m 0 ) 25 0 
sini | 7 2cosec 
=> cot0.2cosec8=2cosec8 =  cot0-1 
n n 
> cot 0 = cot, > 0-4 
; alas 443 
4. Write the value of tan |2sin|2cos "e di [CBSE (AI) 2013] 
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V3 n /3 m 
eas Ei E -1 . T - -1 = 
Sol. tan 2sin(2cos 2 | tan (2sin(2 x 6 )) | “ COS 75 6 
= -1 DIY. E 5 
= tan (25i 2.) = tan (2x 
= tan !(J/3) = E 
è $ è -1 27 d adi cs 27 
5. What is the principal value of cos (cos m) +sin (sin m) [CBSE (AI) 2011] 
2 Lee 
Sol. cos! (cos =) +sin (sin) =cos! (cos ES +sin? (sin(x - s ) Y = E (-$ 2) 
"o cai (an) e 28.8 
= cos (cos 3 + sin | sin 3 3 + 3 
3n | sin'(sinx) x  ifxe -5 2| 





and cos ! (cos x) =x if x € [0, x] 
: 41 a 
6. Find the value of 4tan a tan 339° [NCERT Exemplar] 
Sol. Wehave, 4tan™— - tan” A 2.2tan? = —tan! : 

d d 5 239 i 


5 239 


=2. tan? 





l-x* 


1 2x 
j -— tan“! 239 B 2tan!x- ta? 

















JH ete! 
1g =" 


239 
20 1 
ze e B89 


= tan 





; EE 
1,120, 1 | 7" ios56l 
119 ^ 239 


= Rte. 
= tan (1) 4 
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7 


ck [CBSE Sample Paper 2018] 


x 43 - 3x? 


T 
2 2 








1 
7. Prove that if 3 < x <1then cos '!x + cos! 





Sol. Letcos'x=0 = x-cos0 
































43- 3x? 1 3 
Now, cos !x + cos ++ Se = ð+ cos! PES 0+ Di - cos? 0 
= -1 T QUIA . 
= 0- cos [cos .cos 6+ sin 2. sin 6] 
- 0. cos"! [cos( 7. -6)] w 1/2<x<1 
3 cos—1/3 < cos ĝ < cos0 
=0+7 -0 => —t/3<8<0 
=> m/32020 
- => Oe[0,z/3]l 
8. If tan" x * tan! y- ay < 1, then write the value of x + y + xy. [CBSE (AI) 2014] 
+ 
Sol. Given tan !x + tany = n — tan! iL = = 4 [^ xy « 1] 
4 4 
=> tan | 23 | = tan > XY 21 => x+y=1-xy 
1- xy 1- xy 
=> x +y + xy = 1 


Short Answer Questions-Il 




















1 3 4-47 
1. Show that: tan( 7 sin” 1)- a [CBSE (AI) 2013] 
NES Bs zw JE 
Sol. Let sin 478 > sinb = 7 |ee(-+5)| 
0 

2tan 3 : 2tanx 

— 0 = > | . Sn2x— 3. 
dida 1+tan*x 
0 0 0 0 
2M. = AM 2l e = 

=> 3+3tan 2 8tan, => 3tan 2 8tanj +3 0 

0 8+4/64-36 0 84+,/2 
=> tan= = => tanz= /28 

2 6 2 6 

0 8r24/7 0 A4r/7 
=> ta a E => tan, = 3 

1. ,3\_ 4-77 "me 
— t (5sin =)= 3 0 = sin 7 

aliy X 3 
2. Evaluate: tan{2tan (=)+7} [CBSE Ajmer 2015] 
1 2x 
Sol. tan [2n (5) + z] = tan|tan ! ^ n *tan^1 
1-(5] 
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25 -1 13 -1 | 
tan [ton ? (5x >) + tan 1} = tan {tan 1p * tan 1 
5 
-n*i 
= tan ao = tan tan“! (327) e tan {tant (7) ] = 7 
5 12 7 7 7 
1-2—X1 
12 
3. Prove that: cot ! 7 + cot ! 8 + cot! 18 = cot" 3 [CBSE (F) 2014] 
Sol. We have, 
LHS =cot! 7 + cot" 8 + cot! 18 
exl pate di e "P" 
- (tan 7 + tan 8 + tan 18 
1 I 1 
oer eae: ad [i a] 
tan z 1 + tan 18 0TXgcl 
1-2XxX— 
7 8 
3,1 
13 11 za 11 18 =| -<1 A x+y 
= tan 1 — + tan” = tan "tan x-*tan y = tan 
11 18 ae 1-xy 
11 18 
65 
23s ci | 198 |_ 3m. a1 |-us | 
tan 195 tan 195 tan 3 ^ X18 «1 
198 
= cot! 3 = RHS 
63 5 3 
E T OS Vee eth ef 
4. Provethat: sin (65) sin (45) + cos A [CBSE (F) 2012] 
z) - ees" (5)- 
Sol. Let sin (SF a,cos |; -p 
: 5 3 
> les 
cosa =4/1 (2) ee 4/1 
— cosa - 2S, sinB = 2 


Now, sin(a + B) = sina.cosB + cosa. sin B 
_5 3,12 4 15,48 63 
13:5 13°5 65 65 65 
Putting the value of a and p, we get 
sin! ace + cos” ie sin! ($) 
13 5 65 
5. Prove the following: 


=) 


=> a-B-sin* (2 








1+x? 
cos [tan ! [sin (cot !3)]] = - a [CBSE (AI) 2010] [HOTS] 
x 
Sol. LHS = cos [tan [sin (cot! x)}] 


Let cot!x20 => x=cot0 
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Sol. 


Sol. 





= cos [tan ! [sin 01] = cos 





t j | ; | 
cosec 0 
1 


tan! 





=OS = cos 














2 


4 1 
tan! ————— 
41 * cot^0 





























1+x 
4 1 
Let tan ;7u 
y1+x 
1 1 2 

=> 7 = tana > ——,5,7tan'a 

y1+x Tix 

1 sin? a 1 sin?a 

— 2 = 2 => 2 + ‘ll = 2 + 1 

1+x cos’ a 1+x cos’ a 

24x? 1 y1+ x? 
=> 7 = 5 => cosa= 5 

1+x cos’ a V2+x 

“(Vr 
=> Q-cos 2 
2x 
4x2 dnd 
— cosa cos[cos? / 5-1 L = RHS 
2+x 2+x 
Solve for x: 
T 

sin !(1- x) - 2 sin™ (x) = = [CBSE Panchkula 2015, CBSE 2020 (65/5/1)] 
We have, 

sin (1 - x) = J? 2sinx 


> (l-x)= sin( 5+ Asin) 
=>  (1-x)-cos(2sin!x) = 1- 2sin?(sin!x) 
> C=) =1=2sin Gu a) =1- 2[sin(sin^3)]. 
=> (1-x)=1-2x => 2x-xz0 
=> xQx-1)20 
1 


=> x=0, X= 


1 l : : 
But x= 2 does not satisfy the given equation 


" x = 0 is the required solution. 


1 5/2 1 
Prove that: 2tan! (=) +sec? E *2tan'! (5) = > [CBSE Delhi 2014] 
LHS n5 (1) 4 (5?) 4 (1) 
2tan 5 + sec 7 +2tan 8 
= 2|tan? ( ) + tan“! (=) +sec! (522) 
8 7 

+ 
1 


1 
= 2 
5/2 
S E +tan? (==) -1 [^ secx = tan! / x? - 1] 


1 
Teo 


[SE 


Qi 


-2tan'! 
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13 


z -1 40 4 /950 = 413 _ 40 - 1 
= + Se] = —— Xx —— + 
2tan 39 tan 49 1 = 2tan 40 x 39 tan 49 


40 
1 
2x> 
=2tan" (5)* tan! (5) = tan! 3 + tan” (5)  2tan x = tant = 
3 7 m : 7 lex* 
Ec 
2 
eel en] 
tan 8 + tan (> tan 3 x 8 + tan 7 
9 
3,1 
= =1 1) *(2)- = 4A 7. 7 = (2 3) - =I PEE 
tan (5 ttan” [7 7 tan "s tan [5g % 95) = tan (1) = 4 = RHS 
4 7 
8. If y= cot ! (/cos x)-tan ! (/cos x), then prove that sin y = tan? (2) ; [CBSE (F) 2013] 


Sol. Given y= cot ! (/cosx) - tan ! (/cosx) 


— y- s - tan! (cos x) - tan” (ycosx) 











=> == 2tan'(/cosx) = == cos” (zc a ) 
E /73 1+cosx 
= = sin ( M» yc 1-cosx 
y 1+cosx Y 1+cosx 
2sin? > " P 40m 
— sny- E => sin y = tan’ > Note: tan x + cot x=5,xER 
cos’ 5 4 "^ 
sin x+cos x= 2X €[-1,1] 
1 = 2 
and 2tan7!x = cos! ie = 0 
1+x 
8 4 36 
9. Prove that: sin (=) +cos? (=) = cot 77 [CBSE 2019 (65/4/2)] 
8 8 8 ) 15 
inc = 1 = — = = = 
Sol. Let sin (=) a => sina 17 — cos Q 1 | 17 


U 





17 
cost (2) -8 => cos =$ sin B= h-(4) -3 


— cota - ., cotB - $ 

cota cot - 1 

cota * cot 

15 4 60 

= 837l 247! 60-24 36 
| 15,4  45+32 45+32 77 


Now cot(a-* B) = 











8 3 24 
= any | SO. ) 
a * B 7 cot ( 77 
> sin! (=) *cos! ($) = cot (2) Hence proved. 
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4 12 33 
` f h 5)* m in] = x eA 
10. Prove that: cos ( 5 ) cos 13 cos 65 


4 12 
= x, cos! 13^" [x,y € [0,7] 
12 


4 
=> cosx= 5 COSY 713 


4 
Sol. LHS = Let cos? 5 


4v i2? 


[CBSE (AI) 2012] 


sinx -4/1- (=) ,Sny-4/1- (=) [^ x, y € [0,7] => sinx and siny are + ve] 


5 
=> sinx =~, sin 5. 
p Tg 


Now, cos (x + y) = cos x. cos y - sinx . sin y 





ECOSO NET Nm 
b 13 5 19 cose MI en 

= cos (83) j- eru] 

= x+y = cos (5s “65 € 11] 


Putting the value of x and y, we get 


a12 a 
13 °° (65 





cos! i + cos ) = RHS 











X 1 a ) ( T 1 Ga 
11. Prove that: tan( 4 + 2 cos b + tan a "s cos b 
T 1 a T 1 = m) 
= + + eae Ne pias 
Sol. LHS tan( 4'72 cos 3 tan( 1 2 cos 7 





2b 
) IE [CBSE Delhi 2017; (AI) 2008; (F) 2010] 











1- tan?x 


*- cos(cos ! x) = x if x € [-1,1] 


= [-1,1] 


[CBSE 2019 (65/2/2)] 


E T T 1 ņa 
- tan( ta) tan(4 - x), where x = 9 008 pl 
T T 
7 tang + tanx " tan, -fanx _1+tanx | 1-tanx 
i T n "ded " 
1-tan—.tanx 1+tan—.tanx d 
4 4 
(it tanx)? + (1- tanx)” | d-* tan?x + 2tanx * 1 * tan?x - 2tanx | 2+ tan?x) 
1- tan?x 1- tan?x 
2 2 _ 2 
^ cos2x — d. esed 5) 7 ag Here 
cos 2( 2 cos b cos(cos b ) 
2 2b. 
sana RHS 
b 
. . -1 -1 2 
12. Find the value of sin (cos (=) + tan ($)) 
4 4 
Sol. Let cos! (=) =a => cosa= 5 sina = = 





4 ae "TE _ 3 
and tan (5 =p = tanB = 3,sinB Via’ 088 VB 
sin (a + B) = sina cos B + cosasinB 


3 3 4 2 9 8 17 








5% 13 5%/13 5/13 5/13 54/13 
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13. 


1% — 
If cos "7 + cos 


2 2 
= Q prove that E -2% cosa +X = sin2a .[CBSE (Central) 2016] [HOTS] 
a 


1V 32 = 
b ab p 


] AX ay 
Sol. Given, cos "es + cos E ds a 


14. 


Sol. 


2 2 
n. *. 1-4, / 1-4 =a [ cos x +cosy = cos! [xy - ¥1-2x71- y^] 
a 









































=> 
2 2 2.2 
xy of x? f, Y xy yox Xy 
— — —,jl-^4/1-—-7 — —-,/ l->- tE 
ib E p cos Q dh i p yk rr cos Q 
2 2 2.2 2 2 2 25 
xy B x wy xy (~ ) = x^ YY 
a = = 44 A es 21-—-—- 
=> ab cosa yf RI ape => ab cosa 1 mcd os 
2,2 2 2 2,2 
xy 2 xy x y xy 
———— 4 =J = 2 áp 
=> iy cos* a 2b cosa - 1 |o we 
2 2 
x xy y 2 
— —-2—— +4=1- 
Ó 2 p cose pi 1- costa 
2 xy y 
X. NECS! 
> qi ne ee a. Hence proved 
. ı/ cosx )-i-i am ] 
Prove that: tan erem 4 axel 2' >) [CBSE Delhi 2012] 
2X 2X 
cos* — — sin* — 
Now, tan! ( —7—])- n” 2 2 
i i cos? Ž + sin? = + 2cosŽ sinc 
2 2 2 2 
X a X PR: 
P (cos5 - sin 5 (cos + sin 7) 
= tan 2 
(cos. * sin 7 ) 
2 2 
x DX 
gay y 
p MEN x x 
COS- — Sin COS^ cosy Divide each 
sant 2 2 Siegel 2 2 
cos + sin - cos% sin% term by cos 
2 2 d pc 2 
x x 
cosy Cos% 
l-tanj tan? -tan5 
= tan! z^ tan! — * x 
+ E + — tan% 
1 tan, 1 tan] tan, 
xz sel T x 
= tan [tan(4 >) 
Ln x ut 
ui | xe( 25 
T X T 
=> my SYS => -4 S27 S7 
> Sacco E — Ey! E. UE 
4 2 4 4 4^4 2 4 4 
T T X T x T TTT 
= araa t a Gaa an) 
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15. Solve: tan ! (x -1) + tan ! x + tan! (x + 1) = tan” 3x 
Sol. Given: tan ! (x — 1) + tan ! x + tan ! (x + 1) = tan! 3x 
=>  tan!(x-1) «tan! (x+ 1) = tan ! 3x - tan! x 
i xs (x-1)+(x+1) NN E 
1-(x-1)x*1) 1+3x* 
E 2x suu 2X 2x | 2x 
tan ——7, —. = tan ^ aa 2 
1-(x^- 1) 1+3x 2-x^ 1+3x 
Eitherx=0 or 2-322143? > 4 =1 
2.1 1 
= — . +— 
= x 1 “X= +570 
16. If0 «x <1, then solve the following for x: 
8 
tan ! (x +1) + tan ! (x - 1) = tan” (=) 
Sol. Given tan! Q1) + tan (i1) = tan! È 
zs quls Ee nu m 
1-(x-* 1)(x- 1) 31 
>, opt et mop tan 
an mmm an 3] an $m an 3] 
2x 8. 2- 
=> 3 SA => 16-8x°=62x 
=> 4x’ +32x-x-8=0 => 4x(x+8)-1(x+8)= 
=> (x+8)(4x-1)=0 => x=-8 or X= a 
=> x= [x = -8 is not acceptable] 
x . 43 
17. Solve: cos (tan x) = sin(cot 1) 
I -1 ; 13 
Sol. Given cos(tan x) = sin(cot 1) 
e T 32) TM NET. 
=>  cos(tan x) cos( 5 cot 1 — tan x 2 cot 
s eg ae a 
3 760 Te SEO n cot x-cot | 
1 1 
18. Provethat: tan aC Jit? (s ) tan "($)-3 
2 8 4 
1 1 1 
—aand * af a(t 
Sol. LHS = tan (=)+tan (=)+tan (a) 
1,1 
—+ — 
oteta) — [29381] 
= tan 1 77 tan 2*5 to <2 
1-2>x > 
2 5 
7.1 
—+— 
9 


60 Xam idea Mathematics-xll 


[CBSE (North) 2016] 


[CBSE 2013; Allahabad 2015] 


[:-0«x«1 = (x+1)(x-1) <1] 


=> 4x^-31x-8-20 


[CBSE Delhi 2017; (AI) 2013; (F) 2014; (South) 2016] 


sin = cos( 7. - 6) 
=j EET T 
andtan x+ cot x = p 


> x= 


3 
4 


[CBSE Delhi 2013; (AI) 2011] 


)= tan" (1) = 4 = RHS 


4 5 63 
19. Prove that sin“ (=) +tan? (> | + cos” (S) - T [CBSE 2019 (65/5/3)] 


Sol. We have to prove that 


oi 4) (2) 21 n 
sin E + tan 12 + cos 65 2 
3 


e sm (S) + tan (57) =F - eo (S) s ($5) 
1.e. sin (2)* tan (5 =~ COS” 65 sin 65 
5 














= si" (5) tan (55) 
LHS - sin ($ + tan 12 
5 
= in? (2) «sin 12 tan x = sin?! x 
cms pes TES k an da pext 
1 
5 
= sin? (2) + sin B = sin? (2) sin" (35) 
12 











3 
x ) = sin! ( a + p | = sin” ( -= ) =RHS Hence proved. 











: (s 12, 5 
COR Gig. ie 65 
20. Solve the following for x: [CBSE Patna 2015] 
tan! | 5) +tan (S 2-2 "LL 
+2 T 
Sol. Given: tan^ i Sm RS j- qlxl< 1 








.x-2 x*2 x-4 
x-3'x*t3 42.9 














«lfor|x|«1 
(as) 








Gs) 


+3 
x32 
- a 
= Es 2)(x +3) + (x+2)(x- " 








(x -3)(x*3)- (x — 2) (x + 2) 








x? + 3x —2x -6 4x7 —3x+2x—- el T 
=> tan! T 
x -9-x +4 4 
5 pl Ael z 2x -12 | n = 2x!-12 _ 
an m" ^4 =5 = an | am a = 
7 
=> 247412545 => 244 = 7 =U = ae 


7 
=> x =2,/7, not acceptable as | x | « 1. 


Hence, there is no solution. 
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5 2 
21. If (tanx) * (cot 139? = v then fad x: [CBSE Delhi 2015] 


-1,.\2 eo oe 5r? 
Sol. Here, (tan x)“+(cot™ x)* = EJ 
2 2 
12 [T 1) = m^ 
> (tan~ x) «(5 -tan x) EE. 
-1,42 -1,)2 a _ DAS 
=> (tan™ x)* + (tan™ x) tQ nen x=- 
2 2 
5 
=> 2(tan!x)? - ntantx+=-- = =0 
4 8 
3 2 
=> 2(tan tx)? -ntan tx- E 0 ..- (1) 
Let tan! x = y, then (i) becomes 
2 
2y - ny- = 0 => 16y?-8ny-3n?=0 
=> 16y?-12ny+4ny-—3n?=0 =  4y(4y-3m)-*m(4y - 3n) = 0 
3 
= (4y-3n)(4y+ n) =0 => ys or y= 
-1 m S30 e ci. - $1) 
— tan x 1 ui does not belongs to domain of tan xie,[ 2" z) 
T 
> x= tan(-7) ==] 


T 
22. If tan”x+ tan y +tan ‘z= 3:2 > 0, then find the value of xy + yz + zx. [CBSE Chennai 2015] 





T T 
Sol. Given tan'x-*tan!y-*tan ‘z= oo tan ! x * tan ly = 27 tan !z 
Et 1 
5 tan !x + tany = cot !z = tan” (+) = tan” — 
1-xy z 
ca e = xz+yz=1 => +yz+zx=1 
= xz +yz = 1- xy Xy + yZ + Zx = 
23. Solve the equation for x: sin "x + sin™ (1 — x) = cos ‘x [CBSE (Central) 2016] 


Sol. sin x + sin (1- x) = cos ‘x 
= sin(/1-(0-3?*0-341- x°} = si! 1- 2 
[e sin’ x * sin !y = sin! (x A- 3 + yXA- x1) and cos !x = sin™ A - x 
=> xW-142x- x3 « aA- x? - xyaA- x2 = A - x? 
> x4a-Y-x-3-0 = xwW2x-x!-4-3)-0 
=> x20or/2x- x! -V1-2x? =0 => x20orV/2x- x! = 4A- x? 




















Now, /2x - x? - /A - x 
Squaring both sides, we get 


Iy- x =] => 2x —x7-1+x7=0 
1 
=> 2x-1=0 > xy 


Hence, x = 0 and x = > 
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da 2 
m a x|«1y»0andxy«1. [CBSE (F) 2017] 
ty 





: 1 
24. Find the value of cot -|cos e +sin 
2 1+x? 


2 























2 
1l. 2x "t s 1|n zi 2x x FER 
= = - +>- 
Sol. cot | cos ie 5 cot; 7 ~Ssin |q,.2]*5 -cos "Tue 
2 
1n . 4f_2 ) x ali 
= —|—— +— — Sa 
cot, 2 sin E 2 cos ity 








= coti -Dian'r- 2tan !y] 








- coi|5 - (tan !x + tan ly = tan(tan ! x + tan! y) 
B a[x*y ||. x*y " 
tan{tan dcm J 1-axy [xy « 1] 


25. Does the following trigonometric equation have any solutions? If yes, obtain the solution(s): 








ta( : * : | +tan™ ( z P ) --tan 7 [CBSE Sample Paper 2017] 





Sol. tan! El )+ tan! (=) - -tan l7 
x-1 x 


FS) 


























— tan WENES =-tan7 it (274 =) <1 (i) 
x-1 Xx 
> tam CENE E ecu p|--7 





(x7 + x) + (x7 + 1- 2x) 
(x? 3) =1) 





= tan [-tan !7] = tan (tan! (- 7) =-7 


2 

> Ztl 7 >  23.8e48-0 > 9 2(]-4x44)-0 
—x+1 

=> (x-2)-0 => x=2 


Let us now verify whether x = 2 satisfies the equation (7) 


+ " 
eaux = 2, which is not less than 1 


Hence, this value does not satisfy the equation (i) 





For x 2 2, 


i.e., there is no solution of the given trigonometric equation. 


T 
26. Find the real solution of tan ! yx(x +1) + sin! Vx? +x+1= PE [NCERT Exemplar] 


Sol. Wehave, tan!/x(x*1)*sin!/x?^*x41- = a(i) 
Let sin’ ¥x*+x+1=6 


Vx^-x*1 in0 
> sinü- /x?*x*1 = ee ee a - sin 


EL < tan0 = cos8 





[3 
0 = tan! = -snlyx^*x*1 
X 
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On putting the value of 0 in equation (i), we get 


Vxi-x*1 m 
tan! Yx(x+1) + tant A 27 


—X =x 


+ 
We know that, tany + tan ly = tan! [zr xy «1 


xX +x+1 
yx(x+1)+ pe g 
zj =% 
tan = 


T 
+x+1| 2 
1-yx(x+1). X xl 2: 


























-x 
x'*xtl 24x tl] 
-1 (x? +x) T 
= 
j tat) +x+1) 2 
(x? +x 
-1 (x° + x) 
. Sext OD om 
[1- y- txt] 2 0 
= [1- /-G +24 D]V¥x2 +x =0 
= —(x?+x+1)=1lorx?+x=0 
> -x2-x-1=1 or x(x+1)=0 
= xbex-220 Or x(x +1)=0 
-1ty1-4x2 = z 
+= eee 1-7. which is not real or x=0 or x 2-1 


For real solution, we have x = 0, - 








27. Ifsin x^ sin! y + sin! z = nr, then prove that: x/1-x? + y1- y? *z/1-z? =2xyz [HOTS] 
Sol. Let sin!x-A > sinA=x 
sin y=B =>sinB=y 
sin e=C > sinC=z 
Given, sin!x-sin!y-sin!z-n 


=> A+B+CH=n > 2A4+2B4+2C=2n 








sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C [Using trigonometric property] 
=> 2sin Acos A + 2 sin B cos B + 2 sin C cos C = 4 sin A sin B sin C 
=>  2sinA.vV/1- sin2A + 2sin B./1— sin2B + 2sinC.V/1— sin?C = 4sinAsinBsinC 
> 2x4 A- x^ + 2y A - y) + 22/1 - 2? = Axyz 
> x4A- x3 +y/1-y? ez 4A z? = 2xyz Hence proved. 
28. Iftan a + tan ‘b+ tan ! c - s, then prove that a + b + c = abc. [HOTS] 


Sol. Firstly, let us assume 
tanta=a > tana=a 
tan'b=B => tanB=b 


tan c=y => tany=c 
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Now, given that 
tan! a + tan! b & tan! c- m > a+Bt+y=n 
a+Pp=n-y 
Taking tangent on both sides, we have 
tan (a + B) = tan (x — y) 
tana + tan 


T —— — — = -tan 
1- tana. tan B Y 


=>  tana-tanf - - tan Y (1- tano. tan) 
=>  tana-tanf - -tan Y + tana. tan B. tan Y 


=> tana+tan + tan Y = tana.tan. tan Y 
































Thus, à * bc abc Hence proved. 
29. Show that: 2tan™ Tanz tan(7 - P) = ta n! piece [HOTS] 
2 cosa.sinB 
Sol. LHS = 2tan™ {tan $ tan( 2 us -£) 
v 
2tan— 5 tan( 7 -5) 2 
= tan! 2 4 2 : 2tan x = tan! = 
1- tan? Č tan?(= 5) -x 
2 4 2 
ü 1- tnb 
zu MEME 
- tan Ima danois tana - tan b 
2 f 1+ tana tanb 
1- tan 
2 9E m A 
1- tan 2 B 
1+ tan 
(1 - tan Jf + tan) 
a 2 2 
2tan—. 
2 B Q 2 p 
(1 tan} 2tan-. (a tan 3) 
= tan! : = tan! s E 
2 2 2 2 
(e 2 -t ne tan (1+tan5) tan? (1 tant] 
ub! ELE 2 us doi 2 
( + tn 
Qq 2 B 
2tanc (1-t an =) 
= tan! zal E 
20 B 


(1+ tan? 5 (a tan penn. (1+ tan?) 
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2tan = 1- eee 











2 2 
207 
1+ tan 2 + tan? m B 
= tan B Dividing N” and D' by (1 + tan? (1 + tan? 2) 
1- tan? » 2tan 
+ 
9a 
1+ tan’ 1+ tan? 
A4[ sina.cosB 
-t ————— ] = RHS 
cosa+sinB 


30. If a, dy az, ...., a, is an arithmetic progression with common difference d, then evaluate the 








following expression. [NCERT Exemplar, HOTS] 
CN M EET MN UN Se "E 
tan] tan [iur (rm (rria) ten fa 
Sol. We have, a =a, a,=a+d, a,=a+2d 
and d = Ay — Ay = l} — Ay = Ag — Ag = .... = Ay — Ay 1 
d d d d 
Given that, tan|tan™ Geers + tan! Gers + tan! Gear da + tan” bu sl 





= tan 





a -a a-a a -a 
tan! —— 4 tan! —2 > +.. + tan | —1——rl- 
1*2. lta. l-*a.a 


n'^n-l 

= tan[(tan'! n= tan ! a,)+ (tan! a, — tan! aut (tan! a,- tan! a)l 
= -1 EI 

-tan[tan a,- tan` a] 


a,-a 
-1 n 1 
= tan|tan 
| rn 








MENT Cee ee ee Ent 
- tan x-tan y= tan Id 





= n Ai [- tan(tan™x) = x] 
lta, 
PROFICIENCY EXERCISE 
B Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in each of the following questions. 
(i) Which of the following corresponds to the principal value branch of tan x? 





TT TT TT 
t (55) obzi  e(tRi-€e ee» 
(ii) The value of tan! (1) + cos ! (- i *sin! (- z) corresponding to principal branches is 
3x T T 3x 
(a) ^ (b) T (c) -T (d) -7 
(iii) The principal value of sin? [ 22 is 


4 5 
(a) -= © -5 © = a = 
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(iv) The value of tan (sin ! x) is 


x ba /41-x? /Á xx 




















a b c d 
(a) re (b) a (o) —x (d) —x 
(v) If tan ! x = tan! i *ttan! i , then x is equal to 
n T T 
a L 0) 5 () 5 (a) x 
(vi) If tan ! x + 2 cot! x = n, then x equals 
1 
(a) 0 (b) 1 (c) -1 (d) > 
(vii) Which of the following is the principal value branch of cosec ! x? 
— mn T -n n -n mn 
@ (355) owa- olm « [7 2]-to 
(viii) If cos! x + cos !y = a , then the value of sin !x + sin !y is 
T 27 
(a) 0 (b) > (c) n (d) ^4 
2. Fill in the blanks. 
3 
(i) The principal value of cos [- >) is : 
1 
(ii) The set of values of sec’ (5) is : [NCERT Exemplar] 
(iii) The value of cos(sin ! x + cos! x), |x| € 1 is : [NCERT Exemplar] 


(iv) The value of sin (cos( 35) is : 


m Very Short Answer Questions: [1 mark each] 
3. What is the domain of the function sin ! x? [CBSE (F) 2010] 
4. Write the principal value of cot ! (-/3). [CBSE (AI) 2010] 
5. If4cos" x+ sin ! x = r, then find the value of x. 
6. Evaluate: tan (tan ! (-4)) [NCERT Exemplar] 
7. Write the principal value of cos! (5) -2sin' (- 5) [CBSE Delhi 2012] 


8. Write the value of sin (cot x) 
m Short Answer Questions-I: [2 marks each] 
9. Find the value of sin (2 sin ! (0.6)) 


10. Show that sin” (2x1- x?) = 2sin'! x, - <x 


cle 
àl- 


11. Write the simplest form of tan ! po ||. 


yx -1 


12. Prove that: 3 sin! x = sin! (3x - 4x5), xe 





-1 1 
EE | [CBSE 2018] 
x 
13. Write the simplest form of tan! | ae =) lIx|<a 
a^ -x 


14. Write the principal value of tan ! /3 — cot ! (-/3). [CBSE (AI) 2013, CBSE (Delhi) 2018] 
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B Short Answer Questions-II: [3 marks each] 


















































3 3 6 
| eilani a 8 
15. Prove that: cos (sin 5 cot 2 5/13 [CBSE (AI) 2012] 
16. Solve: tan ! (x * 1) * tan! (x - 1) = tan! M [CBSE (AI) 2008] 
17. If sin[cot™ (x + 1)] = cos(tan ! x), then find x. [CBSE Delhi 2015] 
18. Evaluate: tan{2 tan (=) + i [CBSE Ajmer 2015] 
19. Prove the following: 
aum Js RE. 3(z*1)-9( 1) [CBSE Allahabad 2015 
cot x-y cot y-z cot Po (0 < xy, yz, zr < 1) [ ahaba ] 
20. Prove the following: 
i Al 1- x? zd 1- x? E r 
sin|tan |——-—]|*cos | —— ||=1,0<x<1 [CBSE Guwahati 2015] 
2x 14x? 
zi a-b x. ı/acosx+b 
21. Prove that: 2tan tan cos [CBSE Patna 2015] 
a+b 2 a+bcosx 
22. If tan? (3) + tan ( 1 + + tan“! iu = tan! 0, then find the value of 0 
1-12 1433) °° 1t+n.(n +1) ’ 
[CBSE (F) 2015] 
1+cosx +41- cosx 
23. Prove that: n| 2 Y | =% a where T < x < n [CBSE Sample Paper 2016] 
/1+cosx - /1- cosx 4 2 2 
=f 2-x - 1 1 x 
24. Solve for x: tan ( ) tan =, x> 0 [CBSE (East) 2016] 
2+x 2 2 
| 3 =] 17 T 
25. Prove that: 2sin (=) —tan (=r) a [CBSE (East) 2016] 
_ 9,3 
26. Prove that tan- (61$) - tan ( af ; ) = tan !2x; | 2x | « P [CBSE (North) 2016] 
1-12x 1-4x 43 
eb Giver es azza [CBSE (AI) 2017] 
. Solve for x: tan | "y Ftan | 4a |= 4 
1 
28. If tan ! x - cot!x = tan( 5] , X > 0, find the value of x and hence find the value of sec! (4) ; 
[CBSE 2019 (65/3/1)] 
29. Ifsin™ (2) e sin? (3) =Z, then find the value of x. [CBSE 2019 (65/3/2)] 
30. Find the value of x, if tan sec" (X.)| - sin (tan2), x > 0. [CBSE 2019 (65/3/3) 
41 42 1.4/4 
31. Prove that tan T ttan 9^ sin |5 [CBSE 2020 (65/2/1)] 
Answers 
1. (Ù (a) (ii) (a) (iii) (b) (iv) (b) (v) (a) (vi) (a) 
(vii) (d) (viii) (b) 
A 5T T m 2. cA 
2. (i) e (ii) $ (iii) 0 (iv) 10 
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3 
x perm d g ve 6. -4 7, 2 ES 
6 2 3 we 
9. 0.96 11. masas da dani m5 16. + iE ut 
sec x A a 2 b 4 * 2 
17 n 2 17 n 
= 7 = NEN ES .48; — 
18. 7 22. 0 — A " 27 5 28. 4/3; c 29. 5 
5 
30. v5 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 


1. Choose and write the correct option in the following questions. 











(4x1=4) 
a . fm afl I 
(1) sin(5 — sin (- 21 is equal to 
@ + (b) $ o i (à) 1 
(ii) If cos (sin? x + cost) = 0, then x is equal to 
a = 0) = (c) 0 On 
(iii) If tan ‘a+ tan ! b = B ab < 1 then the value of a+b + ab is 
(a) 0 (b) -1 (c) 1 (d) 2 
RA l PEE a eee S 
(iv) Simplify the expression | z sin T +5 cos E a 
6 ILL Oi (c) xy () wi? ey is 
2. Fill in the blanks. (2x 1=2) 
(i) If cot 'x+cot y= T then the value of x + y — xy is 
(ii) The domain of cos (2x — 1) is 
B Solve the following questions. (2x122) 
3. Write the principal value of cos ! ( ; | -2sin! (= 8) ; 
4. Write the principal value of cot ! (-/3). 
m Solve the following questions. (5 x 2 210) 


1 
5. Prove that: 3cos !x = cos (45? - 3x), x € b 1| 





2. 8 E 
6. Write the simplest form of tan! dee IL 20; a x< 


1 
P — 31x? “eo. wa. 


+1 +1 +1 
7. Prove that: cot! í zY ) cot! (=) *cot! (zi) =0 (0 < xy, yz, zx < 1) 
x-y y-z z=% 
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1 1 
8. Write the principal value of cos ! 5) = Pein (- 3] 


x 
9. Wirite the simplest form of tan! a } Ix|<a 
a^-x 


B Solve the following questions. (4 x 3 2 12) 
10. Prove that: cot( 3 - 2cot!3) =7 


31/ 4 


11. Prove that: 2sin™ (=) "t ( 17 | LR 


_ 943 
12. Prove that tan”! Ea - tan w = tan !2x; | 2x | < BE. 
1-12x 1-4x WS 


13. Prove the following: 











sin tan-t(152"}+cos(1=2 |= 1,0<x<1 
1+x 
Answers 
1. (i) (d) (ii) (b) (iii) (c) (iv) (b) 
2. () -1 (ii) [0,1] 
3. T 4. x= 5 6. 3tan'! (=) 8. =. 9. sin? = 
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Algebra of 
Matrices 





BASIC 





CONCEPTS 


1. 


Matrix: A matrix is a rectangular arrangement of numbers or functions arranged into a fixed number 
of rows and columns. 
A matrix is written inside brackets [ ]. Each entry in a matrix is called an element of the matrix. 
Order of Matrix: The dimension or order of matrix is defined by the number of rows and columns 
of that matrix. By conversion the dimension or order of a matrix is given by 

No. of rows x No. of columns 
If a matrix have m rows and n columns then its order (dimension) is written as m x n and read as 
m by n. 
Row Matrix: A matrix having one row and any number of column is called a row matrix. In other 
words, matrix of order 1 x n is always a row matrix. 
eg., [a, b, c, d]4,4 is a row matrix. 
Column Matrix: A matrix having any number of rows but only one column is called column matrix. 
In other words, a matrix of order m x 1 is always a column matrix. 


a 


e.g., s is a column matrix. 


di 
Square Matrix: A matrix in which the number of rows is equal to the number of columns, say 1, is 
called a square matrix of order n. 


Diagonal Elements: The elements aj; of a square matrix A = [aj], xn for which i = j, i.e., the elements 
A117 155, ..., Ann are called the diagonal elements and the line along which the diagonal elements lie, is 
called the principal diagonal or leading diagonal. 
Diagonal Matrix: A square matrix [a;] is said to be a diagonal matrix if a; = 0 for i 7 j. 
In other words, a square matrix is said to be a diagonal matrix, if its element not on principal 
diagonal are zero. 
Scalar Matrix: A square matrix A = [2;], x n is called a scalar matrix, if 

(1) a; -0Vizjand (ii) aj 2 c V i, where c #0. 
In other words, a square matrix is said to be scalar, if it is a diagonal matrix and entries on its 
principal diagonal are equal. 
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8. Identity Matrix: A square matrix in which all non diagonal elements are zero and all diagonal 
elements are equal to 1 is called identity matrix. 


Le., T= [2;],,,, is an identity matrix if 
100 

For example, |0 1 0 is an identity matrix. 
001 


8x3 
9. Null or Zero Matrix: A matrix whose all elements are zero is called a null matrix or a zero matrix 
Le., A = [Gijlnxn is null matrix if aj =0, V i,j. 
10. Upper and Lower Triangular Matrices: A square matrix A = [a;] is called 
(i) an upper triangular matrix, if a; = 0 V i > j, i.e., all entries below principal diagonal are zero. 
(ii) a lower triangular matrix, if a; — 0 V i < j, i.e., all entries above principal diagonal are zero. 
11. Two matrices A = [2], xn and B = [bj], xn of the same order are equal, if 
ay = bi Vi=1,2,..,mand j=1,2,...,n. 
12. IEA = [1;],, xn and B = [b;],, xn are two matrices of the same order m x n, then their sum A + B is an 
m x n matrix such that 
(A+ B); =a; + bij Viz1,2,.,mandj-1,2,8,..,n 
Following are the properties of matrix addition: 
(i) Commutativity : If A and B are two matrices of the same order, then 
A+B=B+A 
(ii) Associativity : If A, B and C are three matrices of the same order, then 
(A+B)+C=A+(B+C) 
(iii) Existence of Identity : The null matrix is the identity element for matrix addition i.e., 
A+O=A+O=A 
(iv) Existence of Inverse : For every matrix A = [2;],, x n there exists a matrix — A = [- aj], x n such 
that 
A+(-A)=O=(-A)+A 
(v) Cancellation Laws : If A, B and C are three matrices of the same order, then 
A+B=A+C > B=CandB+A=C+A > B=C 
13. Let A = [aj] be an m x n matrix and k be any number called a scalar. Then, the matrix obtained by 
multiplying every element of A by k is called the scalar multiple of A by k and is denoted by kA. 
Thus, kA = [kaj],, xn 
Following are the properties of scalar multiplication : 
If A and B are two matrices of the same order and k, | are scalars, then 
(i) k(A + B) 2 kA + kB (ii) (k*- I) AZ kA «1A (iii) (kl) A 2 k(IA) = (kA) 
(iv) (-k) A =- (kA) = k(- A) (vc LA=A (vi) (C1) A=-A 
Note that a scalar matrix can be obtained by multiplying an identity matrix by a scalar. 
14. If A and B are two matrices of the same order, then A -B = A + (- B). 
15. Multiplication of Matrices : Two matrices A and B are said to be defined for multiplication, if the 
number of columns of A (pre multiplier) is equal to the number of rows of B (post-multiplier). 
For example, if the order of A (pre-multiplier) is m x n and the order of B (post-multiplier) is n x p 
then A and B is defined for multiplication and order of product of A and B denoted by AB is m x p. 
ey Amxn* Bn x p= AB 


nxp mxp 
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Definition of Product : Let A = [2;],, xn and B = [b], x p be two matrices then product of A and B 
denoted by AB is given as 


AB = [cj] 


mxp 


n 


where, C; = agb; + apbj + ... + ab, = > a,b, [<i<m and 1<j<p] 


Here, A is pre-multiplier or pre-factor B is post-multiplier or post-factor. 
The diagram given below may help the students to understand the process of finding the product 


of two matrix: 
=Ci3 
ayı X b13 + 432 X b23 + 443 X b33 
-C; 
411 X by 412 x b; + a43 x b32 
=C 
ayy X by + ayy x bz + 443 x b31 


| I b 
| x | bz 
i A21 A22 A23 
2x3 b31 


ay xb 1 +422 x bz + A23 x ba 
=Co1 

ay x b15 + a9 x b»; + A23 x ba; 
=Cy 

ay xb 3 + A x b23 + A23 x b33 
=Co3 


Matrix multiplication has the following properties: 












bz) [3] ] — feu € es 


b» | | bog | = 


x3 
by, b33 T 












(i) Matrix multiplication is not commutative. 


(ii) Matrix multiplication is associative i.e., (AB) C = A (BC) wherever both sides of the equality are 
defined. 


(iii) Matrix multiplication is distributive over matrix addition i.e, A (B + C) = AB + AC and 
(B + C) A= BA + CA wherever both sides of the equality are defined. 


(iv) If A is an mxn matrix, then I,A - A—- AT, 
(v) If A is an mxn matrix and O is a null matrix, then Aj, xn On x p= Om x p and O, xm X Am xn = Op xn 
i.e., the product of a matrix with a null matrix is a null matrix. 


(vi) In matrix multiplication the product of two non-zero matrices may be a 'zero-matrix' i.e., 
AB - 0, does not imply that at least one of the A or B should be zero. 


16. If A is a square matrix, then we define A’ = A and AP = A". A. 


17. If Ais a square matrix and ay, ay, ..., a, are constants, then 


agA" + a,A"~ 1  a4A" ? +... +.4,_;A +a, is called a matrix polynomial. 
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18. 


19. 


20. 


21. 
22. 


23. 
24. 


Transpose of a Matrix: Let A = [a;] be an m x n matrix. Then, the transpose of A, denoted by AT, is 
ann x m matrix such that 


(A),-2; V191,2,., mj - 1,2, 


i.e., the matrix obtained by interchanging rows into columns, of a given matrix A is called the 
transpose of A and is denoted by A” or A’. 


Following are the properties of transpose of a matrix: 
(i) (A) =A (ii) (A + B)" = AT + B” (iii) (kA)! = kAT 
(iv) (AB)! = B' AT (v) (ABO)! = C'B'AT 
A square matrix A = [aii] is called a symmetric matrix, if 
G,=4,V i,j ie, A= AT 
A square matrix A = [a;;] is called a skew symmetric matrix, if 
ag=—a,Vi,j ie, AT=-A 
All main diagonal elements of a skew-symmetric matrix are zero. 


Every square matrix can be uniquely expressed as the sum of a symmetric and a skew-symmetric 
matrix. 


All positive integral powers of a symmetric matrix are symmetric. 


All odd positive integral powers of a skew-symmetric matrix are skew-symmetric. 


Selected NCERT Questions 


1 


Sol. 


Sol. 


Xxt*y*z| [9 
. Find the values of x, y and zif | x+z |-|5|. [CBSE (F) 2011] 
y+tz Và 
We have,x+y+z=9,x+z=5 and y+z=7 
On solving these equations, we get 
x-22,y-4,z-3. 











Mavic o A VP s [CBSE Delhi 2013] 
1n e valuesora,0,can 1 gab 3c+d = 0 13 š etni 
Given: ü-b 24+] |-l 5 
ere 2a-b 3c*d| | 0 13 
= a | À 
224 c-5 .. (i) 
ouest) .. (iii) 
3c -d - 13 (iv) 
From (iii) 2a=b = a= 
-— b b 
Putting in (i), we get gc me => 52-1 => b=2 


(i) > a=1 

(ii) => c=5-2x1=5-2=3 

(iv) = d=13 -3 x (3)=13-9=4 
ie., a=1,b=2,c=3,d=4 
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2 -1 10 
3. If x 3 +y 1 Jr , find the value of x and y. 
; -1| |10 
Sol. Given, x 3| *V 1 EF | 
2x| |- 10 2x - 10 
ax|* |-|; = E -[8] 
On comparing corresponding elements, we get 
2x -y 2 10 si) 
and 3x+y=5 w(i) 
Adding (i) and (ii), we get 
5x =15 >x=3 
On putting x = 3 in (ii), we get 
9+y=5 >y=5-9 
y--4. 


4. Two farmers Ramkishan and Gurcharan Singh cultivates only three varieties of rice namely 
Basmati, Permal and Naura. The sale (in 3X) of these varieties of rice by both the farmers in the 
month of September and October are given by the following matrices A and B. 

September Sales (in 3) 
Basmati Permal Naura 
P b 000 X 20,000  30,000| Ramkishan 


50,000 30,000 10,000| Gurchanran Singh 


October Sales (in X) 
Basmati Permal Naura 


B= 5000 10,000 6000 
~ |20,000 10,000 10,000 





Ramkishan 
Gurchanran Singh 





(i) Find the combined sales in September and October for each farmer in each variety. 
(ii) Find the decrease in sales from September to October. 
(iii) If both farmers receive 2% profit on gross sales, compute the profit for each farmer and for 
each variety sold in October. 

Sol. (i) Combined sales in September and October for each farmer in each variety is given by 
Basmati Permal Naura 
15,000 30,000 36,000 
70,000 40,000 20,000 


(ii) Change in sales from September to October is given by 


Basmati Permal Naura 
5000 10,000 24,000 
30,000 20,000 0 


Ramkishan 


mou | Gurchanran Singh 





Ramkishan 


Bg | Gurchanran Singh 





TT, NN 
(iii) 2% of B= 100 x B = 0.02 XB 


Basmati Permal Naura 
5000 10,000 6000 
20,000 10,000 10,000 


Basmati Permal Naura 
i pn 200 120 


Ramkishan 


- 0.09] Gurchanran Singh 





Ramkishan 


400 200 200 |Gurchanran Singh 
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B. 


Sol. 


Sol. 


Thus, in October Ramkishan receives X 100, X 200 and 3 120 as profit in the sale of each variety 
of rice, respectively, and Gurcharan Singh receives profit of X 400, x 200 and 3 200 in the sale 
of each variety of rice, respectively. 


io 2 
IfA=|0 2 1], prove that A? - 6A? - 7A « 21 - 0. 
503 
4 =A.A 
1 0 2]1 0 2] [1+0+4 0+0+0 2+0+6] [5 0 8 
-lo 2 1llo0 2 1ļ|=l0+0+2 0+4+0 0+2+3|=2 4 5 
203|2 0 3| |2+0+6 0+0+0 44+0+9}] |8 0 13 
A32A?A 
5 0 8 ]f1 0 2] [5+0+16 0+0+0 10+0+24] |21 0 34 
=|2 4 5 {10 2 1/=/2+0+10 0+8+0 4+4+15 |=|12 8 23 
8 0 13]{2 0 3| [8+0+26 0+0+0 16+0+39| 134 0 55 


LHS | -4?-6A4? «7A «2I 


21 0 34 5 0 8 102 100 
-|12823|-6|2 4 5 |+7/0 2 1}+2/0 1 0 
34 0 55 8 0 13 203 001 
210 34| |-30 0 -48| |7 O 14| |2 


00 
-|128 23|+|-12 24 -30|+|0 147 |+|020 
34 0 55| |-48 O0 -78| |14 O 21| |002 


21-30+7+2 0+0+0+0 34-48 + 14 * 0 000 
= ]12-12+0+0 8-24+14+2 23-30+7+0 |=|0 O 0|20 
34-48+14+0 0+0+0+0 55-78*21«2| |0 0 0 











A? - 64? +7A +21 =0= RHS Hence proved. 
Bal lel "| few bos diui addons 
"da s [t “lo 1l en nn so tha = = Aks 
Tu 5-5 
iven: = 4 -2 
wel? -2] [3 -2]_[9-8 -6+4]_[1 -2 
“|4 4 e 2-8 -8+4| |4 -4 
Now, A*=kA-2I 
= 1 -2]_,[3 -2 |! 0 _, [1 -2]_[3k -2k| [20] [8k-2 -x 
4 -4| "a ^ 1 4 -4| |4k -2k|7 l0 2| | 4k -2k-2 


1-2| |3k-2 -2k 
4 -4| | 4k -2k-2 
Equating corresponding elements, we get 


1-3k-2 > 3k=3 > kel 


Express the matrix as the sum of a symmetric and a skew symmetric matrix: 





3 3 -1 
-2 -2 1 
4 -5 2 
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3 3 4 3 -2 -4 
Sol. Let A=]-2 -2 1 > A=|3 2 5 
4 -5 2 -1 1 2 


Let P= A +A’) 


3 3 2] [ 24 
=—||-2 -21 |+|3 25 


4-52 -11 2 


6 1-5] [53 1/2 -5/2 
l1 Allia oD 
5-44] |5/2 2 2 
3 1/2 -5/2 
pela 25 B 
5/2 2 2 


= F(A + A’) is asymmetric matrix. 


Also, let Q- PIT -A’) 
j 3 3 -1 3 -2 -4 0 5 3 0 5/2 3/2 
ED -2 -2 1 |-| 3 -2 -5]||-242-5 0 6|2|-5/2 0 3 
4 5 2 -1 1 2 =s -6 0} |-3/2 -3 0 
0 5/2 3/2] 0 -5/2 -3/2 0 5/2 3/2 
Q’=|-5/2 0 3| =|5/2 0 -8|-2-|-5/2 0 3|l--Q 
-3/2 -3 0 3/2 3 0 -3/2 -3 0 


1 
= 54 - A’) is a skew-symmetric matrix. 


3 1/2 -5/2 0 5/2 3/2 3 3 =l 
Now, P*Q-|1/2 2 -2 |+|-5/2 0 3]/=|-2 2 1/=A 
-5/2 -2 2| |-3/2 -3 0 -4 -5 


Thus, A is represented as P + Q the sum of asymmetric matrix P and a skew-symmetric matrix Q. 


15 : 
| e 7l verify that 

(i) (A +A’) is a symmetric matrix. 

(ii) (A — A') is askew symmetric matrix. 


s ac] S afis 


oaral tls ash à 


Now, (A* A)' 


8. For matrix A = 





J v E ae nee 


(A+A’)'’=(A+A’) 
=> (A+A’)isasymmetric matrix. 
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" ,hn5|he|n 5] [A E É 
(iy A- 4|. JE 7lle z|l'|- lh o 
ax. [O° tf.) Oe a fp ʻa 
wow, amp IMS edt Iesu 
(A-A 2-(A- A) 


=> (A-A’)is askew symmetric matrix. 


9. Find the matrix ‘X’ so that 

















ia oe [NCERT Exemplar, HOTS] 
45 6|2 4 6 "MAUS 
Sol. Letrequired matrix X have order m x n 
12 
he is defined > n=2 
2x3 
12 3] |-7 -8 -9 
Also, x| -| | => m=2 
456 2 4 6L. 
i.e., X is a matrix of order 2 x 2. 
Let X= xy 
Es 
" 123] [2-8-9| Jx yi 2 3] |.-8--9 
eM 456| |2 4 6 z wl4 5 6| |2 4 6 














x+4y 2x+5y 3x+6y|_ E -8 ái 
z+4w 2z+5w 3z*6w| |2 4 6 
Equating the corresponding elements, we get 





x+4y=-7 ...(1) 
2x -5y 2-8 ...(ii) 
3x + 6y 2-9 ...(üii) 
z+4w=2 ... (i0) 
2z + 5w = 4 ...(v) 
3z + 6w-6 ... (ui) 


On solving (i) and (ii), we get x = 1, y 2 -2 

On solving (iv) and (v), we get w 20, z=2 
These values satisfy equations (iii) and (vi) also. 
Hence, required matrix X is given by 


_|1 -2 
ha 
Q 
0 -tan 7 
10. If A= ü and I is the identity matrix of order 2, then show that: 
tan 0 


cosa -—sina 
I+A=(I-A).| . 
sing cos Q 
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0 -tan5. 


















































Sol. Given: A= " 
tan 5 0 
2 
Qa Qa 
10 0 -tanz 1 -tan5 
LHS =I+A sl i\* = d 
tanc 0 tanc 1 
2 2 
cosa -sinq 
RHS -(I-A)|. 
sina cosa 
qa (ol 
2 l 0 0 =tan cosa -sinq 1 tan [cosa -sina 
— T Qa . — Qa . 
01 binc sina cosa chante d sina cosa 
2 2 
(o . a 
cosa + tan>.sin a -sina + tan. cos a 
E a . Qa. 
-tan.cosa + sina tan-z sina + cosa 
. a . a 
sin sin 
cos a + sind -sina+ q cosa 
cos cos 
a . Qa. 
-sinz . COs o sin—.sina 
+ si + 
EE a sina a a cos Qt 
2 2 
a ] . a . a : Qa 
cosd.cos—+sind.sin— cosda.sin=-—sinad.cos— 
2 2 2 2 
eas cos S 
] a ; 50 a ] . a 
sind.cos——cosda.sin—  cosa.cos- + sina.sin — 
2 2 2 2 
ed cos 
2 2 
cos sin 
L n 
2 2 
cos Č cos Č 1 tanČ 
zi 2 2| 2 
sin d cos Y tan 2 1 
Inm Ms ME 
2 2 2 
cos Č cos Č 
2 2 


Hence, LHS = RHS 


cosx -sinx 0 


11. If F(x)=|sinx cosx 0], then show that F(x).F(y) = F(x + y). 


0 0 1 
Sol. LHS = F(x). Fly) 
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cosx -sinx O||cosy -siny 0 
-|sinx cosx O!|siny cosy 0 
0 0 1j[|0 0 1 
cosxcosy -sinxsiny +0 -cosxsiny -sinxcosy * 0 0+0+0 
-|sinxcosy t cosxsiny +0 -sinxsiny * cosxcosy * 0 0+0+0 
0+0+0 0+0+0 0+0+1 
cos(x+y) -sin(x+y) 0 
=|sin(x+y) cos(x+y) 0 
0 0 1 
= F(x + y) = RHS 
12. Show that the matrix B” AB is symmetric or skew-symmetric according as A is symmetric or 
skew-symmetric. [HOTS] 
Sol. Case I: Let A bea symmetric matrix. Then A‘ = A. 


Now, (B'AB)! = B'A'(B)? [By reversal law] 
= B'ATB [- (B5 = B] 
> (B'AB)! = B'AB [- AT 2 A] 


- B'AB is a symmetric matrix. 
Case II: Let A be a skew-symmetric matrix. Then, A’ = - A 


Now, (B'AB)! = B! A‘(B‘)! [By reversal law] 
> (B'AB)' = B! A'B [-- (B7)! = B] 
> (B' AB)! = B'(-A)B [AT e A] 


> (B'AB)' = - B'AB 


- B'AB is a skew-symmetric matrix. 


1 1 1 31-1 gn-1 gn-1 
13. If A-|1 1 1|,then prove that A" 213"! 3"^ 3"-!| thenn eN. [HOTS] 
144 perle 


Sol. We shall prove the result by using principle of mathematical induction. 


gn-i gn-i 3”-1 
Let P(n):A” =|3"-1 3”71 3-1 
gr-l 31-1 31-1 


g% a% Sl JLA di 
Now, P(1):A'=|3° 3° 39/231 1 1 
3" awat 15] 
The result is true for n = 1. 
Let the result be true for n =k. So, 
gk-1 gk-1 gk-1 
Ak =|3k-1 3k-1 3k-1 
Now, we prove that P (k + 1) is true. 
Now, i54 AW 1158 3 aret 
134][354*.3 5 3*1 
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3.3571 33*-! 33*-!| |8* 3k 3% 
sa$ "aas as ess oF aaa 
3.37! 3-1 333*-1| [3k 3k 3k 
Here, it is true for n = k + 1. 
Hence, by principle of mathematical induction P(n) is true for all n € N. 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. 


10. 




















0 1 
If A= j j , then A^ is equal to [NCERT Exemplar] 
0 1 p 10 0 1 1 1 0 
® ho © [1 o © lo 4 @ lo 1 
Q -sina 
TEA |297 -977| then A+ A'- I, if the value of a is [NCERTI 
sing cosa 
T T 3T 
(a) = O 2 © x () > 
If A and B are square matrices of the same order, then (A + B)(A - B) is equal to 
(a) A-B? (b) A?- BA — AB - B? 
(c) A*-B*+BA-AB (d) A? -BA + B° + AB 
Total number of possible matrices of order 3 x 3 with each entry 2 or 0 is 
(a) 9 (b) 27 (c) 81 (d) 512 
0 -5 8 
The matrix}5 0 12] isa [NCERT Exemplar] 
-8 -12 0 
(a) diagonal matrix (b) symmetric matrix 
(c) skew symmetric matrix (d) scalar matrix 


Assume X, Y, Z, W and P are matrices of order 2 x n, 3 x k, 2 x p, n x 3 and p x k respectively. 
Choose the correct option in (6) and (7) 
The restriction on n, k and p so that PY + WY will be defined are 














(a) k=3,p=n (b) kis arbitrary,p=2 (c) p is arbitrary, k = 3 (d) k=2,p=3 
If n = p, then the order of the matrix 7X — 5Z is 
(a) px2 (b) 2xn (c) n x 3 (d) pxn 
2x*ty 4 7 7y-13 
ry "rl á , then the value of x and y is 
5x-7 4x| |y x*6 
(a) x=3,y=1 (b) x=2,y=3 (c) x=2,y=4 (d) x=3,y=3 


[NCERT Exemplar] 


If A is matrix of order m x n and B is a matrix such that AB' and B'A are both defined, the order 
of matrix B is 


(a) mxm (b)nxn (c)nxm (d) mxn 

If A and B are matrices of same order, then (AB' - BA') isa [NCERT Exemplar] 
(a) skew-symmetric matrix (b) null matrix 

(c) symmetric matrix (d) unit matrix 
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(4) 1+0°-By=0 


b ilb 2] 
| 


o 12 o] 


n na 


(d) 


11. IfA= ; RI is such that A? = I, then 
(a) 1+07+By=0 — (b 1-0? + By=0 (c) 1-a*-By=0 
12. On using elementary column operations C, — C, - 2C, in the following matrix equation 
1-3] [1 -1][ 1 T" 
z 4) lo alp ayes 
1 -5 1 -1[|3 -5 1 -5| |1 
@ |o A al d o l HE 
1 -5| HR -3][3 1 mM 
© |» oj|^to iaa (l5 al 
1a 
13. If A= "m , then A" (where neN) equals 
1 na 1 na 1 na 
@ |) 1 oh“ Ca hae 


























On 


14. If A is square matrix such that A? = I, then (A — D? + (A + D? -7A is equal to [NCERT Exemplar] 
q q p 


(a) A (b) I-A 


15. Ifthe matrix AB is zero, then 


(a) Itis not necessary that either A = O or B = O 


(c) A=0andB=0 


2 3 
2 -1 3 


16. IfA= 45 1 





1 5 
(a) only AB is defined 
(c) AB and BA both are defined 


(a) Skew symmetric matrix 


(c) Symmetric matrix 


0 5 -7 
18. The matrix |-5 0 11) is 
7 -11 0 


(a) a skew-symmetric matrix 


(c) a diagonal matrix 


and B=|4 -2|, then 


(c) I- A 


(b) A=OorB=O 


(d) 3A 


(d) All the statements are wrong 


(b) only BA is defined 


[NCERT Exemplar] 


(d) AB and BA both are not defined. 


17. If A and B are symmetric matrices of the same order, then (AB' - BA!) is a 


(b) Null matrix 
(d) None of these 


[NCERT Exemplar] 


(b) a symmetric matrix 


(d) an upper triangular matrix. 


19. If A and B are two matrices of the order 3 x m and 3 x n respectively and m = n, then the order 


of matrix (5A — 2B) is 





(a) mx3 (b) 3x3 
20. If A- l s and A - A', then 
(a) x=0,y=5 (b x *y-5 
Answers 
1. (d) 2. (b) 3. (c) 
7. (b) 8. (b) 9. (d) 
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(c) m xn 


4. (d) 5. (c) 
10. (a) 11. (c) 


(d) 3x n 
[NCERT Exemplar] 


(d) none of these 


6. (a) 
12. (d) 


13. (a) 14. (a) 15. (a) 16. (c) 17. (a) 18. (a) 
19. (d) 20. (c) 


Solutions of Selected Multiple Choice Questions 
1. We have, 


asana t dH 1 


cosa sina 
2. Wehave, A* A' =I => 


cosa -sinq 























sina cosa —sinag cosa 
2cosa 0 |1 0 
E: | 0 2cosa| |0 1 
1 
=> 2cosa=1 => cosa= y 
T T 
= COS Q = CoS -y => a= 


3. (A+B) (A- B) 2 A (A- B) k B(A-B) - A? - AB + BA -B° = A? - B? + BA- AB. 
Total number of possible matrices of order 3 x 3 with each entry 2 or 0 is 2” i.e., 512. 














2x*y 4x| |7 7y-13 
8. We have, - 
5bx-7 4x y x*6 
— 2x+y=7 (1) 
and 4x =x +6 => 4x-x=6 > 3x26 => x=2 


putting x = 2 in eg. (1), we have 
2x2+y=7 > y=7-4=3 > y=3 





x=2,y=3 
— MEE 
% ive that, |, A|^ 0 illo 4 
i 5] [t “ps n l 














Since, on using elementary column operation on X = AB, we apply these operations simultaneously 
on X and on the second matrix B of the product AB on RHS. 


14. We have, A? - I 
^ (A-DP+(A+D°-7A = (A-D) * (A-DMA-D^* (A* D? -(A- D(A* D]-7A 
[. a? +b? = (a+b) (à? + b? — ab) 
=[(2A){A?+ P -2AI + A? - P* 241 - (4? - Py] -7A 


-2A[*-P-I*P-I*D]-7A [2*1] 
-2A[5I - I] - 7A [P= 
- 8AI -7AI [A AT 
-AI-A 


19. Ag, and B,,,, are two matrices. If m =n, then A and B have same order as 3 x n each, so the order 
of (5A — 2B) should be same as 3 x n. 

20. We have A- A' 

5 x 

y 0 


5 y 
x 0 


=> 
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Fill in the Blanks 


1. A matrix which is not a square matrix is called a matrix. 


2. If A and B are square matrix of the same order then (ABY = 


8. If A is a skew-symmetric matrix and n €N such that (A7! = AA" then A= 





021 
4. Given a skew- symmetric matrix A -|-1 b 1|then value of (a + b + c)? is : 
pt. 5 [CBSE 2020 (65/2/1)1 
1 0 -1 1 
5. If A* B- h 1 and A-2B -| 0 4l then A = ; [CBSE 2020 (65/5/1)] 
Answers 
1 t lar 2. B'A' 3. (-1)" 4. 0 5 db. 
. rectangular 2. . (-1) , * 2/3. 1/3 


Solutions of Selected Fill in the Blanks 
4. We have A = -A' (Since Matrix A is skew symmetric) 


041 0 -1 -1 
-1 b 1|=-ja b c 
-1 c 0 1 1 0 

04 1 0 1 1 
-1 b 1|2|-4 -b -c 
-1c0| |-1 -1 0 


a=1,b=-b => 2b=0 => b=0 and c--1 


arb ate al 


"E A-|V/8 1/8 
> “Ra P? ~ 12/3 1/3 


Very Short Answer Questions 


1. If bie 4 pee , find the value of x + y. [CBSE (AI) 2014] 
2x-y w 0 5)’ 


ay of lo a 


(a+b+c)?=(14+0-1)=0 
5. We have, 
2(A + B) +(A-2B) = bii 











Sol. Given 





Equating, we get 
x-y--1 .. (1) 
2x-y-0 (Hi) 

z=4,w=5 

(ii) - (i) > 2x-y-x+y=0+1 => x=1and putting it in eq. (i), we get y= 2 
x+y=24+15=3 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


e|? 1 fleas]? 7 "1 then find the matrix A [CBSE Delhi 2013] 
uy a g 4 9| "en find Tae mati A: eint 


Sara, A 
-2 1 3} 2 04 9 


9 -1 


Given 





-2 1 3 


> a=| 04 9! 712 3+ 





12 T -3 5 





i-i 
Write the element a); of a3 x 3 matrix A = (a;) whose elements a; are given by a= E à 


[CBSE Delhi 2015] 





412-9] I= T 
23 2 2 2 
0a 3 
If matrix |2 b -1|isaskew-symmetric matrix, then find the values of a, b and c. 
c 1 0 [NCERT exemplar] 


0a 3 
Let A=|2 b -1 
c 1 0 
Since A is skew-symmetric matrix 
A'=-A 
2 c 0a 3 
b 1ļ=-|2 b -1 
-1 0 c 1 0 
2 c 0 -a -3 
b 1}=|-2 -b +1 
3 -1 0j [c -1 0 


a O Wr C 


By equating corresponding elements, we get 
a=2,c=-3andb=-b => b=0 
a=-2,b=Oandc=-3 


cosa —sina 
If A= 








: , then for what value of a, A is an identity matrix. [CBSE Delhi 2010] 
sina cosa 


If A is identity matrix, then A = I, 
10 
01 


cosa -sin Q 
sina cosa 











On equating corresponding elements, we get 
=> cosa=1, sina=0 > a=0 


1 2/3 1] [7 1 . 
If |; A P 35 then find the value of k. [CBSE Delhi 2010] 


s al s|7|r 29 


(1) (3) + (2)(2) (2)(1)* (2) 4 2 f 3 
(38) + (9 2 


Given: 





) 
) (3)(1) *(4)(5)| |k 23 
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Sol. 


Sol. 


Sol. 


10. 


Sol. 


7 11]_[7 11 
17 23| |k 23 








Equating the corresponding elements, we get 


k=17 
Ü a <= 
If the matrix A=|2 0 -1| is skew symmetric, find the values of ‘a’ and ‘b’. 
b 1 0 [CBSE Examination Paper 2018] 
0 a -3 
Given A=|2 0 -1 
b 1 0 
For skew symmetric matrix. 
A’=-A 


0 2 b 0 -a 3 

a 0 1|2| 2 0 1 

-3 -1 0j -b -1 0 

On comparing both sides, we get 


a=-2 and -b=-3 > b=3 


cosð  sinO 


Simplify: cosel [CBSE Delhi 2012] 





E 0 -cos0 


cosð  sinO 





-sinO cosO 


sin8 -cos0 
cosÜ sin0 


cosÜ sinô 


i + sin 8 
-sin cos@ 


Given: cos 6 














sin?0 sin 8. cos 0 
sin 8 cos 0 sin?0 


o 


1 NM 
If A is a 3 x 3 matrix, whose elements are given by 847 |- 31+] |, then write the value 


cos?0 sin 0. cos 0 
—sinO.cos0  cos?0 














= sin? 6 + cos?0 
0 "mU 0 





of à. [CBSE (F) 2013] 
C M LEE 
3 4 
T -1 2 T T 
If A 2-|-1 2|and B= ias , then find A` - B. [CBSE (AI) 2012] 
0 1 
EM 
121 mc 
Given: B ER B 2|2 2 
13 
4 4l T= 1 4 3 
Now Al =F «| 214] 2 2ļ|=|-3 0 
0 1 i 3| a 2 
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0 1-2 
11. For what value of x, is the matrix A-|-1 0 3] askew-symmetric matrix?[CBSE (AI) 2013] 


koc D 
Sol. A will be skew symmetric matrix if A =— A'. 
0 1-2 0-1 x 0 1 = 
=> -1 0 3|-|1 0 -3/=|/-1 0 3 
x =3. D 2 3 0 23 0 


Equating the corresponding elements, we get x = 2. 
cos0 -sinO 
sinO cos 0 
Sol. We have, 


12. If A -| , find AAT. 





cos@ -sinOl|[cos0 -sin0] 


T. 
Ad sin8  cos0 














sin8 ~~ cos0 


cos0 -sinO|| cos0 sin0 


sinO  cos0 


—sinO cosO 














-| cos?0 + sin? cos 0 sin 0 - sin 0 cos 0 
- [sin 0 cos 0 — cos 0 sin 0 sin^0 + cos?0 
: l | g 
13. Let A and B are matrices of order 3 x 2 and 2 x 4 respectively. Write the order of matrix (AB). 
[CBSE Delhi (C) 2017] 





I, 


Sol. Order of AB = [a5]5.; [Dijloxa= [Cylaxq ie., order of AB is 3 x 4. 
14. Construct a 2 x 2 matrix A = [a;] whole elements are given by a;;- | (i)?-j|. [CBSE 2020, 65/3/1] 


Sol. We have, elements of the Matrix are given by a, = |? -ùj | 


a =|0-1]|=0 / 84 =|(2)?-1|=3 
=| 2 ed s soe 


M PIS V 
atrix =|3 2 


Short Answer Questions-l 


1. Find the value of x + y from the following equation: 














x 5 3 -4 7 6 
2 7 Wes + $^ [elis x [CBSE (AI) 2012, Bhubneshwar 2015, AI (C) 2017] 
! x 5 
Sol. Given, 2 7 eh 2 ” . 
2x 10 2x3 6 | |7 6 
14 2y- l^ - [is i 15 2y-4 “115 14 











Equating the Mei] elements, we get 
14+4 





2x+3=7and2y-4=14 => r= ? andy - 157 


2 
> x=2 and y=9 ~. x+y=2+9=11 
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1 -1 
2. If matrix a=", 1 and A? = kA, then write the value of k. [CBSE (AD 2013] 
Sol. Given: A?=kA 
E E 2.32] ajia 
E 1 -2 2| “/-1 1 
1-1 1 -1 
: E a ; -i 
2.3 10]. : 
3. If A= $ di and I = üa , find scalar k so that A^ + I = kA. [CBSE2 2020, (65/2/1)] 
Sol. We have, 
snad) 2/3 hA 
TARATI j il ai Si) RE. 
Zt E 
and kA =k] ` 





11 -8 -3k 2k 
Given, A? +I - kA => (p ME Vs 


2 fe 3 l 


= 
> k=-4 
4. Show that A' A and A A' are both symmetric matrices for any matrix A. [NCERT Exemplar] 
Sol. Let P-A'A 
P'-(A'Ay 
- A(A) 2 A'A-P [- (AB) = B'A'] 
So, A'A is symmetric matrix for any matrix A. 
Similarly, let Q-AA' 
Q' = (AA) = (A)(A) 
AA) =Q 
So, AA' is symmetric matrix for any matrix A. 
0 2b -2 
5. MatrixA=|3 1 3) is given to be symmetric, find values of a and b. [CBSE Delhi 2016] 
34 3 -1 
0 2b -2 
Sol. Wehave A=|3 1 3 
31 3 -1 
A is symmetric matrix. 0 3 3a 0 2b -2 
=> AT=A = 2 1 3/=|3 1 3 


Equating the corresponding elements, we get B 
2b=3 and 3a=-2 > b= 5 and a=- 
6. Show that all the diagonal elements of a skew symmetric matrix are zero. [CBSE Delhi 2017] 
Sol. Since, A = [ai] is skew symmetric matrix 
AT=-A 


[25] == [a,j] > [a;i] =[- ai] 
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Sol. 


Sol. 


Sol. 


10. 


Sol. 


For diagonal elements i = j 


> üj = — Ajj > 2a;;= 0 > a,=OVi 


ii 


Hence, diagonal elements of skew symmetric matrix are zero. 


2 3 
1 -2 3 
IfA= b 2 d and B=|4 5] and BA = (bj), find b, + bz. [CBSE East 2016] 
2 1 


1 -2 3 a8 
We have, A= 4 and B=|4 5 
2 1 




















2 5 
"EB 
E 4 25 
2 lh. a 
2-12 -4+6 6+15 -10 2 21 
[L]- 4-20 -8*10 12+25 = [b]=|-16 2 37 
2-4 4+2 6+5 L4 -2 2 lj, 
Now, by, = — 16; bz = -2 
by, + ba = -16 - 2 = -18 
Find the value of (x — y) from the matrix equation. 
J^ 7 up cT T [CBSE 2019 (65/5/3)] 
7 y-3| |1 2] [15 14 
2x 10 | |-3 -4| |7 6 2x-3 10-4 ] [7 6 
14 2y-6| |1 2| [15 14 = 14+1 2y-6+2| |15 14 
2x3 6 | [7 6 
B 15 2y-4| M5 14 








We know that two matrices of same order are equal if the corresponding entries are equal. 
i.e., 2x-3=7 > 2x=10 > x=5 
and 2y-4=14 => 2y-18 => y=9 
x-y=5-9=-4 
If A and B are symmetric matrices, such that AB and BA are both defined, then prove that 
AB - BA is askew-symmetric matrix. [CBSE 2019 (65/4/2)] 
We have A‘ = A and B! = B and AB and BA are both defined. 
Now (AB - BA)! = (AB)! - (BA)! = B! A! - AB" Ce (AB)! - B' AT) 
= BA- AB - -(AB- BA) 
= AB - BA is a skew-symmetric matrix. Hence proved. 


, find A * AT and verify it is a symmetric matrix. 


2 
For the matrix A = | 
[CBSE 2019 (65/4/2)] 


5. 7 


2 3 2° 5 
We have a=] "E | 





5 7 7 


3 
aaral 3],[2 5.[4 8 
= “15 71°13 7| |8 14 





4 8] [4 8 
8 14| |8 14 


Hence, A+ AT isa symmetric matrix. 


> (aan =] |= asa" 
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Short Answer Questions-Il 


















































1. For the following matrices A and B, verify that (AB)' = B'A'. [CBSE (AI) 2010] 
1 
As|-|, Be, 2,1] 
3 
1 
Sol Given: A=|-4], B-[A, 2, 1] 
3 
1 -1 2 1 
ABs|-4|-1 3 1]=| 4 8 = 
3 3 6 3 
1 2 d D Bp 4 = 
(AB)'=|4 -8 —|=|2 -8 6 
3 6 3 1 -4 3 
il {a - 4 -3 
Bast 2 1y|-4|=| 2]p--- 3]=| 2 -8 6 
3 1 1-4 3 
(AB)' = B'A'. 
1 -1 a 1 2 2 2 3 
2. If A= 2 a and B = 5d and (A + B) = A’ + B^, then find the values of a and b. 
[CBSE (F) 2015] 
Sol. H Ae lesa? 
ol. Here, =|, jan =i a 
Per -1| |4 1| 1*4 0 
“|2 <1) |b -1| |2+b -2 
1*a O||l*ta 0 tg 2424+ 
= (A+B)2= a l a A 1-ta^-*2a 0| _| a@+2a+1 0 
2+b -2| |2+b -2 2+2a+b+ab-4-2b -2 2a—b+ab-2 4 
Aci aa Ae e : 
gan "I2 atl [2 af le alle ed 
ar jJ a+b a-1 ud *b-1 4-1 
0 -1| lab-b b+1 ab-b b 
Given, (A + B? = A? + P? 
a^*20*1 0| _|a*+b-1 a-1 
2a-b*ab-2 4 ab—b b 








Equating the corresponding elements, we get 


@+2+1=a+b-1 => 2a-b=-2 (i) 
a-1=0 => a=1 ..-(i7) 
2a-b+ab-2=ab-b = 2a-2=0 (ii) 
b=4 (iv) 


a = 1, b = 4 satisfy all four equations (i), (ti), (iii) and (iv) 
Hence, a=1,b= 4. 
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3. 


Sol. 


Sol. 


5 
. Find a matrix D such that CD — AB = O. 


2 -1 52 
uias se] 


3 4 7.4 





dCz : 
and C=}, 





[CBSE Delhi 2017] 


Since A, B, C are all square matrices of order 2, and CD — AB is well defined, D must be a square 
matrix of order 2. 


Let D =| 2| Then CD- AB =0 gives 


























2 5jja b| |2 -1/5 2] _ O 
3 8}|c d| [3 4]|7 4| 
2a+5c 2b+5d} |3 0| |00 24*5c-3 2b+5d | |00 
0T ^ [3a+8c 3b+8d} |43 22] |0 o] © [3a+8c-43 3b+8d-22] [0 0 
By equating the corresponding elements of matrices, we get 
2a+5c-3=0 (i) 
3a + 8c -43 =0 ...(ii) 
2b + 5d =0 (iii) 
and 3b + 8d -22 =0 (iv) 
Solving (i) and (ii), we get a = — 191, c = 77 and solving (iii) and (iv), we get b = — 110, d = 44. 
a b| |-191 -110 
Therefore D= f ; =| 77 44 | 
Express the following matrix as the sum of a symmetric and skew symmetric matrix, and verify 
your result. [CBSE (AI) 2010] 
3 -2 -4 
3 -2 -5 
-1 1 2 
3 -2 -4 
Let A =|3 -2 -5 
-1 1 2 
A can be expressed as 
=t ye taal a peL nl- aj- -= 
A= 9A FA) 7 (A Aye as p 2 (A* A) * 2 (A - A!) 2 A 


where, A + A’ and A — A’ are symmetric and skew symmetric matrices respectively. 
3 -2 -4 3 -2 -4] 
Now, AtA =| 3 =2=5/F] 3-2 -5 
-1 1 2| |-1 1 2 


3x [x x qu 15 
=| 3 -2 -5|+|-2 -2 1ļ=| 1 -4 -4 
-1 1 2| |-4 -5 2| |-5-4 4 
3-2 -álj [4 3-1] [0:5 -3 
A=W S|. x55 DIES 0 6 
-1 1 2] |-4 -5 2] |3 6 0 


Putting these values in (i), we get 
1 6 1-5 0 -5 -3 
A-— 1 -4 -4/+=|5 0 -6 
-5 -4 4 3 6 0 
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3 1/2 -5/2 0 -5/2 -3/2 
=| 1/2 -2 -2 |+|5/2 0 -3 
-5/2 -2 2 3/2 3 0 




















Verification: 
ing. d 50 505 
3 1/2-8/2 | 0 -5/2-3/7] |, 5 2 2 2 2) [3 -2-4 
1/2 -2 -2 |+|5/2 0 -3 |= 3*5 -2+0 -2-3 |=|3 -2 -5|-A 
-5/2 -2 2 3/2 3 0 5 3 -1 1 2 
E + > -2+3 2+0 
Tem 2 -3 2 
5. Find the matrix A satisfying the matrix equation E. 3 ale al l i [NCERT Exemplar] 
2 1 -3 2 1 0 
Sol. We have, E iL al 5 5L. = b L 
a b 
Let A= f t 
2 1 2 1 0 
: |]. T: ear ] 
= 2a+c 2b*d 2 Ts f i 
3a+2c 3b+2d -3| |0 1 
-6a-3c+10b+5d 4a+2c-6b-3d| |l 0 
> -9a -6c+15b+10d 6a+4c-9b- = l i 
> —6a — 3c +10b + 5d =1 (i) 
5 4a + 2c - 6b - 3d = 0 ...(i1) 
> -9a — 6c + 15b + 10d =0 (iii) 
=> 6a + 4c -9b-6d=1 ... (iv) 
On adding equations (i) and (iv), we get 
ctb-d-2225d-c*b-2 ..(v) 
On adding equations (ii) and (iii), we get 
-ba-4c + 9b +7d = 0 ... (vi) 
On adding equations (vi) and (iv), we get 
a+0+0+d=1=sd=1-a ..-(Vi1) 
From equations (v) and (vii), 
c+b-2=1-a > atbt+c=3 (viii) 
=> a=3-b-c 


Now, using the values of a and d in equation (iii), we get 
-9(3-b-c)-6c*15b* 10(-2*b*c)-7 

> -27 + 9b + 9c — 6c + 15b - 20 + 10b + 10c = 0 

> 34b + 13c = 47 (7X) 

Now, using the values of a and d in equation (ii), we get 
4(3-b-c)*2c-6b-3(b*c-2)-0 

> 12 — 4b - Ac + 2c - 6b - 3b - 3c t 6-0 

> -13b - 5c = -18 ad) 
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Sol. 


Sol. 


On multiplying equation (ix) by 5 and equation (x) by 13, then adding, we get 


170b + 65c = 235 
-169b - 65c = -234 














b=1 
= -13 x 1 - 5c = -18 [From equation (x)] 
> -5c = -18 + 13 = -5 >c =1 
a=3-1-1=1landd=1-1=0 
Jel 1 
d 0 
z =l . . . . 2 
If A= ea 2 and I is the identity matrix of order 2, then show that A“ = 4A — 3I. Hence 
find A”. [CBSE (F) 2015] 
H AST 
ere, x EE. 
PE 2 -1 2 -1| |4*41 -2-2|. -4 : 
Pel ope ieu |4 e) 
Al iaa ^ 73 gt 9|. 8. un 3 0; |5 + - 
a (7143 2| "lo i| [4 s] jo 3} [4 5 ou) 


From (i) and (ii), we get A? =4A-3] 
Pre-multiplying both sides by A‘ 
A.A? =A". (44-3) =  . (Wl.4).A-441.A-3A.I 
> IA =4I-3A1 => <A=4I-3A' [v AAT=LATI=A™] 


=> 3A1=4I-A 
: 3-306 § + a) = ah 1].1273. 1/3 
e 27 BNO al lel 2] Bik 2| |i/3 2/8 


4 1/01 0 
5 A -=7\4 
2 3 2 x à 5 
Let A =| | 4-5 Then show that A^ —4 A + 7 I = 0. Using this result calculate A". [NCERT Exemplar] 





3\ [0 1 


B az|2 3 
ere, e | 
2 3 1 12 
a SAIS T 
1 28 0 
Now, A Po JE alezi 1 
1 12] [8 12 
Ji | : ne 6 Je f E O (zero matrix) 
> A’?-4A +71 =0 -4A -7I 
> A.A? = A4.A -7AI [Pre multiplying by A] 
=> A? AA? -7A [AI = A] 
=> - 4(4A - 7I) - 7A [Putting the value of A?] 
> -16A-28I-7A > A? = 9A -281 
> A.A? 2 94.4 - 28A.1 [Pre multiplying by A] 
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Sol. 


A* 2 94? - 28A 


E 
=> A* =9(4A — 7I) - 28A [Putting the value of A?] 
> A* = 8A -63I 
> A.A‘ = 8A? - 63A [Pre multiplying by A] 
=> A? = 8(4A - 7I) - 63A = - 31A - 561 
28] hu] [-118 -93 
7 E AES 1 (1981 a 





Prove that every square matrix can be uniquely expressed as the sum of asymmetric and skew- 
symmetric matrix. [HOTS] 


Let A be any square matrix. Then, 


A= F(A +AT) + F(A -A')=P+Q, (say) 


where, P = F(A +A'),Q= F(A - AT) 


Now, P= (Su + A») [. (KD) - KAT] 
= iA" «(4 [- (A+B) - AT B] 
E lea) I^ (AST A] 
= 7 +A") =P 


P is symmetric matrix. 
Also, Q'-i(-4)!-2|A' -(4)] - 114" - A] =- 514 - AT] --Q 


Q is skew-symmetric matrix. 
Thus, A = P + Q, where P is a symmetric matrix and Q is a skew-symmetric matrix. 
Hence, A is expressible as the sum of a symmetric and a skew-symmetric matrix. 
Uniqueness: If possible, let A = R + 5, where R is symmetric and 5 is skew-symmetric, then, 
A’ =(R+S) =R" +S" 
> AT=R-S ['- R'=R and S=- S] 
Now, A=R+S and A! - R- S 


5 — RejlA*4A]-P, $2 34- 4) Q 


Hence, A is uniquely expressible as the sum of a symmetric and a skew-symmetric matrix. 


PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 
a 00 
(i) If A=|0 a 0|,then A" is equal to 
00 a 
a 0 0 a" 0 0 a 0 0 na 0 0 
(a) |O a" 0 (D)|0 a 0 (co |O a" 0 (d) |0 na O 
0 0 a” 0 0 a 0 0 a 0 0 na 
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E x-y 2| |2 2 
(ii) If E = , then value of y is 








5 3 5 
(a) 1 (b) 3 (c) 2 (d) 5 
(iii) The number of all possible matrices of order 3 x 3 with each entry 0 or 1 is [NCERT Exemplar] 
(a) 27 (b) 18 (c) 81 (d) 512 
3 2 
(iv) The A =[2 -3 4], B-|2|x-[|1 2 3] and y=[3|, then AB + XY equals 
2 4 [CBSE 2020, (64/4/1)] 
(a) 128] (b) [24] (c) 28 (d) 24 
00 5 
(v) The matrix A=|0 5 0 [NCERT Exemplar] 
500 
(a) scalar matrix (b) diagonal matrix (c) unit matrix (d) square matrix 
(vi) fA = ^ , néN, then A*' equals [NCERT Exemplar] 
0 0 p 0 i 10 0 0 
@) lo 9 aE @ lo 4 eg 














(vii) For any two matrices A and B, we have 
(a) AB=BA (b) AB z BA (c) AB=O (d) None of these 
(viii) On using elementary row operation R, > R,-3R, in the following matrix equation: 


b sb abr af veh 
» ath sh i ol sh 


SAPE] oki 


2. Fill in the blanks. 








(i) If A and B are symmetric matrices of same order then AB is symmetric if and only if 











. x+y 7| |2 7 B 

(ii) If g^ dey = f 4 , then x.y = : [CBSE 2020, (65/4/2)] 
"m 1 
(iii) If |x 2] 4|" 0, then x = é 





(iv) If A is symmetric matrix, then B'AB is ] 


m Very Short Answer Questions: . [1 mark each] 
3. Fora2x2 matrix, A = lai, whose elements are given by 847 z write the value of ap. 
[CBSE Delhi 2011] 
4. Write the order of the product matrix. [CBSE (F) 2011] 
1 
2\[2 3 4] 
3 
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5. From the following matrix equation, find the value of x : 
x*y 4| |34 
5 M = E | [CBSE (F) 2010] 
3x-2y 5 3 5 
e 1 m | =|“, | then find the value of y. [CBSE (F) 2009] 
7. Write a square matrix of order 2, which is both symmetric and skew symmetric. [CBSE (F) 2010] 
8. If matrix A=[1 2 3], then write AA’, where A’ is the transpose of matrix A. [CBSE Delhi 2009] 
0 a -3 
9. Ifthe matrix A-|2 0 -1| is skew symmetric, find the values of ‘a’ and ‘b’. [CBSE 2018] 
b 1 0 
10. If Ais a square matrix such that A? = A, then write the value of (I + A -7A. [CBSE (AI) 2014] 
11. Ifa matrix has 5 elements, write all possible orders it can have. [CBSE (AI) 2011] 
12. Write the element 45, of a 3 x 3 matrix A = (aj) whose elements a; are given by a, = li 3 | 3 
[CBSE Delhi 2015] 
. . 23|[1.0| [8 -3 f 
13. In the matrix equation 14/12 Ajo -a]: Use elementary operation R, > R,+R, and 
write the equation thus obtained. [CBSE Delhi (C) 2017] 
14. Write the number of all possible matrices of order 2 x 2 with each entry 1, 2 or 3. 
[CBSE Central 2016] 
m Short Answer Questions-I: [2 marks each] 
-2 2 0 2 0 -2 
15. Find a matrix A such that 2A — 3B + 5C =O, where B - 314 and C -| 1 6 
[CBSE 2019 (65/1/1)] 
16. If A= ae dkA- d then find the value of k db CBSE 2019 (65/3/1) 
i 7|, _4/an 7 |ob 24" en fin e value of k, a and b. [ ] 
4 - 
17. Express A = 2 .|85asum of a symmetric and a skew-symmetric matrix. [CBSE 2019 (65/3/1)] 
0 
18. Solve the following matrix equation for x: [x 1] E o =0. [CBSE Delhi 2014] 
1. ai 54 Tel 9 ga CBSE Delhi 2014 
i sao a aa l i 
2 4 -2 5 ; 
20. If A= l j and B -| 3 | , then find (3A — B). [CBSE Guwahati 2015] 
23||1 -3| |-4 6 : ; 
21. Tf f JE 4 |- E i then write the value of x. [CBSE Delhi 2012] 
22. If matrix A = È P and A? = AA, then write the value of A. [CBSE (AI) 2013] 
9 
23. If matrix A= E 2 and A? = pA, then write the value of p. [CBSE (AI) 2013] 





96 Xam idea Mathematics-xll 


B Short Answer Questions-II: [3 marks each] 


24. 


25. 


26. 


27. 


28. 


2H. 


30. 


12 


Given matrix A = 34 





f find f(A), if f(x) = 2x? -3x + 5. 


2 -1 -] -8 -10 
Find the matrix X such that |0 1|X-2]3 4 0 
-2 4 10 20 10 
231 
Express the matrix |1 -1 2| as the sum of a symmetric and a skew symmetric matrix. 
4 1 2 
2 01 
If +=|2 1 3], then find the value of A? - 3A + 2I. [CBSE (AI) 2010] 
1 -1 0 
Show that the elements along the main diagonal of a skew symmetric matrix are all zero. 
[CBSE Sample Paper 2017] 


0 6 7 011 2 

If A=|-6 0 8|,B=/1 0 2|C-7|-2|, then calculate AC, BC and (A + B) C. Also verify that 
7 -80 120 3 

(A +B) C2 AC + BC. [CBSE Ajmer 2015] 


A manufacturer produces three products x, y, z which he sells in two markets. Annual sales are 
indicated in the table: 


Products 





K y Z 


10,000 2,000 18,000 
6,000 20,000 8,000 








If unit sale price of x, y and z are 32.50, 71.50 and 31.00 respectively, then find the total revenue in 
each market, using matrices. 





Answers 
1. (i) (a) (ii) (a) (iii) (d) (iv) (a) (v) (d) (vi) (c) 
(vii) (d) (viii) (a) 
2. (i) AB=BA (ii) -3 (iii) -8 (iv) Symmetric Matrix 
1 0 0 
deg 4. 3x3 5. x-1 6. —6 o 8. [14] 
9. 14-7 2,b - 310. I 11. 1x5 and 5x1 12. + 
2 31 0] [8 -3 8 3 5 
13. f T acl » 14. 81 15. b: E » 16. k 2-6, 7-4, b --9 
4 + 0 -2 8 7 
7.) 4 tls 18. x -2 19. 10 20. l A 21. x= 13 
-3 -1 2 0 
29 i6 23. p=4 aen 25 gal ce co 
ios d "Ir REST ab 9 
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» 5 Bg x xm 
; i ep 9 1 10 
812 Er pepe o. 27. |3 -3 -4|29. AC-|12|, BC=|8| (A+B)C=|20 
5 3 3 1 3 2 0 30 =2 28 
22 7|\|272 9 


30. 1: 346,000 ; II : 353,000 


SELF-ASSESSMENT TEST 

















Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (4x 1-4) 
à 12| |1 4x 
(i) If l i = j 4 then 
1 1 1 1 
(a) x=2,y=2 (b) x= DY > (c) x= 5, y= 2 (d) x-2y-»y 
" i 0 0 i ; M 
(ii) If A= 0 cil Bz i ol where i = J=1 , then the correct relation is 
(a) A+B=0 (b) A* =B? (c) A-B=0 (d) A*+B*=0 
(iii) A square matrix A = [a;] in which a; = 0 fori # j and a, = k (Constant) for i = j is called a 
(a) Unit matrix (b) Scalar matrix — (c) Null matrix (d) Diagonal matrix 
3 1 
(iv) For the matrix A= l | , find x and y so that A? + xI = yA. 
(a) (8, 8) (b) (-8, 0) (c) (-8, -8) (d) None of these 
2. Fill in the blanks. (2x 1=2) 
f 4 3| |4y _ B 
(i) If m 4 then x = and y = 
(ii) If A and B are square matrices of the same order, then [k (A — B)]' = , Where k 


is any scalar. 








B Solve the following questions. (2x122) 
cosÜ sinô -— 
3. If A-| . ,then write A". 
-sin® cos0 
27 . 27 r 
cos- -siny 10 
4. If on on | | 0 i then find the least positive integral value of k. 
sin—  cos—- 
7 7 
B Solve the following questions. (5 x 2 = 10) 
-1 0 -1|| 1 
5. I£[2 1 3]-1 1 O}| 0| =A, then find the value of A. 
0 1 1j|-1 


6. Solve for x, [1 SIM zl tor 
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7. Find the value of x and y which makes the following pair of matrices equal: 


3x+7 5 0 y-2 
y+1 2-3x| |8 4 


8 1 2? a 
i 5 x 














1 
0 





y [7 9, 
i to: sp E09 6-9 
2 


9. If matrix A -| 





3 2 and A? = pA, then write the value of p. 


m Solve the following questions. (4 x 3 2 12) 


1 3 2| 
10. Findthevalueofx,if[l x 1]2 5 1ļ||2|= [0]. 
15 3 2j[I|x 


2 -3 
11. Show that A= | 3 4 satisfies the equation x? — 6x + 17 = 0. Hence, find A”. 





3 2 5 
12. Let A-|4 1 3], express A as a sum of two matrices such that one is symmetric and other is 
06 7 


skew symmetric. 








13. (i) Prove that the sum of two skew-symmetric matrices is a skew-symmetric matrix. 
(ii) Express the following matrix as the sum of a symmetric and a skew-symmetric matrix. 
135 
-6 8 3 
-4 6 5 
Answers 
1. (i) (b) (ii) (b) (iit) (b) (iv) (a) 
2. (1,3 (ii) k (A' — B") 
cosnÜ sinnô 1 . 
sine: coss 4. k=7 5. [- 4] 6. 7 7. not possible 
8. 10 9. p=4 
5 5 
335||10-275 
1/4 3 9 3 
10.-14-2 — 11. i7 le im [9L Hi 0.5 
5 9 5 3 
pope» 
i 2 -3 1 1 099 
13. (ii) 2 -3 16 9 t5 -9 0 -3 
-1 9 10 -9 3 0 
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Determinants 









BASIC 





CONCEPTS 


1. Determinant: Every square matrix can be associated to an expression or a number which is known 
as its determinant. 


Ay 


: — Hp. . 
Determinant of square matrix A = | dy Ay is given by 


























Als 2 2 = Ay y, T 51 
21 “22 
a b c 

and determinant of a matrix A-=|a, b, c,ļ| is given by 

a, b, c, 
a by c, a Eg 2 b 

A|=|a, b, c| =a = é 

| 2 «3.9 1\b, c lla, c lla, b 
KC e 3 3 3 C3 8 "3 
3 "3 C3 


This is known as the expansion of |A | along first row. 
In fact, | A| can be expanded along any of its rows or columns. 

2. Singular and Non-singular Matrix: A square matrix is a singular matrix if its determinant is zero. 
Otherwise, it is a non-singular matrix. 


3. (i) Minor: Let A = [2;] bea square matrix of order n. Then the minor M; of a; in A is the determinant 
of the sub-matrix of order (n — 1) obtained by leaving ith row and jth column of A. 


1238 
For example, if A=|-3 2 -1|,then 
2 -4 3 
42 4|. _|-3 |. 
Mi =|_4 3 =2 Mp" 2 3 =-7 and so on. 
(ii) Cofactor: The cofactor C; of a; in A = [a;],,,,, is equal to (-1)'*/ times M; 
1 2 3 
For example, if A=|-3 2 -1], then 
2 4 3 








Cy = ey Mg = Mg = 2 and Cio = (1)? My —— Mi = Fi and so on 
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5. 


6. 


. Some Important Properties of Determinants: 


(i) Let A = [aj] be a square matrix of order n, then the sum of the product of elements of any row 
column) with their cofactors is always equal to | A| or, det (A), i.e., 
y q 


EC, |A | and E ac =|A| 
i=1 


gaa ij “ij 


(ii) Let A = [a,] be a square matrix of order n, then the sum of the product of elements of any row 


(column) with cofactors of the corresponding elements of some other row (column) is zero, i.e., 


2s ;70and X a,C,7 0,i#k or j#k 
jel i-1 


(iii) Let A = [;] be a square matrix of order n, then |A| = [AT |. 
In other words, we say that the value of a determinant remains unchanged, if its rows and 
columns are interchanged. 
(iv) Let A = [a;] bea square matrix of order n(2 2) and B be a matrix obtained from A by interchanging 
any two rows (columns) of A, then |B| =- |A]. 
(v) If any two rows (columns) of a square matrix A = [a;] of order n (2 2) are identical, then value 
of its determinant is zero i.e., |A| 20 


(vi) Let A = [2] bea square matrix of order n, and let B be the matrix obtained from A by multiplying 
each element of a row (column) of A by a scalar k, then | B | =k | A |. 


(vii) Let A be a square matrix such that each element of a row (column) of A is expressed as the 
sum of two or more terms. Then the determinant of A can be expressed as the sum of the 
determinants of two or more matrices of the same order. 


(viii) Let A be a square matrix and B be a matrix obtained from A by adding to a row (column) of A 
a scalar multiple of another row (column) of A, then |B| = |A]. 


(ix) Let A be a square matrix of order n (2 2) such that each element in a row (column) of A is zero, 
then |A| 20 
(x) If A = [a; jli is a diagonal matrix of order n (2 2), then 
|A| = 45.025. 035 .... Ay, Le., | A| is the product of its diagonal elements. 
(xi) If A and B are square matrices of the same order, then 
|AB| = |A| |B| 
(xii) If A = [a; jli is a triangular matrix of order n, then 
|A| 244.055 . 035 .... Ay, Le, | A| is the product of its diagonal elements. 


(xiii) If A = [a;] is a square matrix of order n, then |kA | =k" |A |, because k is common from each row 
(or column) of kA. 


(xiv) We can take out any common factor from any one row or any one column of a given determinant. 
Area of a triangle with vertices (xi, y1), (Xz Y2) and (xs, y3) is given by 


X 341 
A = Numerical value of 2|Xa V» 1 
X, Y; 1 
Note: Since area is positive quantity therefore we take absolute value of A. 
(i) If A is a skew-symmetric matrix of odd order, then | A| = 0. 


(ii) The determinant of a skew-symmetric matrix of even order is a perfect square. 


7. Some Important Facts: 


(i) Only square matrices have determinants. 


Determinants 1 0 1 


(ii) We cannot equate the corresponding elements of equal determinants like matrices 


x yl_ 


p lm x-lLl y=m 
le., 
zZz wW 


n p| z-n,w-p 

(iii) In the case of matrices. We take out any common factor from each elements of matrix, while in 
the case of determinants we can take out common factor from any one row or any one column 
of the determinant. 

(iv) If the value of determinant ‘A’ becomes zero by substituting x = a then (x — a) is factor of the 
determinant ‘A’. 








(v) Ifarea is given then both positive and negative values of the determinant is taken for calculation. 


(vi) To prove three points collinear, we show area of the triangle formed by these three points is 
Zero. 


Selected NCERT Questions 
12 
1. If ast 2 then show that |2A| 241A]. 


Sol. We have, 


E ET 





24 
LHS = |241-[5 i|-8-32--28 

12 
RHS = ajA l= 4f j|-48-9-4xc9--2 
LHS - RHS 


Hence Proved 


By using properties of determinant in problems 2 to 5 prove that: 


aa ab ac 
2. | ba -b?  bc|=4a7b?c?. [CBSE (Delhi) 2011] 
ca cb a 


a? ab ac 
Sol. LHS -A- | ba -b? bc 
ca cb -c 


Taking a, b and c common from R4, R, and R, respectively, we get 


A b c 
A=abc| a -b c 
a b -c 
Taking a, b and c common from C4, C, and C, respectively, we get 
-1 1 1 
A=ab'c?}|1 -1 1 
1 1 4d 
Operating R, > R, + R, and R; > R; + R,, we get 
-1 1 1 
Aegre|0 0 2 
0 2 0 
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Sol. 


Sol. 


Interchanging C, and C3, we get 


4 1 1 
A=(-l)@b’c?|0 2 0 
0 0 2 


Since the determinant of a triangular matrix is product of its diagonal elements. 


= (-1) a?b’c? (-1) x (2) x (2) = Ad? = RHS 


1 1 1 
b c|-(a-b)(b-o(c-a)(a*b-c). [CBSE (Delhi) 2012] 
3 b? c? 
al 1 1 
LHS =|a b C 


a? p? c? 


Operating C; > C, - C, and C4 > C3 - Cy, we get 


1 0 0 
= ja b-a c-a 
a? =a =a? 
Taking (b — a) and (c — a) common from C, and C,, we get 
0 0 
-(b-a)(c—-a) |a 1 1 
a? b? + ba +a? c? + cata? 
Operating C3 > C; - C, we get 
1 0 0 
= (b-a) (c-a) |a 1 0 
g? b? + ba +a? c? + ca - b? — ba 


Expanding along R,, we get 
= (b - a) (c - a) (C + ca — b’ — ba) = (b - a) (c - a) [C - b? + a (c - b)] 
= (b-a) (c-a) [(c - b) (c + b) -a(c-b)]  (b-a) (c-a) (c^ b) [c +b +a] 
= (a - b) (b- c) (c- a) (a + b + c) = RHS. 


yz 
? — zx|* (x-y) (y- 2 (z - x) (xy + yz + zx). 
z 7 (x 
x x y 
LHS ey x^ xx 
z x" xy 


Operating R,  R, - R; and R, > R, - R5, we get 


ges xez yz-xy| (x-z) (x-z)(x*z) -y (x - z) 
=s|y-z y-2 0 ix-xy|(8-23  (-2(9*2 —-xG-2) 
z z xy Zz g xy 


Taking (x — z) and (y — z) common from R; and R,, we get 
1 xt*z =y 
-(x-z)y-z)| y*z -x 


z z Xy 
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Operating R > R3 - R,, and R; > R; - ZR,, we get 


1x*z =y 
-(x-z)y-z)0 y-x y-x 
0 -xz xytyz 
Expanding along R, , we get 
= (x — z)(Y - 3Ity- x) (xy + yz) + xz (y - x)] 
= (x= y)Y - z) (z - x) (xy + yz + zx) = RHS 








a-b-c 2a 2a 
5. 2b — b-c-a 2b |-(a*b*o? 
2c 2c c-a-b 
a-b-c 2a 2a 
Sol. LHS = 2b b-c-a 2b 
26 2c c-a-b 


Operating R,  R, + Ry + Rz, we get 


atb+c atb+c atb+c 
= 2b b-c-a 2b 
2c 2c c-a-b 
Taking (a + b + c) common from first row, we get 
1 1 1 
=(a+bt+c)|2b b-c-a 2b 
2c 2c c-a-b 
Operating C; C; - Cj and C4  C4- C,, we get 
1 0 0 
- (a b+c) |2b -c-a-b 0 
2c 0 -a-b-c 


Since determinant of a triangular matrix is equal to product of its diagonal elements 
=(a+b+c)(a+b+c)(a+b+c) = (ac bc - RHS 


6. By using properties of determinant, show that: 


1*a?-b? 2ab -2b r 
2ab 1-a? + b? 2a =(1+a?+b?) 
2b —2a i= et 
[CBSE Delhi 2008, 2009, (F) 2013; Guwahati 2015] 
1+a?°-b? 2ab -2b 
Sol. LHS =| 2ab 1-8?°+p? 2a 
2b ue ^o deuten 


Applying C4 => C4 = bC3, and C, => C, + aC3, we get 


(1922 p?) 0 -2b 
= 0 (1+ a? p?) 2a 
b(1+a*+b’) -a(1+a*+b?) 1-22 - D? 
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Sol. 


Taking out (1 + a’ + b’) from C, and C, column, we get 
1 0 -2b 
=(1+a°+b’)*}0 1 2a 
b -a 1-0 -b° 
Applying R; > R,- bR,, we get 
1 0 -2b 
=(1+4a°+b° |0 1 2a 
0 -a 1-a@ +0? 
Expanding along first column, we get 
=(1+8@ + bY [1-a +b? +207] 
=(1+8@ + bF (1+8 +b) = (1+8 + b= RHS 
By using properties of determinant, show that: 


à*1 ab ac 
ab b?+1 bc |=1+a°+tb +e [CBSE Delhi 2014; (F) 2009, 2013] 
ca cb ce *1 


a°+1 ab ac 
LHS =| ab b7+1 bc 
ca cb c1 
ane a’+1 ab ac 
-——| ab b?+1 bc [Multiplying and dividing by abc] 
abc 2 
ca cb ctl 


Multiplying a in C,, b in C; and c in C4, we get 


ata ab ac? 


l 
a ab Db be? 
ac Wc cc 
Taking a, b and c common from R4, R, and R, respectively, we get 
12 p c 
abc xb à 1+b? c 
a b cu 





Applying C, > C, + C; + C3, we get 
1+a°+b +e b? c 
=|1¢a?+b?+ 14+? C 


1-224) b? g«1 


Taking (1+ a? * D? * c?) common from C}, we get 


1 b c 
=(1ta?+b?+c*)J1 1+0? ¢? 
1 5b +1 


Applying R,  R, - R; and R, > R,- R3, we get 


00 -1 
=(1t+a7+b?+c)0 1 -1 
1 b? +1 
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Expanding along R,, we get 
(1+a°+b? +c’) [-1 (-1)] = (1 +a? +b? +c’) = RHS 
a? bc ac +c? 


8. Prove that: |a?+ab b? ac |=4a7b*c? [CBSE (F) 2014; Allahabad 2015, 2019 (65/5/3)] 
ab b? + bc c? 


a? be ac*c? 
Sol. LHS =Ja*+ab P? ac 
ab bb c 
ü c atc 
=abcja+b b a [Taking out a, b, c from Cy, C; and C3] 
b b+c c 


0 c ate 





-abc2b b a [Applying C, > C; + C; - Cj] 
2b btc c 
0 c ate 
-2abc1 b a [Taking out 2b from Cj] 
1 b+c c 


0 c atc 


-24bc0 -c a-c [Applying R, > R,- R3] 
1bt*c c 
ER C atc|_ , 2 2 2 ; 
2ab^c.1. M 2ab^c(ac — c^ * ac + c^) [Expanding by I column] 








= 2ab’c(2ac) = 4a? b? c? = RHS 


x p 1*px? 
9. Prove: |y y! 1+py?|=(1+ pxyz)(x - yy - z) (z -x) [CBSE (AI) 2010] 
Zz z^ 1*pz 
x x^ 1+px° 
So. LHS A=|y y^ 1*py? 
z zi 1*pz 
x xb af ix x px] |x x? 1 1 x p? 
= y? 1-|y y. py? =|y y? 1|+xyz|1 y py? [Taking common x, y, z from 
z z2 NE př| |z 21 1 z pz?| Rv Ry Rs respectively] 
=i 1 x x 
= 2 1 +(xyz)pjl y y. [Taking p common from C; ] 
zz 1 1zz 


By changing (transforming) column to column in first determinant, we get 








1x x 1x x 1 x x 
=|1 y y *pxyzl y y -ü*pyz| y y 
1zz 1 xx 1zz 
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Applying Rı  R,—- R5 and R, > R;- R5, we get 


0 x-z x!-z 
-(-*pxyO y-z y-z 
1 z z? 
Taking out (x — z), (y — z) from R, and R, respectively, we get 
01 x-*z 
01y-*z 
1z z 


= (1 + pxyz)(x = z) (y - z) 








Expanding along C4, we get 
-(1-pxyz)(x-z)(y-z)ly*z-x-z] 
= (1 + pxyz) (x - y) (y - z) (z- x) = RHS. 


b+c cta atb 


10. Ifa, b and are real numbers and A=|c+a a+b b*c|-0 then show that either à - b -c- 0 


ora-bzc. atb b+c cta 


bte cta ath 
Sol. Given A=|cta a+b b+c 
a+b b+c c+a 











2(a+b+c) 2(a+b+c) 2(a+b+c) 
= c+a a+b b+c 
a+b b*c cta 
1 1 1 
=2(at+btc)icta a+b b+c 
atb b*c c*a 








Applying C, C, - C4 and C; > C, - C4, we get 
0 0 1 
a-b a-c b*c 
b-c b-a c+a 


=2(a+btc) 








Expanding along R,, we get 
=2(a+b+c)[(a—b)(b—a)—(b-c)(a—c)] 
- 2(a * b * c) [ab — a? — b? * ab — (ab — bc — ac + °} 
- 2(a * b * c) [ab — a? b? * ab — ab * bc * ac - c?] 
= 2 (a * b + c) [232 b? —c? + ab + bc + ca] 
- 2 (a b * c) [a? +b? + c°- ab — bc — ca] 
= -(a * b +c) [2a* + 2b? + 2c? — 2ab — 2bc — 2ca] 
=—(a+b+c)[(a-b)? +(b-c)* *(c-a)*] 

Now, given that A = 0 

= A=(a+b+c)[(a—b) + (b-c? + (c-a)] =0 











So, either (a+b+c)=0 or (a - b? - (b-c) + (c-a) =Oie,a=b=c. 


[CBSE (AI) 2007C; (F) 2009] 


[Applying R, > R, + R, + R3] 


[Taking common 2(a + b + c) from R,] 
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11. Show that points A(a, b + c), B(b, c + a), C(c, a + b) are collinear. 


Sol. We have, 

btcl1 
ctal 
ütb1 


a 


Area of AABC = 


N|= 
e S 


a+bt+cl 
b b+ct+a 1 (Applying C, > C, + C4) 
a+bt+cl 


a 


N|= 
ec 


- F(a +b+c) (Taking (a + b + c) common from C;) 


a c 
PRR 
RRR 


= $X(atb+0)x0 (^ Cy = C3 
=> ar(AABC)=0 
Since area of AABC is zero, therefore points A, B and C are collinear. 


Hence proved. 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 








X2 6 2 . 
1. If 18 lls 6 , then x is equal to 
(a) 6 (b) +6 (c) -6 (d) 0 
a-b btc a 
2. The value of determinant |b-c c+a b [NCERT Exemplar] 
c-a atb c 
(a) PD. (b) 3bc (c) à? +b? - c -3abc. (d) None of these 


3. The area of a triangle with vertices (—3, 0),(3, 0) and (0, k) is 9 sq. units. The value of k will be 
(a) 9 (b) 3 (c) -9 (d) 6 
-1 cosC cosB 


4. If A, B and C are angles of a triangle, then the determinant |cos C -1 cosA! is equal to 
cosB cosA -1 


(a) 0 (b) -1 (c) 1 (d) None of these 
0 x-ax-b 
5. I£fé)2 |x*a 0 x-c| then [NCERT Exemplar] 
xtb xtc 0 
(a) fla) =0 (b) f(b) = 0 (c) f(0) =0 (d) f(1) =0 
1*x 1 1 
6. Ifx, y, zare all different from zeroand| 1 1+y 1 | =0,then value of xl + yo +z is 
1 1 1+z 
(a) xyz (Da yz (c) -x -y -z (d) -1 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


1-2 5 
There are two values of a which makes determinant A=|2 a -1|-86, then sum of these 


numbers is 0 4 2a 
(a) 4 (b) 5 (c) -4 (d) 9 
If A is a non-singular square matrix of order 3 such that A? = 3A, then value of |A| is 
[CBSE 2020 (65/2/1)] 

(a) -3 (b) 3 (c) 9 (d) 27 

282 
If |x x x|+3 = 0, then the value of x is [CBSE 2020 (65/4/1)] 

491 
(a) 3 (b) 0 (c) -1 (d) 1 

x xty xt2y 
The value of the determinant |x+2y x x+y |is [NCERT Exemplar] 
xty x*2y x 

(a) 9x"(x + y) (b) 9y°(x +y) (c) 3y'( * y) (d) 7x Gc y) 


x+2 x+3 x+2a 
If a, b, care in AP, then the value of determinant A=|x+3 x*4 x-*2b| is 
xt+4 x+5 x+2c 
(a) 0 (b) 1 (c) x (d) 2x 
1 a a*| |1 1 1 
The value of |1 b Lb?|-|la b ci|is 
1c c p ox 
(a) (a — b) (b - c) (c-a) (b) (b — a) (c - b) (c - a) 
(c) a (b —c) (c-a) (d) None of these 


a 
N 


0 a-b a-c 
The value of b-a 0 b-c|is 





c-a c-b 0 
(a) a (b) b (c) 0 (d) None of these 
1 0 o 
The value of |w o? 1 | is 
o? o 1 
(a) 1 (b) -1 (c) 0 (d) o 
If area of triangle is 35 sq units with vertices (2, —6) (5, 4) and (k, 4), then k is 
(a) 12 (b) -2 (c) -12, -2 (d) 12, 2 
Let A be a square matrix of order 3 x 3, then | KA| is equal to 
(a) K|A| (b) K'|A| (c) K|A| (d) 3K|A | 
265 240 219 
The value of 240 225 198| is 
219 198 181 
(a) 0 (b) 1 (c) -1 (d) None 
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1 a b+c 
18. The value of |1 b ctaj|is 


1 c atb 
(a) 1 (b) 0 (c) a+b (d) a-b 
Ai o, d 
19. If A2 |45, 45, ^| and Ag is cofactors of lijp then value of A is given by 
A31 03, 433 
(a) 411 A31 + 015 A35 + 443 A33 (b) 441 A11 + 445 A51 + 443 A3 
(c) ax A11 + 22 A15 + 25 A15 (d) ay, A11 451 Agy 31 A31 
20. If Aisa3 x 3 matrix such that |A | = 8, then |3A| equals [CBSE 2020 (65/5/1)] 
(a) 8 (b) 24 (c) 72 (d) 216 
Answers 
1. (b) 2. (c) 3. (b) 4. (a) 5. (c) 6. (d) 
7. (c) 8. (d) 9. (c) 10. (b) 11. (a) 12. (a) 
13. (c) 14. (c) 15. (d) 16. (c) 17. (a) 18. (b) 
19. (d) 20. (d) 


Solutions of Selected Multiple Choice Questions 








1. We have, 
x 2| |6 2 
18 x| 118 6 
=> x°-36=36-36 
> x-36=0 
> x =36 
E» x=ch6 
2. We have, 
a—b b+c a| jatc b+ctaa 
b-c c+a bj=|b+a c+a+b b [Applying C, > C, + C, and C, > C, + Cs] 
c-a a+b c| |c+b a+b+c c 
atcla 
=(a+bt+c)|b+a 1 b [Taking (a + b + c) common from C,] 
c+tb lic 
ü—b 0 a-c 
-(atbtc)|a-c 0 b-c [Applying R; > R, - R; and R, > R,- R4] 
c*tb1 c 





- (a b +c) [- (a-b) (b - o) + (a - o?] [Expanding along R;] 


= (a+ b + c) (i +b? c? - ab - bc - ca) = (a + b? + c? - 3abc) 
3. We know that, area of a triangle with vertices (x1, y1), (X2, Y2) and (xs, y3) is given by 


1 X 1 3 01 
A-l Xa Yz 1 I= >| 3 0 1 | 
X Yy; 1 0 k 1 
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20. 


Expanding along R,, we get 


1 
29-51 E3C9-0*1(09]| => 18 = |3k + 3k| = | 6k| 
18 
k-t 0 =4£3=3,-3 


0 x-a x-b 
We have, f(x)=|/xta 0 x-c 
x+b x*c 0 


0 0 a-b 
=> f()-| 2a 0 a-c = [(a - b){2a. (a + c)}] #0 
a+b a+c 0 
0 b-a 0 
and fb)=|b+a 0 b-c|=-(b-a)[-2b(b -c)] = 2b(b - a)(b - c) 20 
2b b+c 0 
0 -a -b 
and f(0)=|4 O -c| =a(be) - b(ac) = abc - abc = 0 
bc 0 
1-2 5 
We have, A=|2 a -1|=86 
0 4 2a 
=> 1(2a? + 4) -—2(-4a-20) + 0 = 86 [Expanding along first column] 


> 2a? + A + 8a + 40 = 86 


— 2° +8a+44-86=0 
=> a + 4a-21=0 
> @&+7a-3a-21=0 
> (a+ 7)(a—-3)=0 => a=-7and3 
Required sum =-7+3=-4 
We have, 
A’?=3A => |A*| =|3A| 
=> |A|.J|A]=3°|A| (^ order of matrix A is 3 and |A | is not equal to zero) 
=> |A|=3?=27 2 |A|=27 
We have, 
2.35.2 
x x x|+3=0 
49] 
232 
=> x|1 1 1|+3=0 (Taking out x from R3) 
491 


=> x{2(1-9)-3(1-4)+2(9-4)}+3=0 
=> x(-16+9+10)+3 => 3x+3=0 
> 3x=-3 > x=-1 





We have, 
|3A| 233 |A| 227x 8=216 


Determinants 1 | 1 


Fill in the Blanks 


sin?23?  sin?67? cos 180° 


1. The value of the determinant |-sin?67? —-sin?23? cos?^180?| is 


cos180? sin?23?  sin?67? 
2-3 5 


2. The cofactor of element a}, in the matrix |6 0 4 | is 
1 5 -7 


3. If Ais a skew-symmetric matrix of order 3, then the value of |A| = 


0 cos0 sinf 
4. Ifcos20=0,then |cos@ sin@ 0 = 
sin8 0  cosO 


X 5 
5. If x 2 -9isa root of |2 x 2|-2 0, then other two roots are 
76x 
Answers 
1. 0 2. 46 3.0 4. i 


Solutions of Selected Fill in the Blanks 
1. Applying C, > C, + C, + C3, we have 
sin?23? + sin?67? + cos180? — sin?67?  cos180? 
—sin?67? — sin?23? + cos?180° -sin?23? cos?180? 
cos1809--sin?23? + sin?67°  sin?23?  sin?67? 
1+(-1) siàe7 -1 
= |-1+1 -sin23 1 
-1+1 sin?23? sin?67? 
0 sin?67°  -1 
= |0 -sin223 1 J=0 
0 sin?23° sin?67? 
3. Since matrix A is a skew-symmetric of odd order i.e. 3 
~ |A|=0 





[NCERT Exemplar] 


[NCERT Exemplar] 


5.x =2,x=7 


sin?67? = cos?23? 
cos 180? = -1 
and sin?0 + cos?0 = 1 


Very Short Answer Questions 


1. If A and B are square matrices of the same order 3, such that |A|= 2 and AB = 2I, write the 


value of |B |. 
Sol. |A| =2and AB - 2I 
=> |AB| =|2I| 48 
=> |A||B|238 => 2|B|28 => |B| =4 


: we a |0 -1 
2. Find |AB|, if a=lo > 





3 5 
mag =l o 


“bol 





0 -1[3 5 
Sol. We have, aB=() ah 0 
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[CBSE Delhi 2019] 


[CBSE 2019 (65/2/2)] 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


























00 
IAB|-|o 9|=9 
Let A be a square matric of order 3 x 3. Write the value of |2A |, where |A| = 4. 
[CBSE Delhi 2012] 
': |24| z2" |A|, where n is order of matrix A. 
Here |A|=4andn=3 
|2A| 92^ x42 32 
+ - 4 -1 
if |* mee then write the value of x. [CBSE Delhi 2013] 
x-3 x*2| |1 3 
Gi x+1 x-1| 4-1 
iven | 4 ssa 3 
=> (x +1) (x + 2)-(x-1) (x -3) =12+1 
> a 4 Qe 4+ 2-27 434-3 =13 
> 7x-1 =13 
> 7x =14 
> x =2 
If A = [a;] is a matrix of order 2 x 2, such that |A | =-15 and C; represents the cofactor of aj, 
then find a,,C,, + 45,C»,. [CBSE Sample Paper 2018] 
a, a a, a 
Given, A-|" ” a laj- M ” 
Hop ae f2 Fog 
Expanding along R, 
=> -15 = dy, . Coy + 45. Cry [Cj = Cofactor of a;] 
> Uo. C3 + 55 . C» == 15 


Write the value of the following determinant: 
a-b b-c c-a 
b-c c-a a-b [CBSE (AI) 2009; (East) 2016] 
c-a a-b b-c 


Applying C, > C4 + C, + C3, we get 








0 b-c c-a 
=|0 c-a a-b|=0 [ ^ All elements of C; are zero] 
0 a-b b-c 
Show that the points (1, 0), (6, 0), (0, 0) are collinear. [CBSE (AI) 2008] 
1.0 1 
Since |6 0 1/20 
0.0 1 


Hence, (1, 0), (6, 0) and (0, 0) are collinear. 


What positive value of x makes the following pair of determinants equal? 














2x 3| 116 3 

5 xl’l5 2 [CBSE (AI) 2010] 
2x 3| |16 3 
5 x a 2 








Determinants 1 I 3 


Sol. 


10. 


Sol. 


11. 


Sol. 


12. 


Sol. 


=> 2x7 - 15 = 32-15 => 2x7 = 32 
> x)216 > x=t4 
> x =4(+ve value). 


cos15? sin15? 


sin75? cos75? [CBSE (AI) 2011] 


Evaluate: 








Expanding the determinant, we get 
cos 15°. cos 75? — sin 15°. sin 75? = cos (15° + 75?) = cos 90° = 0 
[Note : cos (A + B) = cos A. cos B - sin A. sin B] 


Write the value of the following determinant: 
102 18 36 
1 3 4 [CBSE (F) 2012] 
17 3 6 


102 18 36 
1 3 4 
17 3 6 


Applying R, > R, — 6R; , we get 
000 


134 
17 3 6 


If A is a square matrix and |A | = 2, then write the value of | AA'|, where A’ is the transpose of 
matrix A. [CBSE (F) 2013] 


IAA'|-IALIA'ISIAL.IAISIAP 22224 
[Note: | AB|=|A|.|B| and | A| - | A! |, where A and B are square matrices.] 


Let A= 








A- -0 [^ Each element of R, is zero] 








If A is a3 x 3 invertible matrix, then what will be the value of k if det (A) = (det A)*. 
[CBSE Delhi 2017] 


Given, det (A)) = (det AY 


> |A'|=|A|* > k=-1 


Short Answer Questions-l and Il 


1. 
Sol. 


Find the equations of line joining (1,2) and (3,6) using determinants. 

Let given points are A(1, 2) and B(3, 6) and P(x, y) lies on the line joining points A and B. 
'. Points A,P and B are collinear 

-. Area of A APB =0 


‘> 1 121 
=> z|* y l0 > x y 1|=0 
361 361 


=> 1(y-6)-2(x-3) *1(6x - 3y) - 0 

=> y-6-2x+6+6x-3y=0 > 4x —2y =0 
> 2(2x-y)=0 
> 2x-y=0 

Equation of line be 2x - y = 0 
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Sol. 


Sol. 


Sol. 


5. 


xl-x*1 x-1 











Evaluate the determinant: ded 23 [NCERT Exemplar] 
x 
2 
x°-xt+1 x-1 
Let A= 
z x+1 x-*1 | 
d. sei E 
=(x+1) " 4 zs 1 J | [Taking common (x + 1) from R,] 





= (x + 1){x?-x+1-—x +1} = (x +1) (x?-2x + 2) 


= -2x ox +2 -2x 42579-7742 


What is the value of the following determinant: [CBSE (F) 2010] 
4 a b+c 
4 b cta 
4 c a+b 


4 a b+c| |4 a a+b+c 
Here, A=/4 b c+a|=|4 b a+b+c| [Applying C; C4 + C;] 
4 c atb| |4 c atbtc 











1 a1 
A=4(a+b+c)1 b 1 [Taking out common 4 from C, and a + b + c from C3] 
us Ge 
A=4(a+b+c).0=0 as 
x+y ytz tX 
Write the value of A =| z x y |. [CBSE Allahabad 2015] 
-3 -3 -3 
xty ytz z+x 
Here, A=| z x y 
-3 -3 -3 
Applying R,  R, + Rz we get 
xtytz xtytz xtytz 
= Z x y 
-3 -3 -3 
Taking (x + y + z) common from R; , we get 
1 1 1 
=(x+y+z) |Z x y 
-3 -8 -3 
Applying R; > R, + 3R,, we get 
1 1 1 
=(x+y+z)|z x yl=0 [^ Each element of R; is zero] 
0 0 0 
Without expanding evaluate the determinant: [HOTS] 


(a* + a”)? Cary 1 
(a! *a)? (a? -a*) 1|, wherea>0andx, y,ze R 


(a^ * a7)? (a^ + a”)? 1 


Determinants 1 15 


(a +a")? @-a*)y 1 
Sol. HereA - (a +a)? (a-a)? 1 
(7-27) (a? +a)? 1 
Applying C, > C; - C, we get 
£@eg 1 
A=|4 (a-a)? 1 [Using (a + b)? - (a—b)* = 4ab] 
Ate aay 1 
Taking out 4 from C}, we get 
1 (a*-a™)? 1 
A-41 (e —a?)? 1 =>  A-4x0-0. [-C,andC,are identical] 
1-291 


Long Answer Questions 


1. Ifa, b,c are pth, gth and rth terms respectively of a G.P, then prove that 


loga p 1 
logb q 1/=0 [CBSE 2020 (65/5/1)] 
loge r 1 
Sol. Let A be the first term and R be the common ratio of the G.P respectively. 
a = ARP, b = ART, c = AR"! 
Now, we have, 

loga pl 

LHS. A-logb 41 
loge r1 


log AR"! p 1 
> A=|log AR™ q 1 
log AR"! r 1 
log A+(p-l)logR p 1 
> A=|log A+(q-l1)logR q 1 
log A + (r-1)logR r 1 


(log(ab) = log a + log b and loga” = m log a) 


log A p 1 p-l p 1 
=, dA log A q 1}|+logR\q-1 q 1 
log A r 1 r-l r 1 
apply C; > C; - C, 

1 pil p-1 1 1 

= A=logA|1 q 1|+logR\q-1 1 1 

1 ri T-1 1 1 

(C, = Cj) (C; = Cj) 


A-log Ax0+log x0 
A=0+0=0=R.H.S 
A=0 
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4-x 4+x 4+x 
2. Using properties of determinants, find the value of x for which |4+x 4-x 4+x/=0. 


4tx 4+x 4-x 


4-x 44+x 44+x [CBSE 2019(65/4/3)] 
Sol. Wehave, |4+x 4-x 4+x|/=0 


4+x 4+x 4-x 
Applying C, > C, + C; + C3, we get 
12+x 4+x 4+x 
12+x 4-x 4+x|=0 
12*x 4+x 4-x 
14+x 4+x 
> (12+x)}1 4-x 4+x/=0 [ Taking (12 + x) common from C, ] 
14+x 4-x 
Applying R; > R2- Ry, R4 > R; - Ry, we get 


1 4+x 4+x 
(12+x)}0 2x 0 |=0 


0 0 -x 
—(x-124x)-0 > x =0,-12 
3. Using properties of determinants, prove that [CBSE Delhi 2014] 
2y yc 2y 
2z 2z zk=xy=y -(x*y*z). 
x-y-z 2% 2x 
2y y-z-x 2y 
Sol.  LHS- 2z 2z Z-xX-Y 
x-y-z 2x 2x 


Applying R, © R, then R, © R, we get 
x-Y-Z 2x 2x 

- 2y y-z-x 2y 

2z 2z z-x-y 
Applying R,  R, + R; + Rs, we get 
xtytz ytztx ztxty 

=| 2y y-z-x 2y 

2z 2z Z—Xx-y 





Taking out (x + y + z) from first row, we get 
1 1 1 
=(x+y+z)|2y y-z-x 2y 
2z 2z z-x-y 
Applying C, C; - C4 and C; > C, - C;, we get 
0 0 1 
=(x+y+zZ) 0 (y+z+x) 2y 
(x*ytz) ztxty z-x-y 
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Expanding along first row, we get 


=(x+y+z)(x+y+z) =(x+y+z = RHS 


xx 
4. Ifx, y, z are different and A - |y y? 




















3-1 


y^-1|- 0, then using properties of determinants, show 








z z 24 
that xyz - 1. [CBSE 2019 (65/5/1)] 
x^ x-1 x x? »||x x? -1 
Sol. Wehave|y y^ y°-1|=0 = y v y|*y y, A20 
z^ 2-1 zz g| |z 2 -1 
1 x ê| |-1 x? x In det 1 taking x, y, z common 
=> xyz|1 y? +|-1 y? y|=0 from each row and in det 2 
1 z y| -1 2? z using C, — C, and applying C, — C, in det 2 
Les) Jax 
= xyz|1 y yq y y 0 
1z z| Sah z z 
1 x x 1 x x 
=> xyz|l y y? *(-1|l y y? =0 [Taking (-1) common from Cj] 
1z z i1 xx 
1 xt 
> Hy y’ (xyz-1)20 
1 z? 
1x x 1 x x Applying 
fli y yl=0> |0 yex Yoox |=0 R, > R -R 
1z 2 0 z-x g =x? R,-R,Q-R 
"PV. 
y-x y-x|. i i 1 ytx _ 
x Reg vg DS Mee z) ZEK o 
=> (y -x)(z-x)\(z+x-y-x)=0 
> (y-x)z-x)z-y)-0 
=> x =y orz =x or y = Z, which is a contradiction. 
Hence, (xyz- 1) 20 > xyz=1 
at+b+2c a b 
3 
5. Prove that: c b+ct+2a b =2(atbtc) [CBSE Delhi 2014; (E) 2010, 2011] 
c a c+a+2b 
a+b+2c a b 
Sol. LHS= C b+c+2a b 
C ü ctat+2b 


Applying C, > C, + C; + C;, we get 


2(a+b+c) a b 
-|2(atb*c) b+c+2a b 
2(a+b+c) a cta+2b 
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Taking 2(a + b + c) common from C}, we get 


1 ü b 
-2(a*tb*c)l b*tc*2a b 
1 ü cta*2b 


Applying R, > R, - R, and R;  R5- Ry, we get 
1 ü b 
-2(a*b*c)O0 atbt+c 0 
0 0 atbtc 
Taking (a + b + c) common from R, and R,, we get 
lab 
-2(a*b*c) 010 
001 
Expanding along C;, we get 
-2(a*b-*c)?[1—0] 2 2(a* b * c)? = RHS 


i a a a -1 0 ü-a"* 
6. If A=|a a? 1|=-4 thenfindthevalueof| 0 — a-a* a?-1|. [CBSE Sample Paper 2018] 
a i a g-a a =l 0 
1 a g 
Sol. Wehave A=la d? 1 
@ 1 a 
C472 -1 C = 0; C =a-a* 
C,, = 0; Cy -7a-a^; C470 -1 


_ 4. eee = 
Cy, aza; Cy =a -1; Ca =O 


Where C; = Co-factor of a; (i, j )^ element of determinant A. Let A, be the determinant made by 
corresponding co-factor of each element of determinant A. 


Ci Co Ci 
ie., A, = C4 C» Cy, 
C4 C5 Ca 
We know that A, = A? [ A, 2 A where each element of Ay is cofactor 
of corresponding element of A and n is order of the 
A, 2 (C 4Y. =16 determinant] 


i =Í 0 a-a 


= 0 a-a x 1 816 
Red w^. 0 


4 


7. Using property of determinant, prove the following: 
a atb a+2b 
at2b a  a*b|-9b'(a- b) [CBSE Delhi 2017; (AI) 2008, 2013] 
atb at+2b a 
a a+b a+2b 
Sol. LHS =/a+2b a at+b 
a+b a*2b a 


Determinants 1 1 9 








3(a+b) 3(a+b) 3(a+b) 
=| a+2b a a+b [Applying R, = R, +R, + R3] 
a+b at+2b a 
1 T 1 


=3(a+b)ja+2b a a+b 
a+b a+2b a 


[Taking 3(a + b) common from Rj] 











00 1 
=3(a+b)|b -b a+b [Applying C, > C-C, C; > C-C] 
b 2b a 


Expanding along R,, we get 
= 3(a + b) (1 QD? + b*)} = 9b°(a + b) = RHS 


¥ y xty 
8. Using properties of determinants, find the value of kif | y x*y x |=k(x?+y’). 
xty x y 
x y x+y [CBSE 2019 (65/4/2)] 


Sol. We have k(x? +y’) = y xty x 
xty x y 
2x+2y y xty 
=|2x+2y x+y x [Using C, > C, + C, + C] 
2x+2y x y 








1 y xty 
-Qx*2y) x+y x [Taking (2x + 2y) common from Cj] 
1 x y 
1 y xty 
0x-y =x 
= * = 
=2(xt+y) x-y x 
= 2x ey) + xy- y) = 2 + y) -xy + y’) 
> ka? + y?) = -20° + y) 
Comparing the coefficient of (x? + ^) on both the sides, we get 
k=-2 
9. Using properties of determinants show that 
1 1 1-*x 
1 ity 1 |--(xyztyz * zx * xy) [CBSE (F) 2017] 
1+z 1 1 
1 1 1*x 
Sol. LHS-| 1 1*y 1 
1*z 1 1 


Apply Ry > R, - R, and R; > R; - Ry, we get 


1 1 14x 
-|0 y -x 
Z 0 -Xx 
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Expanding by R,, we get 
= 1 [-x-0]-1[* zx] + (1 + x) (zy) = - yx ^ zx — zy - xyz 
=- (xy + xz + zy + xyz) = RHS 


10. Using properties of determinant, prove that: 


atx y z 
x aty z |=a(atx+y+z) [CBSE (F) 2014] 
x y atz 


atx y Z 
Sol. LHS =| x aty z 
x y atz 

atxtytz y Z 


=|at+xty+zaty z [Applying C, > Cı + C; + Cj] 
ütxtytz y a+tz 


1 y z 
-(atxtytz)laty z [Taking out (a + x + y + z) common from Cj] 
1 y atz 
0 -« 0 
=(a+x+y+z)|1l a+y z [Apply R, > R,- R;] 
1 y atz 





Expanding along R;, we get 
=(@+x+y+z){(0+a(at+z-Zz)} 
=a(a+x+y+z) - RHS 
11. Using properties of determinant, prove the following: 
sty x X 
5x+4y 4x 2x|-x? [CBSE (AI) 2014, 2009] 
10x+8y 8x 3x 


xty x x 
Sol. LHS =| 5x+4y 4x 2x 
10x + 8y 8x 3x 


xty 11 


=x°|5x+4y 4 2 [Taking out x from C, and C,] 
10x + 8y 8 3 


x+y 11 


-x' |3x*2y 2 0 [Applying R; — R;-2R, and R; R;-3R,] 
7x+5y 5 0 





Expanding along C;, we get 
- x [1 {(3x + 2y) 5 - 2 (7x + 5y)} - 0 + 0] = x? (15x + 10y - 14x — 10y) 
=x? (x) = xX? = RHS 


cose?0 cotO 1 
12. Without expanding, show that: |cot?O — cosec?O0. -1|=0 [NCERT Exemplar] 
42 40 2 


Determinants 12 1 


cosec?O0 cot?0 1 
Sol. Given, A=] cot?0 cosec?0 -1 


42 40 2 
cosec?0— cot?0-1 cot?0 1 
- |cot^0 — cosec?0 +1 cosec?0 -1 [Applying C, > C, - C; - Cj] 
0 40 2 
1-1 cot?0 1 
-|-1*1 cosec?0 -1 [^ cose? 0 - cot? 0 = 1] 
0 40 2 
0 cot?0 1 
=|0 cosec?0 -1/=0 ['- All elements of C, are 0] 
0 40 2 


13. Prove the following using properties of determinant: 


b+c cta atb 
cta a+b b*c|-2(3abc - à? - b? - c?) [CBSE (F) 2010] 


a+b b+c cta 


b+c cta a+b 
Sol. LHS =|c+a a+b b+c 
a+b b+c c+a 


2(a+b+c) 2(a+b+c) 2(a+b+c) 














=| c+a a+b b+c [Applying R, > R, + R; + R3] 
a+b bte cta 
1 1 1 
=2(at+bt+c)icta atb b«c [Taking 2(a + b + c) common from R,] 
a+b b+c cta 
1 0 0 
=2(a+b+c)c+a b-c b-a [Applying C; > C2- C; C4 C3- C] 
a+b c-a c-b 
= 2(a + b + c) [1(bc - b? — c? + be - bc + ac + ab - à?)] [Expanding along Rj] 


=2(a +b +c) (bc + ac + ab- à? - D? - c?) 
=-2(a + b + c) (a+b? +c? - ab - bc - ca) = 2(à + b? + è- 3abc) 


= 2(8abc — à? - D? - c) = RHS 


abc 
14. Ifa cb «c # Oand |b c a|— 0,then using properties of determinants, prove that a = b =c. 
cab 
abe [NCERT Exemplar, CBSE Bhubaneswar 2015] 
Sol. We have |b c a|-0 
cab 








Applying C, > C, + C; + C;, we get 
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(a+b+c) be 
(a+b+c) c a|-0 
(at+bt+c) ab 


Taking (a + b + c) common from C}, we get 


1bc lbe 
(atb*c)lca|2-0 => 1cal=0 [. at+bt+c#0] 
lab lab 














Applying R, > R;—R, and R> R5- R,, we get 








1 b C 

0 c-b a-c|-0 

0 a-b b-c 
Expanding along C4, we get 

1{(c — b) (b-c) - (a-c) (a—b)} -0+0=0 > - (b-c? dic) ps b) 
=> -b -e+ 2be-a* + ab + ac—be =0 ze a+b? ec -bc-ab-ac =0 





> Flan? + 20? +20? 2bc -2ab — 2ac] = 0 > (a — b + (b cy - (c- a 20 
=> (a-by-20; (b-cy-20;(c-ap-0 > a-b=0; b-c=0; c-a=0; 
S70 0=c¢ 


15. Using properties of determinants, show that AABC is an isosceles if: 


1 1 1 
1+cosA 1+cosB 1+cosC |= 0[CBSE (Central) 2016, NCERT Exemplar, HOTS] 
cos*7A+cosA cos*Bt+cosB cos?C+cosC 
1 1 1 
Sok Wehave 1+cosA 1+cosB 1+cosC |=0 


cos*A+cosA cos*B+cosB cos?C + cosC 


Applying C; > Cı- C; and C; > C5- C, we get 








0 0 1 
=> cos A - cos C cos B - cosC 1+cosC |=0 
cos*A + cos A — cos?C —cosC cos?B + cos B - cos?C - cosC. cos?C + cosC 
0 0 1 
=> cos A - cos C cos B - cosC 1+cosC [720 
(cos A — cos C) (cos A + cos C +1) (cos B - cos C) (cos B + cos C +1) cos?C + cosC 





Taking common (cos A — cos C) from C, and (cos B — cos C) from C,, we get 

0 0 1 

1 1 1+cosC 
cosA+cosC +1 cosB+cosC +1 cos?C + cosC 


=> (cos A — cos C) (cos B - cos C) =0 








Applying C; > C; - C, we get 

0 0 1 

0 1 1-7 cosC 
cos A- cosB cosB+cosC+1 cos?C + cosC 


=> (cos A - cos C) (cos B - cos C) -0 








Expanding along R,, we get 
= (cos A - cos C) (cos B - cos C) (cos B - cos A) = 0 
=> cosA-cosC=0 ie, cos A = cos C 
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or,cosB-cosC=0 ie, cos B= cos C 
or,cosB-cosA=0 ie, cos B= cos A 
=> A=C or B=C or B=A 

Hence, AABC is an isosceles triangle. 


16. Using properties of determinants, prove the following: 
Xt4 2x 2x 


2x x+4 2x |-(5x*AY4- x) [CBSE Delhi 2011] 
2x 2x x+4 
OR 
wr Qe 2x 
2x xA 2x |-(Gx AY - x) [CBSE (F) 2014] 
2x 2x KFA 
x+t4 2x 2x 
Sol. LHS =| 2x x*4 2x 
2x 2x x-*4 
5x t4 5x+4 5x4 
=| 2x x+4 2x [Applying R, > R, + R3 + R3] 
2x 2x  x*4 
1 1 1 
—-(5bx-*4)2x x*4 2x [Taking (5x + 4) common from R] 
2x 2x x+4 
1 0 0 
-(5bx*t4)2x 4-x 0 [Applying C; > C-C; C4 C4- C] 
2x 0 4-x 








= (5x + 4) [1 (4 x)? - 0} +0 + 0] [Expanding along Rj] 
= (5x + 4) (4 - x)? = RHS 


OR 
Solve as above by putting A instead of 4. 

17. Using properties of determinants, prove that [CBSE Delhi 2012] 
btc qtr ytz apx 
cta rtp z*tx|-2|b q y 
a+b p*q x*y cre 

OR 

b+c cta a+b abc 
qtr rtp p*qi-2pqr [CBSE (AI) 2014] 
yte zty x+y xyz 


bte qtr ytz 
Sol. LHS -|cta r*p z*x 
a+b p*tq x*y 
a+b ptg x+y 
=|b+c qtr y+z [Applying R; & R; and R, o R3] 
cta rtp z*x 
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Applying Rı > R, + R; + Ry we get 


2(a*b*c) 2(p+q+r) 2(x+y+z) a+b+c p+q+r x+y+z 
= b+c qtr y+tz =2| b+c qtr y*z 
cta rtp ztx cta rtp Z+x 
a p x 
=2)b+c qtr ytz [Applying R, > R,-R)] 
cta rtp zt+x 
a p x 
-2b*tcq*try*z [Applying R5 ^ R4—- Ri] 
C r Zz 








Again applying R; > R,- R3, we get 























apx 
=2|b q y| = RHS 
crz 
18. Using properties of determinant, prove the following: [CBSE Delhi 2012; (AI) 2014] 
Tta 1 1 
1 1+b 1 |=abt+be+cat abe 
1 1 De 
OR 
Ita 1 1 i 1 1 
If a, b and c are all non-zero and | 1 1+b 1 =0, then prove that 7 tp + > +1=0 
1 1 ite 
[CBSE (F) 2016] 
1*4 1 1 
Sol. LHS=| 1 1+b 1 
1 1 1-*c 
1 1 1 
atl a a 
= abe : E+ [Taking out a, b, c common from Rj, R; and R3] 
1 1 1 
c c ctl 
1,1,1 1,1 1 
Bi eee wc med OX EE 
= abc 2 + h [Applying R, > R, +R, + R3] 
l x ix 
e C C 
1 1 1 
11 1 
= +++ + 
abel 5 2 ah b 1 b 
1 1 1 
c c ctl 


Applying C; -=> C; = Cy C5 => C4 = C, we get 
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1 0 0 





1 1.1 1 1 1.1 
abc| — 1) 1 0 abe(—+ + —+1)x (1(1-0)-0 +0) 
1 
— 01 
C 
1,1,1 
= abe 71) m abe be ca +abe = RHS 
OR 
1*a 1 1 
1 1+b 1 |=0 => abel Gt et etl)=0 > pep*r*1-0 [a, b, c are non-zero] 
b c a b c 
1 1 1-*c 
19. Using properties of determinants, show the following: 
(b+c) ab ca 
ab (a+)? bc |-2abc(a*b* o? [CBSE Delhi 2010] 
ac bc (a + b)? 
(b+c)? ab ca 
Sol. LHS =| ab (atc)? be 
ac bc (a+ b)? 


Multiplying R,, R, and R, by a, b and c respectively, we get 


a(b+c)> b arc 
zn ab  b(a-c) bc 
ac? bc? c(a * b)? 
(b * o? a? a? 
= abe p (c a)? p [Taking common, b and c from C}, C, and C; respectively] 
b c (a+b)? 


Applying C; > C-C, and C, > C,- C, we get 


(b+c)? -a 0 a? 


= 0 (c+a)?-b? b? 
c-(a-b) c*-(at+b)? (a+b)? 








(b+c+a)(b+c-a) 0 a? 
= 0 (ctatb)(ct+a-b) p? 
(c a-* b)(c-a- b) (c+a+b)(c-a-b) (a+b)? 
b+c-a 0 a? 
- (a4 b e cf 0 qc p2 [Taking common (a +b + c) 
T nape (a+b)? from C, and C,] 
b+c-a 0 a? 
- (a bcy 0 cta-b p? [R; > R- (R, + R5] 
-2b — 2a 2ab 
(abe d? ab + ac -a° 0 a? 
St ar bc + ba - b? b? | [Multiplying a in C, and b in C;] 
—2ab —2ab 2ab 
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2 2 


(a+b +0)? ab + ac a a 

pem p bc * ba p [C, > C, C, and C, C, +C] 
0 0 2ab 

(a * b c)* s : . Taking a,b and 24b common 

= ———— .gb.2ab| b cta b om 
ab 0 0 1 from R,, R, and R, respectively 
b+ 
=2ab(a+b+ p S F 
b c+a 








= 2ab (a + b + c) (b + c) (c + a) - ab} 
= 2abc (a + b + c) = RHS 
20. Using properties of determinant, show that: [CBSE (AI) 2012] 


b+c a a 
b cta b |=4abc 
c c a+tb 


b+c a a 
b c+a b 
c c a+b 

2(b+c) 2(c+a) 2(a+b) 

b c+a b 

C C a+b 


(b+c) (c+a) (a+b) 
=2| b c+a b [Taking 2 common from R,] 
C C a+b 
(b+c) (c+a) (a+b) 
=2| =c 0 -a [Applying R; > R,- R; and R;  R4- Ri] 
-b -ü 0 
0 c b 
-2-c 0 -4 
-b -a 0 
Expanding along R4, we get 


= 2 [0 -c (0-ab) + b (ac —0)] = 2 [abc + abc] = 4abc = RHS 


Sol. LHS = 








[Applying R, > R, + R; + R3] 











[Applying R,  R, + R, + R4] 








21. Using properties of determinants, prove that [CBSE Ajmer 2015] 
a2a 
b 2 b|-2(a-b) (b- O (c- a) (a * b * o). 
ge 
a2 a 
Sol. LHS- p? 2 b 
c2 c 
a? 2 a 
=|b -a 0 b-a [Applying R, > R,- R; and R; > R,- Ri] 
e-g6 0 c-a 
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Td 2 a ki b 
7 ioa) 1 f Taking common (b — a) 
Si-a =a) B ta ta from R, and (c - a) from R, 
Dak 2 
c^ t a^ ac 0 1 
a? 2 a 

-(b-a)(c-a)| a*+b*+ab 0 1 [Applying R4 > R,- R3] 

c? - b? * ac - ab 0 0 

Expanding along R, we get 
= (b - a)(c - ac - V? + ac - ab)2 =2 (b-a) (c-a) (c - b) (c+b +a) 
=2 (a—b) (b-c) (c-a) (a + b + c) = RHS 
22. Using properties of determinant, prove that: [CBSE (F) 2012] 
a atb atbtc 


2a 3a*2b 4at+3b+2c |=a° 
3a 6a+3b 10a-*6b-*3c 


a a+b atb*c 
Sol. LHS- |2a 3a*2b 4a+3b+2c 
3a 6a+3b 10a+6b+3c 


Applying R, > R, - 2R, and R; > R; -3R,, we get 


a a+b a+b+c 


=|0 a 2a+b 
0 3a 7a+3b 
Expanding along C4, we get 


= a[7à? + 3ab — 68° — 3ab] 
=a x a =@ = RHS 


23. Using properties of determinant, prove the following: [CBSE (F) 2015] 
1 a a? 
Kk 1 a|-ü0-2y 
a a^ 1 
1 a a 
Sol. LHS =|a* 1 a 
a E 3 
1+a° +a a+1+a? d tati 
Soa 1 a [Applying R, > R, + R, Ry] 
ü a? 1 
1 1 1 
=(1+a+0°) l 1 a [Taking out (1 +a + a°) from first row] 
a a 1 
0 1 1 
=(l+ata’) |a*-1 1 a [Applying C, > C; - Cj] 
a-a? a 1 
0 0 1 
=(1+a+a’) |a -1 1-a a [Applying C; C; - C] 
a-a? ge 1 





128 Xam idea Mathematics-XIl 


Expanding along R,, we have 
-ü acd) -1^-a( -af]2 Qaa) [a +1} (a- 1? -a(a-1)] 
=(1+a+a’) (a-1) [P +144] 2 (14a * 2?) (a -1Y [a 1 +a] 
=(a-1" (1+a+@y=(1-a) (1+a+a’? 
- [1—2) (1 +a - 2)P = (1- 45 = RHS 
yz-x! zx- y? xy-z 
24. Prove that zx - y xy-z^ yz- x!| is divisible by (x + y + z), and hence find the quotient. 
xy-z? yz-z? zx-y? [CBSE Delhi 2016] 
yz— x? zx-y^ xy-z 
Sol. Wehave A-|z-y! xy-z? yz-x? 
Wes wrex^ mx 
Applying C, > C, + C; + C;, we get 
xy*tyztzx-xb-y!- 5 zx- y? xy- z) 
-|xytyztzx-x^- y- Z2 xyz? yz- X 
xy tyz +zx-x -y -7z yea x zx- 4? 
Taking (xy + yz + zx - x? - y^ - z°) common from C,, we get 
1zx-y) xy-z 
2 


-y-:)1 xy-z? yz- x? 
2 


-(xytyztzx-x 
1 yz-x? zx- y! 
Applying R, > R,- R, and R4  R5- R,, we get 
1 zx-y xy- z? 
= (xy +yz +z% -x-y -z0 xy-z!- zx y? yz-x -xy +z 
0 yz- x° saxty moy xmi 
1 zx- y? xy -z 
= (yt yetzx— 2? —y? 210 x(p-2*05-2) ye-x) t - x) 
0 zly-x)+(y>-x) x-y) +- y’) 
1 ox sy" xy =z 
0 (y-z)(x*y*z) @-4x)-(e+y+2) 
0 (y-xy(x*y*z Z-y) Oty tz) 
Taking (x + y + z) common from R, and R;, we get 


= (xy + yz+2zx - x? -y* - 27) 
yty y 








1 zx-y* xy -z 
0 y-z z-x 
0 y-x z-y 


-(xytyztzx- x) - y - zx y zy 








-(xy-yz-zx-xi-y -z) (x+y +z} ü.(yz-y -2 + zy -yz xy + xz- x?) 
-(xyeyrezvex'-wy zy (x agyzy 
yr-x^ zx-y° xy -z 
Hence, m=" xy =z yz-x|is divisible by (x + y + z) 
Xy-z^ yrez* way? 


and quotient is (xy + yz + zx — xX- y xy (x+ y +z). 
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25. Ifa, b, care real numbers, then prove that 


abc 

b c a|--(a*b*c)(a*bo-*co?)(a-*bo?-* co) 

cab 
where o is a complex number and cube root of unity. [HOTS] 
abc 
bca 
cab 


Sol. LHS = 








a+b+c bc 
=|b+c+a ca [Applying Cı > C4 + C, + C4] 

c+a+b a b 
lbc 


lca 
lab 


1 b 
0 c-b a-c 
0 a-b b-c 


- (at bc) [Taking out (a + b + c) from C4] 








=(a+b+c) [Applying R, > R, - R; and R; > R3 - Ri] 








c-b a-c 
ü—b b-c 


- (abc) t- (P- o? - (a- c) (a-b)} 


=- (a+b +c) (a@ +b? c-ab-bc-ca) and 








=(a+b+c) [Expanding along Ci] 


RHS =- (a + b + c) (a+ bo + co?) (a + bo + co) 
=- (a + b + c) (à? + aba? + aco + abo + b*o? + bco? + aco? + beot + co’) 
=- (a+b +c) [(@ +? +c? + ablo? o) + bc(o + of) + ca (o + @’)] [^ @ 2 1] 


=-(a+b+0) (++ -ab-be-ca) 2 LHS[7 œ +o +1 = 0and ot =o o=a] 





cost t 1 f 
26. Let f(t) -|2sint t 2t, then find lim p [NCERT Exemplar, HOTS] 
: t+0 
sint tt 


cost t 1 cost t 1 





Sol. Given, f(f)=|2sint t 2t|-| 0 -t 0 [Applying Ry > Ry - 2R;] 
sint t t sint t t 
cost 1 1 
=t} 0 -1 0 
sint 1 t 
Expanding along R,, we get 
t [C1) (t cos t - sin )] = - P cos t + t sin t 
. f( , -Pcost+tsint ,. [^o rH 
hm —--—lu—— —: ——-hm|-——*— 
t>0 t t>0 t t>0 t i 


= lim (-cost - 327] = 1 «lim S2 - 311-0 
t0 t i50 € 
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PROFICIENCY EXERCISE 


B Objective Type Questions [1 mark each] 
1. Choose and write the correct option in each of the following questions. 


1 1 1 
(i) The maximum value of A = 2 1+sin@ 1|is(0isreal number) 
1-* cos0 1 1 
1 v3 243 
a) 4 (b) -5 (c) v2 (d) -r 
5? 53 p* 
(ii) The value of |5? 5* 5°] is 
54 55 56 
(a) 0 (b) 5° (c) 5° (d) 5P 


1 sin 0 1 
(iii) Let A -|-sinÜ 1 sinO|, when 0 X0 X 2r. Then 


-1 -sinÜ 1 
(a) Det (A) 2 0 (b) Det (A) e (2, œ) (c) Det (A) € (2,4) (d) Det (A) e [2, 4] 
(iv) If f | = 0, then the value x is 
(a) 0 (b) +2 (c) 2 (d) -2 


0 ü—x x-b 
(v) Iff(x) -x*ta 0  b-x,then 
x+b x*c O0 


(a) f(a) =0 (b) f(b) =0 (c) f(0) =0 (d) f(1)-0 
sin(A+B+C) sin(A+C) cosC 
(vi) If A+ B + C= n, then the value of —sin B 0 tan A | is equal to 
cos(A* B)  tan(B+C) 0 
(a) 0 (b) 1 (c) 2 tan A sin B cos C (d) none of these 


b?-ab b-c bc-ac 
(vii) The determinant | ab-aà? a-b b?-ab equals 
bc-ac c-a ab-a* 














(a) abc (b — c) (c — b) (a — b) (b) (b — c) (c — b) (a-b) 
(c) (a+b +c) (b-c) (c-a) (a-b) (d) None of these 
2. Fill in the blanks. 
2x -9| |-4 
(i) If E Sji oV then value of x is [CBSE (2020) 65/2/2] 
O xyz xz 
(ii) |y-x O  y-z|- 
zx zy 0 
(iii) If A and B are square matrices of order 3 and |A|=5, |B| = 3, then the value of |3AB| is 
[CBSE (2020) 65/5/3] 


ütib c-*id 
—ctid  a-ib 





(iv) The value of 
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m Very Short Answer Questions: [1 mark each] 











3. For what value of x, the following matrix is singular? [CBSE Delhi 2011] 
P -x x*1| 0 
2. 4 |" 23 4 
4. Write the value of the following determinant: | 5 6 8 [CBSE Delhi 2009] 
6x 9x 12x 
5. If Aj is the cofactor of the element a; of the determinant 
2 35 
6 0 4 |, then write the value of a5; . Azz. [CBSE (AI) 2013] 
1 5 -7 
3x 7| |8 7 
6. If e a l AV then find the value of x. [CBSE (AI) 2014] 




















cosÜ sinô . 
7. IfA= . , then for any natural number n, find the value of det (A"). 
-sinÜ . cosO 
[CBSE Ajmer 2015] 
If A is a square matrix of order 3 and |3A | = k| A |, then write the value of k. [CBSE Delhi 2010] 
If A = [2;] is a matrix of order 2 x 2, such that |A| =—15 and C; represents the cofactor of a;;, then 
find 4541C5 + 455C5. [CBSE Sample Paper 2018] 
-2 
10. Find the cofactors of all the elements of 4 3 | [CBSE 2020, (65/5/3)] 
m Short Answer Questions-I and II: [2, 3 marks each] 
atx y Zz 
11. Using the properties of determinant, evaluate | x aty z [NCERT Exemplar] 
x y at*z 
a b C 
12. Show that |a *2x b+2y c+2z|=0, using properties of determinant. 
x y Z 


13. Find the equation of line Joining (3, 1) and (9, 3) using determinant. 


14. Using co-factors of elements of third column, 


1x yz 
evaluate A=|1 y zx 
1 z xy 
m Long Answer Questions: [5 marks each] 


15. Using properties of determinant, solve for x: 
a+x a-xa-x 
a-x atx a-x|=0 [CBSE (AI) 2011; (East) 2016] 
a-x a-x atx 

16. Ina triangle ABC, if 


1 1 1 

1+sinA 1+sinB 1+sinC =0 

sinAt+sin*A sinB-*sin'B sinC +sin*C 

then prove that AABC is an isosceles triangle. [NCERT Exemplar, HOTS] 
17. Using properties of determinant, prove the following: 

x y z 
x? y! z' -xyz(x-y(y-z)z-x) [CBSE Delhi 2011] 
vp 3 
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18. 


19. 


20. 


21. 


22; 


23. 


24. 


2h. 


26. 


2 


28. 


29. 


30. 


bc-a° ci-b^ ab-c 
Prove that |ca - b? ab-c? bc- a? | is divisible by (a + b + c) and find the quotient. 
ab-c? bc-aà? ca- I? 
a b c 
Ifa#b#cand|b c  a|-0,thenusing properties of determinants, prove that a+ b + c = 0. 
c a b [CBSE Chennai 2015] 


Find the equation of the line joining A (1, 3) and B (0, 0) using determinants and find k if 
D (k, 0) is a point such that the area of AABD is 3 sq units. 


Using properties of determinants, prove the following: 


1*x 1 1 
1 1*y 1 j=xyz+xyt+ yz+zx [CBSE (AI) 2009] 
1 1 Trz 
3x -xty ed 
Show that: |x - y 3y z-y|-3(x*y-*z)(xytyz-*xz) [CBSE (AI) 2013] 
x-z y-z 3z 


Using properties of determinants, prove that : 


1 1 1+3x 
1*3y 1 1] = 9(3xyz + xy + yz + zx) [CBSE Examination Paper 2018] 
1 1+3z 1 
a°+24 24+1 1 
Using properties of determinant, prove that: | 24+1 a+2 1|-(a-1)? [CBSE (AI) 2017] 
a wd 3 3 d 
If f(x)=|ax a -1|, using properties of determinants, find the value of f(2x) — f(x). 
ax? ax a [CBSE Delhi 2015] 








x*2 xto x-1 
Using the properties of determinants, solve the following for x:|x t6 x-1 x*2|-0 
x-1x*2 x+6 


[CBSE Panchkula 2015] 
Using the properties of determinants, prove the following: 
1 x xt+1 
2x x(x-1) x(x*1) |= 6x?(1- x’) [CBSE Patna 2015] 


3x(1- x) x(x-1)(x-2) x(x+1)(x-1) 
If x, y, z are in GP, then using properties of determinants, show that 
pxty x y 
py*tz y z |=0, wherex 4 y z z and p is any real number. [CBSE Sample Paper 2015] 
0 pxty py*z 
1 itp 1*pt*q 
Using properties of determinants, prove that |3 4+3p 2+4p+3q|=1.[CBSE Sample Paper 2016] 
4 7+4p 2+7p+4q 








0 2 -3 
Without expanding the determinant at any stage, prove that |-2 0 4/=0. 
3-40 


[CBSE Sample Paper 2016] 
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31. Using properties of determinants, prove that: 


(b+c)? a? be 
(c+a)? b? ca|= (a - b) (p-c)(c - a) (a +b + c) (à? +b? +c?) [CBSE 2020 (65/1/1), (South) 2016] 


(a+b)? c? ab 


32. Using properties of determinants, prove the following: 


x x+y x+ 2y 
x+2y x x+y |=9 (x+y) [CBSE (AI) 2013] 
xty x+2y x 
33. Using properties of determinants, prove that 
btc a a 
b c*a b |=4abe [CBSE 2019 (65/3/3)] 
C c a+b 
Answers 
1. (i) (a) (ii) (a) (iit) (d) (iv) (b) (v) (c) (vi) (a) ^ (vii) (d) 
2. (i) +3 (ii) (y-z) (z-x) (y—x + xyz) (iii) 405 (iv) a? +b? +c +d’ 
$5 x-9 4. 0 5. 110 6. x =-2 7 | AC let 8. k= 27 
9. -15 10. Cofactors of all the elements of given matrix are as follows: 
Cy, = 3, Cy, = 2 
Cy) =-4, Cy) = 1 where C;is the co-factors of ith row and jth co-factors 
11. a (atxt+ytz) 13. x-3y=0 14. (x- y) (y-z) (z-x) 15. x = 0, 3a 
7 
18. (3abc - à? - D? — c?) 20. 3x-y=0;k=42 25. ax (2a + 3x) 26. x--3 


SELF-ASSESSMENT TEST 


Max. marks: 30 
(4x 1-4) 


Time allowed: 1 hour 


1. Choose and write the correct option in the following questions. 
cos x -sinx 1 
1| lies in the interval 


(i) If x, y ER, then the determinant A=| sinx cosx 
cos(x +y) -sin(x+y) 0 
(a) [-2, v2] (b) [-1,1] (c) [-v2,1] (d) [-1,-72] 


" sin10? -cos 10° 
(ii) The value of sin80* ^ cos80^ 


1S 





1 
(a) 0 (b) 1 (c) -1 (d) 5 
(iii) The value(s) of k if area of triangle with vertices (—2, 0), (0, 4) and (0, k) is 4 sq. units is 
(a) 0,4 (b) -8 (c) 0,8 (d) 0 only 


; : |o etl). . ; 
(iv) The value of x for which the matrix > 4 |is singular, is 





(a) 0 (b) 1 (c) 2 (d) 3 
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2. Fill in the blanks. (2x 1=2) 


0 i 01 
() If A=], sas - 3 then the value of |A |+|B] is 


(ii) If A be a matrix of order 3 x 3 and |A |= 10, then the value of |4A |= 

















m Solve the following questions. (2x122) 
12 
3. If A | j|, then find the value f if [2A| =k|A|. 
bu Pel aocwaiepdieviusst 
; 1 xl 2|[/ then write the positive value of x. 
B Solve the following questions. (4x 2=8) 
5. Using co-factors of elements of second row, evaluate 
538 
A=|2 0 1 
123 








6. Find the area of the triangle whose vertices area (3, 8), (—4, 2) and (5, 1). 
4 3 


8. Using co-factors of elements of third column, evaluate 
1x yz 


7. Find the cofactors of all the elements of 








A=|l y zx 
1z xy 

m Solve the following questions. (3 x3 =9) 
a B Y 
9. Provetha: | a? B° y” z(a-B(B- y) (v-a)(e* B* v) 
B+y yta a+ 
10. By using properties of determinant, prove the following: 
x+A 2x 2x 
2x xtA 2x =(5x 4 AA- x) 
2x 2x X*tÀ 
11. Using properties of determinants, prove the following: 
1 1 1 
a b cļ|=(a-b)(b-c)(c-a)(a+b+c) 


a D? c? 





m Solve the following question. (1x52 5) 
12. Ifx,y,zare in GP, then using properties of determinants, show that 
px*y x Y 
py*z y z |=0, where x+y +z and p is any real number. [CBSE Sample Paper 2015] 
0 px+y py*z 


Answers 
1. (i) (a) (ii) (b) (iii) (c) (iv) (d) 2. (i) 0 (ii) 640 
3. 4 4. -1,2 5. 7 6. 2 sq. units 


7. Cofactors of all the elements of given matrix are as follows: 








Cy, 23, Cy = 2, C55 = 4, C5 = 1 where Cis the co-factors of ith row and jth co-factors 
8. (x-y) (y-2) 2-3) 
Hil 
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BASIC 






Adjoint and 
Inverse of a Matrix 









CONCEPTS 





1. Adjoint of a Matrix: If A = [a;] is a square matrix of order n and C; denote the cofactor of 2; in A, then 
the transpose of the matrix of cofactors of elements of A is called the adjoint of A and is denoted by 
adj A. 

i.e., adj A = [C;]" 


Hu Ay 43 Ca Ca Coy 
If A 7 [ds a, a| then adj A=|C Co. Cu 
43, 439 33 Cis C C5 


2. Theadjoint of a square matrix of order 2 can be obtained by interchanging the diagonal elements and 
changing the signs of off-diagonal elements. 
b - 
" , then adj A = d bi, 
cd -c a 
3. If is a square matrix of order n, then A (adj A) = |A |L, = (adj A) A. 








If A= 








4. Following are some properties of adjoint of a square matrix: 
If A and B are square matrices of the same order n, then 
(i) adj (AB) - (adj B) (adj A) (ii) adj A’ = (adj A)" 
(iii) adj (adj A) =|A|"~*A (iv) |adjA|» |A|"^! 
5. Invertible Matrix: A square matrix A of order n is invertible, if there exists a square matrix B of the 
same order such that AB =I, = BA. 
In such a case, we say that the inverse of matrix A is B and we write Ad- B. 
Following are some properties of inverse of a matrix: 
(i) Every invertible matrix possesses a unique inverse. 
(ii) If A is an invertible matrix, then (A)! = A. 
(iii) A square matrix is invertible, if it is non-singular. 


1 f 
= ja, ed A). 


(v) If A and B are two invertible matrices of the same order, then (AB) ! = B ! A”. 
(vi) If A is an invertible matrix, then (AT) ! = (A T. 


(vii) The inverse of an invertible symmetric matrix is a symmetric matrix. 


(iv) If A is a non-singular matrix, then At 


1 
(viii) If A is a non-singular matrix, then A | - Al" 
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6. Elementary Operation of Matrix: The following are three operations applied on the rows (columns) 
of a matrix. 


(i) Interchange of any two rows (columns) R; <> R; (C; Cj. 
(ii) Multiplying all elements of a row (column) of a matrix by a non-zero scalar R; > kR; (C; > kC)). 


(iii) Adding to the elements of a row (column), the corresponding elements of another row (column) 
multiplied by any scalar R; > R; + kR; (C; > C; + kC)). 


7. A matrix obtained from an identity matrix by a single elementary operation is called an elementary 
matrix. 


8. Elementary Row Operations: To find the inverse of an invertible matrix 'A' by elementary row 
operations, at first we make an equation as 


Az IA ...(i) 


On this equation (i) we apply sequence of row operations successively on ‘A’ on the LHS and on ‘I’ 
on the RHS till we get I = BA like as 


A = IA 


1. 


Sequence of elementary row operations gives 


B is called inverse of A i.e, A’ = B 


Elementary Column Operations: To find the inverse of A by using elementary column operations 
we write an equation as 


a 


= AI 


L. 


Sequence of elementary column operations gives 


li 


I = AB 
B is called inverse of A i.e., A‘ = B 
9. System of Linear Equations: A system of n simultaneous linear equations in n unknowns 
Ray Rap hap ce, X418 
441X4 + 015X5 +. + ux, = Dy 


Ay 1X1 + X» + ... + Aq X, = b, 


Ay Xy + AygXg + oe + Any Xy = b, 


This system of equations can be written in matrix form as 


My cs Ay] [b 

oy fag = Mono b, 

any Ano dii Ain Xn b, 
Or, AX-B 
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10. 


11. 


12. 


13. 


14. 


15. 


Ajj tg. ue M X, b, 


Una Ags 5s id X 
21 "22 2 2 
: : | X= i 


where A = and B= ; 


a x b 


Any Ang enn n n 


A set of values of the variable x1, x», ..., x, satisfying all the equations simultaneously is called a 
solution of the system. 

If a system of equations has one or more solutions, then it is said to be a consistent system of 
equations, otherwise it is an inconsistent system of equations. 


A system of equations AX = B is called a homogeneous system, if B = O. Otherwise, it is called a 
non-homogeneous system of equations. 


System of linear equations may or may not be consistent, if consistent may or may not have unique 
solution. 

It can be, decided by following flow chart: 

At first system of linear equations is written in matrix form as AX = B. Then |A | .adj A is obtained 


|A| 
|A|*0 [4| 2 0 

System is consistent and 

has unique solution given by 

X =A'B 

(adj A).B = 0 (adj A).B #0 

System of equations have System of equations 
infinite many solutions. is inconsistent. 


A homogeneous system of n linear equations in n unknowns is expressible in the form AX = O. 


If | A|#0, then AX = O has unique solution X = 0 i.e., x4 = x; =... =X, = 0. This solution is called the 
trivial solution. 


If |A| 20, then AX = O has infinitely many solutions. 
Thus, a homogeneous system of equation is always consistent. 


If A is a square matrix of order n, then |adj A| = |A|". 


Selected NCERT Questions 


Sol. 








_[3 7 [6 8 . TANE 

1. Let a=) 5 and B-[ g |; Verify that (AB) -B' A. 
ame 7|[6 8| [67 87 
“12 5||7 9| |47 61 








|AB| = 67 x 61—47 x 87 = 4087 - 4089 = 2 
AB is invertible. 
Cofactors of elements of determinant AB are, 
AB,, = 61, AB}; 2 - 47, AB; = - 87, AB», = 67 


61 -47| [61 -87 

agan =| S A "Lun "d 
(AB)! - PH Adj(AB) = 1/61 pe pe id 
IAB] ay 67| 2|47 -67 
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* ag 14=1 
gon | is 


Cofactors of elements of A are 
Ay =5, Ay =-2, Ag, — 77, Ag =3 


MENE 


A |=| 








2 3 
1 i5 -7 [5 7 
=] " Z = 
ama TA M 5| E 4 
Biel? 9125525 
| I7|7 9|. = TUB 





Cofactors of elements of B are 
By 79, By - 7, By 2-8, B5 -6 











TIE Z J9 -8 
| t8 6| |-7 6 

jis) 25] 9. aa d 
“(Blo aol? 6| 312-26 

pagajo 8|[5 -7|.1[45-16 63424] 1[-61 87 

2017 -e[-2 3| 235412 -49-18| 2147 -67 
Thus, (AB)'=B'A™. 
2-11 
2. If A=|-1 2 -1], then verify that A? — 6A? + 9A — 4I = 0 and hence find A™. [HOTS] 

i5 


3: sp. dS edu 
Sel, A^-|-1 2 -1|| 2 +1 [- A?=A.A] 
i wk 21D d 2 


4-141 -2-2-1 2+1+2 6 -5 5 
-|-2-2-1 1+4+1 -1-2-2|-|]-5 6 -5 
2+1+2 -1-2-2 1+1+4 5 -5 6 


2 -1 1][6 5 5 
A* s 2 xj. 6 -5 ps A= A.A] 
1 -1 2/15 -5 6 


12+5+5 -10-6-5 10+5+6 22 -21 21 
-|-6-10-5 5+12+5 -5-10-6|-|-C231 22 -21 
6+5+10 -5-6-10 5+5+12 21 -21 22 


22 -21 21 65 5 2-11 


100 
Now, A?^-6A^-94-4I-|-21 29 -21|-.6|-5 6 -5|*9|-1 2 -1|-4l0 1 0 
2] -29]- 25 5 5 6 jp 001 


=0 (zero matrix) 


II 
ooo 
ooo 
C. Oe 


A?-6A? 4 9A-AI-20 
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Pre-multiplying by A^, we get 
AA.A? - 6A 1.4.4 4 9A1.A - AA 7 =0 
=> A’-6A+91-4A'=0 > 4At= 
6 5 5 2 -1 1 10 
4A+=|-5 6 -5|-6|-1 2 -1|+9]0 1 
5 5 6 1 -1 2 00 
3 1 1] [3/4 1/4 -1/4 
1 3 1\|=|1/4 3/4 1/4 
-1 1 3] |-1/4 1/4 3/4 
> 3 5 


3. If A=|3 2 -4|, find A™. Using A™ solve the system of equations. 
1 1 -2 


= 


Ae 


B 


2x-3y + 5z = 11; 3x c2y-Az--5; xy -2z 2 8. 
2-3 5 


So. |Al=|3 2 -4|-20444)43(644)45(3-2)20-64 52-120 
i i2 


Therefore A is non-singular matrix and A^! exists. 





Cu = 0; C5 72; Cg = 1; Cx =-1; C5 - -9; 
C54 = —5; C344 = 2; C35 = 23; C34 = 13 
o 2 47 fo -1 2 
adj A =|-1 -9 5| =|2 -9 23 
2 23 13 1 -5 13 
0-1 2 01 -2 
2 -9 23|2|-2 9 -23 
-5 13 -1 5 -13 


The given system can be expressed as AX = B, where 


1 1 
= | : = 
A =a E zd 


» -3 5 x 11 
A-|3 2 l, x=ly|, B=|-5 
] 433 z 3 


Now, AX=B => X-A!B 
x 01 -2}/11 

> y|=|-2 9 -23||-5 > 
z| |-1 5 -13||-3 


x 0-5+6 1 
y|=|-22 - 45+ 69] =|2 
z| |-11-25-*39] 13 
On equating, we get x = 1, y = 2 and z = 3. 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


-2 0 0 
1. If A=|0 2 01], then the value of |adj A | is [CBSE 2020 (65/3/1)] 
0 0 -2 
(a) 64 (b) 16 (c) 0 (d) -8 
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10. 


11. 


12. 


13. 


The adjoint of matrix A = [a;] - l i is 








s 
T p 4 di^ d) None of th 
(a) P (b) y m (c) 0 q (d) None of these 
If A is square matrix of order 3 x 3 such that |A | = 2, then write the value of | adj (adj A) |. 
(a) -16 (b) 16 (c) 0 (d) 2 
If A is a square matrix of order 3, such that A(adj A) = 10 I, then | adj A | is equal to 
[CBSE 2020 (65/5/1)] 
(a) 1 (b) 10 (c) 100 (d) 101 
el isl us trix Bi 
Ja 4 [Flo e| hen matrix Bis 
4 2 p 4 2 0 0 (d) 1 
Qi olai (od s ) 








Let A be a 3 x 3 square matrix such that A (adj A) = 2I, where I is the identity matrix. The value 
of |adj A| is 





























(a) 4 (b) -4 (c) 0 (d) None of these 
5 10 3 
The matrix |-2 -4 6] is singular matrix, if the value of b is 
-1 -2 b 
(a) -3 (b) 3 (c) 0 (d) Any real number 
x00 
If x, y, z are non-zero real numbers, then the inverse of matrix A=|0 y 0| is 
00z 
x! 0 0 x10 0 , [09 heo 
(a) |0 y* 0 (b) xyz] 0 y* 0 © xyz|9 v 0 (4) xyz0 10 
0  x* 0 0 z”! 00z 001 
2^-3 
If A=|0 2 5 |, then A^! exists if [NCERT Exemplar] 
11 3 
(a) X22 (b) X22 (c) 2-2 (d) None of these 
If A? - A + I - 0, then the inverse of A is 
(a) A? (b) I-A (c) 0 (d) A 
1 t 
IfA- | an) then the value of A" A™ is 
-tanx 1 
cos2x -sin 2x cosx sinx A' Dz i 
sin2x cos 2x 1 0 (c) i i 
The value of (A)! is 
(a) (A’y" (b) At (o I (4) AT 
If A is an invertible matrix of order 2, then det(A !) is equal to 
1 
(a) det A (b) ERUNT (c) 1 (d) 0 
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14. 


15. 


16. 


17. 


If A is a singular matrix, then A(adj A) is 
(a) Null matrix (b) Scalar matrix (c) Identity matrix (d) None of these 


If A is a matrix of order 3 x 3, then the value of |3A | is 

(a) 27|A| (b) -27|A| (c) 9|A| (d) None of these 

The sum of the products of elements of any row with the co-factors of corresponding elements 
is equal to 

(a) cofactors sum (b) value of the determinant 

(c) 0 (d) Adjoint of matrix 

Using matrix method to solve the following system of equations: 5x — 7y = 2, 7x - 5y = 3, value 
of x, y is 


11 1 -11 1 10 
(a) x724/7 754 (b) x= 24/45 54 (o) x=1,y=1 (d) X= yY 7 24 








18. If the value of a third order determinant is 12, then the value of the determinant formed by 
replacing each element by its cofactor will be 
(a) 12 (b) 144 (c) -12 (d) 13 
2 ^ -3 
19. If A=|O 2 5|, then A” exist if 
1 1 3 
(a) X22 (D) X22 (c) à = -2 (d) None of these 
20. IfA and B are invertible matrices, then which of the following is not correct. 
(a) adj A= |A|. A7 (b) det (A) = [det (A)] ! 
(c) (AB)! = B4 (d) (A By 2 B3. 43 
Answers 
1. (a) 2. (a) 3. (D) 4. (c) 5. (b) 6. (a) 
7. (d) 8. (a) 9. (d) 10. (b) 11. (a) 12. (a) 
13. (b) 14. (a) 15. (a) 16. (b) 17. (a) 18. (b) 
19. (d) 20. (d) 


Solutions of Selected Multiple Choice Questions 


1. We have a matrix A of order 3 x 3 given by 


-2 0 0 
A=|0 -2 0 => |A|2-2(C2)x€C2)-0) 
0 0 -2 
=> |A|=-8 
ladj4| = |A|"? = |A]? = C9 = 64 
3. Wehave, 
| adj (adj A)| = |A Ñ" W 2 26-10? (where n is order of matrix A) 
B2 eg 
4. We have, 


A (adj A) = |A| I 


=> 10I1-|A|I => |A| -10 
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ladj A| = |A|" = |A[ 7 C7 n 23) 
= |A|? - (10? = 100 


a b 
5. iis j| then 


é 
k ‘ll l 4 |J i 
c d1 0 6 0 6 
-. On comparing , we get 
a+b=6 > a=6-b ..-(2) 

—2a+4b=0 
Using (i), we get 

-2(6-b)+4b=0 
=> -12+2b+4b=0 > 6b = 12 => b=2 
Using in (i), we get a = 4 





-2 a+b -2a + 4b 
4 c+d -2c+4d 


y 











c+d=0 => c=-d ...(ii) 
And -2c + 4d =6 
-2(-d)+4d=6 > 6d=6 >d=1 
Put in (ii), we get 
c=-1 
. =$ 1 
-1 1 
13. AA! =] 
=> |AAt|=|I| => |AI.|At]=1 
1 


> lA"l- ix be] a [se d] 


= 


TAT 
14. A (adj A) - |A| I (Using properties of adjoint of matrix) 
As itis singular 
= [A[=0 => OxI=0 


So, it is null matrix. 


Fill in the Blanks 


1. If A is a matrix of order 3 x 3, then po z 
2. The value of k for which the system of linear equations: 
x+y+z=2 
2x+y-z=3 


3x + 2y + kz = 4 has a unique solution, is 





23 
3. IfA is a non-singular matrix such that A" 1 ? , then (A)! = 
103 
4. If A=|2 1 1,, then [adj (adj A)|- 

002 
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Answers 


21 
-1\2 
1. (A7 2.k#0 3. l j 4. 16 
Solutions of Selected Fill in the Blanks 
4. We have, 
103 
JA|=/2 1 1|=2 
002 
|adj(adj A)|=|A("-> - ja 67? 2 jA 


= (2) - 16 


Very Short Answer Questions 


2 -1 
1. Find adj A, if a=; E [CBSE 2020 (65/4/1)] 
Sol. We have, 
2 -1 
414.3 


Sol. 


Sol. 


Sol. 


Sol. 








Co-factors of matrix A are 
C, 73, C5 7-4 


Cy =1, Cy =2 
EN [Ec INN 
If A is a square matrix of order 3, with |A | = 9, then write the value of |2.adj A|. 
[CBSE 2019 (65/4/1)] 
~ |2.adjA| =2°|adj A| [^ For any matrix A of order n, 


|kA | 2 &* | A|, where k is some constant] 
-8]adjA|28 |A|?! [- |adj A|=|A|"", for any square matrix of order n] 
= 8 x (9) = 8 x 81 = 648 
If A is a square matrix of order 2 and |A| = 4, then find the value of |24A"|, where A’ is 


transpose of the matrix A. [CBSE 2019 (65/5/1)] 
We have |A |= 4 and A is a matrix of order 2. 

|2AA™| 2 22| AAT | [^ Aisa matrix of order 2] 

=4|AA™| - 4|A| | AT | 

For any square matrix A, |A| = |A| 

|2AA’| 4x 4x42 64 
A is a square matrix with |A |= 4. Then find the value of | A.(adj A) | [CBSE 2019 (65/4/3)] 

| A.(adj A)|=|AI|/,|=1Al=4 [^ A.adj A= |A|L] 
8 2 

If A= l A then find |adj A|. [CBSE 2019 (65/5/3)] 


Weh re ie 
e have 7a 2 


144 Xam idea Mathematics-XIl 


|A| =16-6=10 
Now, |adjA| = |A|?-1 - a0)" =10 


6. If A isa matrix of order 3 x 3, then find (A). [NCERT Exemplar] 
Sol. (A)!-(A.A)! 
E A? ] AC = (Ay D (AB)! = p: AY 
Short Answer Questions-| 
"-— 25 . 
1. WriteA for A- 13l [CBSE Delhi 2010, 2011] 


Sol. For elementary row operations, we write 


2 5| |10 
A=IA > f A JE 





13| |01 ; 
> l leh j A [Applying R; © R;] 
13 0 1 
= l Sl B [Applying R,  R; - 2R,] 
1 0 3-5 : 
> f F 3 [Applying R, > R; + 3R;] 
10 3 -5 : 
= l ae sla [Applying R, > (-1)R,] 
NES |e =5 
> ema zs aues 
[Note : B is called inverse of A, if AB = BA = I] 
2 3 
2. If ali r , write A™ in terms of A. [CBSE (AI) 2011] 
ará 5 esdcibcedzo 
ol. | [5 5 =J m E BAT F 
Now, C41 =- 2, Cy) =-5, Cy, =-3 and Cy = 2 
T 
. -2 -5 -2 -3 
ja L5 ; - 5 ; 
1 1 |-2 -3 112- 3 1 
ao ee j = — = — = — 
dd FW Ta ls `| sl: A jj^ 
8. If A is invertible matrix of 3 x 3 and |A| =7, then find |A^! |. [NCERT Exemplar] 
1 
Sol -  A!-.-.adjA 
jay 
E dm M PANT 
[A |= jas - TENE . | adj A | [^ |KA|=K".|A|, where n is order of A] 
—— jode um. 
|A ]? [A] 77 
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2A -3 


4. If A-|0 2 5 |, then find the value of à for which A“ exists. [NCERT Exemplar] 
1 1 3 
Sol. For existence of A? 
2 ^^ -3 
[A|z0 => |0 2 5/40 
11 3 
=> 2(6-5)-A(0-5) +(-3)(0-2) 40 [Expanding along R4] 


8 
=> 24546202 5212-8 > Ar 


8 
Hence, à can have any value other than ^B. 


Short Answer Questions-Il 


1. Using elementary transformations, find the inverse of the matrix 
13 2 


3 0-1 [CBSE Delhi 2011] 


21 0 
i NS 

Sol. Let A=|-3 0 -1 
21 0 


For finding the inverse, using elementary row operation we write 
1 3 -2} |1 0 0 


A=IA > -3 0 -1|2]0 1 OJA 
21 0j [0 0 1 
Applying R, > R, + 3R; and R4 > R; - 2R,, we get 
1 3 -2 1 0 0 
> 0 9 7/213 1 OJA 
0 - 4] {2 0 1 


1 0 1/3 0 -1/3 0 j 
= 0 9 -7ļ|=|3 1 OJA [Applying R, — R- 3 Rl 
0-5 4 -2 0 1 
1 0 1/3 0 -1/3 0 j 
> 0 1 -7/9|=|1/⁄3 1/9 OJA [Applying R, > gR] 
0 -5 4 -2 0 1 


10 1⁄3] [ 0 -1⁄3 0 
> 0 1 -7/9|=|1/3 1/9 O|A [Applying R; > R; + 5R;] 
00 1/9| |-1/3 5/9 1 


10 0 1 D ud 
ES 01 O}f=| 2 4 7|A [Applying R, > R, - 3R,, Ry  R; + 7R4] 
0.0-1/9] [2/3 5/9. 1 
lo 0 123 
> 0 1 0ļj=|-2 4 Z7JA [Applying R; > 9R; ] 
0 0 1| |3 5 9 


146 Xam idea Mathematics—xll 


Sol. 


Sol. 


12 -3 


z5 T=|-2 4 Z7JA 
3 5 9 
1.» 3 
Hence, A4 4 7 
-3 5 9 
1 2 3 
If A=| 0 -1 41, find (A). [CBSE Delhi 2015] 
2 2i 
i 38 1 d -2 
Given A=| 0 -1 4 and A'2|-2-1 2 
- 23 3 4 1 


|A’| =1(-1-8)-0-2(-8 + 3) =-9+10=1#0 


Hence, (A’)' will exist. 








-1 2 -2 2) . E 
Aala qes AgS | =Ss0=8 
|72. -1 H | |0 2 7 7 
Amla 4819595 Ay=-|, Q4| 7-08)--8 
fl -2| [l| | {1 0 8 E 
Ans q PLO 7 Ag a ec ope 
400 2|. " | d | B 
Aat. o (022: Aye s. s ~eis 
dL. g 0 
-9 8 «5| [- -8 -2 
adj(A’)=|-8 7 -4| =|8 7 2 
-2 2 -1 5 — -1 
1 -9 -8 2| |-9 -8 2 
aya 8 7 2ļ=|8 7 2 
-5 — -1 -5 — -1 
0 2y z 
Find x, yand zif A=|x y -z| satisfies A’ = A”. [INCERT Exemplar] 
x -y z 
0 2y z 0 x x 
We have, A-|x y -z|and A'=|2y y -y 
x -y z Z -Z Z 
Also, A'2A1 
=> AA’ = AA [- AAt=]] 


02y z| 0 x x| {1 0 0 
> x y -z|2y wv -y|=|0 1 0 
x -y z|z- z| {0 0 1 
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447 dy? =z? -24° +z? 100 
= 242-22 x4+y2+2? x2-y2-22/=|0 1 0 
-2+2 x-y- tya 001 


By comparing the corresponding elements, we get 





> 2, -7=0 > 2p =z 
> Ay «zi-1 
1 
> 2z 4:321 => diri 
R4 — -l 
y 2 y ~ 6 
Also, Pry +z =l 
1 1 3 1 1 
2- — 2 2- — — = = = = +—= 
> x =1-y -z =1 673 1 67, ex t 





1 1 
=t—=, y=+-= and z-t—- 
x Ja y Te and z B 
4. On her birthday Seema decided to donate some money to children of an orphanage home. If there 
were 8 children less, every one would have got ¥ 10 more. However, if there were 16 children more, 


every one would have got X 10 less. Using matrix method, find the number of children and the 
amount distributed by Seema. [CBSE (East) 2016] 


Sol. Let the number of children be x and the amount donated by Seema to each child be 3 y. 
-. According to question, 
(x - 8)(y * 10) = xy and (x + 16)(y - 10) = xy 
> xy + 10x -8y - 80 = xy and xy- 10x + 16y — 160 = xy 




















> 5x — 4y = 40 2 
and — 5x-8y -- 80 ...(ii) 
Equation (i) and (ii) may be written in matrix form as 
AX=B — X-2A!B (iii) 
wesal Izd kad 
re A is -8f "^ [-80j ^ Ly 
Now, |A|=-40+20=-20 
"ERE 5] .|-6 4 
|^ [4 s| [5 5 
1[-8 4 
i a 
A xs ; 
Putting value of Ain (iii), we get 
x|  1[-8 4]| 40 x|  1[-320 -320 
y;  20|-5 5||-80 y| 201-200 -400 
x| 1 —640 = x| 132 
2d y| 20|-600 y] |90 

















=> x= 32, y 2 30 


= Number of children = 32 and amount donated to each child = € 30. 
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5. A trust invested some money in two type of bonds. The first bond pays 10% interest and 


Sol. 


second bond pays 12% interest. The trust received X 2,800 as interest. However, if trust had 
interchanged money in bonds, they would have got 3 100 less as interest. Using matrix method, 
find the amount invested by the trust. [CBSE (Central) 2016] 


Let x and X y be the amount of money invested in 1st and 2nd bond respectively. 


According to information given in question 








12 
X 100 * Y * 100 = 2800 
xxu ty X quy = 2700 
> 10x + 12y = 280000 sa) 
and 12x + 10y = 270000 apt) 
Above system of equation can be written in matrix form as 
AX = B, where 
B 5 a ENG ge pra 
12 10f yf 270000 
AX=B => X=A"B .. (iii) 
Now, ‘te "E 100-144 = 44 
12 10 
PE idi l zr 1 4 10 E 
B. (AT Testa ~ -4|-12 10 


Putting the value of X, A and B in > we get 

















x]. ES 10 ase = *|  1[2800000- 3240000 
y zs 270000 y B. 

x. T] —440000 x| |10000 

= dy u -660000 y| [15000 

















> x = 10000, y = 15000. 
Hence, invested amount in 1st and 2nd bonds are 710000 and 715000. 


Long Answer Questions 


1. 


Sol. 


Using elementary row transformations, find the inverse of the matrix 
23 5 


2 -4 [CBSE 2019 (65/4/1)] 
1 -2 


3 

1 

2-3 5 
32 -4 
1 1 
We know that A = IA 


2 -3 5| J100 

i.e., 3 2 —4|=|0 1 OJA 
1 1 -2| 1001 

Applying R, > R, - Rs, we have 
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-1 
0 JA 
1 


O O © 
oro 


1-4 7 
z= 3 2 -4|- 
1 1-2 


Apply R, > R, - 3R; and R, > R; - R,, we have 
































1-4 7 10-1 
=> |0 14 -25|=|-3 1 3]A 
0 $5.9] 1-10 2 
Apply R; > - (R; - 3R), we have 
1-47 1 0-1 
=> |O 1 -2|=| 0 -1 3]A 
0 59 j=l 0 2 
Apply R, > R; + 4R, and R} > R, - 5R,, we have 
10-1 1-41 
=> |01 -2/=|0 -1 3 A 
00 1 =I 5 18 
Apply R, > R; + R; and R, > R, + 2R,, we have 
1-00] 10 1 =2 
=> [01 0|2|-2 9 -23|A 
0 01] 1-15 -13 
01 -2 
At=|-2 9 -23 
-1 5 -13 
3 -1 d 1 2 -2 
2. If A*=|-15 6 -5| and B=|-1 3 0|, find (AB)*. [CBSE (F) 2012] 
D -2 2 0 -2 1 
Sol. For B” 
I 32. 2 
|B|=|-1 3 0/=1@-0)-2(-1-0)-2(2-0)=34+2-4=120 
0-2 1 
Le., B is invertible matrix > B exists and have unique solution. 
3 0 -1 0 
= (4)\1+1 = -— Sa 1+2 = = 
Now, C,, =(-1)"* j =3-0=3; C= (1) gal ebd eJ 
-1 3 +i| 2 -2 
Cue s e =220= pO Cs | =-(2-4)=2 
1 -2 all 2 
CaS M -Je0-3004 (5 ly | =H) =2 
2 -2 1 -2 
Ca ey” |, " SOF 0=6) BICI ag | ==0-2)=2 
1 2 
care 3 =3+2=5 





adj B = 


DN W 
NFP 
On N 
lI 
NF Q 
= 
N 
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3 2 6l 3 2 6 
ET 1 . 1 

> mop a a 1 2 

22 5| 1» 35 

a all 3-1 1 

Now, (AB) =B?.At=l1 1 2||-15 6 -5 

22 5l 5-2 


9-30+30 -3-*12-12 3-10+12 9 -3 
=(3-15+10 -1+6-4 1-5+4 |2]-2 1 
6-30+25 -2-*12-10 2-10+10 1 0 


cosa -sina 0 
3. If A=|sina cosa 0|, find adj A and verify that A(adj A) = (adj A)A =| A| L. [CBSE (F) 2016] 
0 0 1 
cosa -sina O0 
Sol. Given, A=|sina cosa 0 


























0 0 1 
_fcosa O| | : | fsina 0| . 7 
A= 0 1 = cos Q; Ay >= 0 1 = -sin Q; Bg 
_ -sina 0, , _Į|cosa 0|. _ |eosa sing] _ 
Ay == 0 1 -sina; A,- 0 1 = cos Q; Ay == 0 0 =0 
Ji s -sina 0| | _ [cosa 0 - go -sina| _ 
3 | cosa O| ^" 3  |sina O| ^" 33 Isina cosa | 
cosa -sinq of cosa sina 0 
adjA -|sina cosa 0| -|-sinoa cosa 0 
0 0 1 0 0 1 
cosa -sinaq O]} cosa sina 0 
Now A.adjA-|sina cosa O}|-sina cosa 0 
0 0 1 0 0 1 
cos?a + sin?a cosa.sina-—sina.cosa 0| [1 0 0 
= | sin Q. cos Q — sin Q. cosa sin?a + cos?a 0|210 1 0 
0 0 1 0.0 1 
cosa -sina O0 
A.adj A =|AII, ...(i) <- |Al=|sina cosa 0|=cos2a+sin2a=1 
0 0 1 
cosa sina O|/cosa -sina 0 
Again, adj A.A -|-sina cosa Oj|sina cosa 0 
0 0 1 0 0 1 
cos?a + sin?a -sina.cosat+sina.cosa 0| [1 0 0 
- |-sinQ. cosa + sina.cosa sin?a + cos?a 0|210 1 0 
0 0 1 0.0 1 


— adj A.A = |A| I, ...(ii) 
From (i) and (ii), we get 
A.adjA=adjA.A=|A|J. 
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1-1 2|-20 1 
4. Useproduct|0 2 -3|| 9 2 -3| to solve the system of equations: 
3 -2 4]|61 -2 
x-y+2z=1, 2y-3z=1, 3x-2y+4z=2 [CBSE (F) 2011] 
OR 
1-12/||-20 1 
Use product |0 2 —3||9 2 -3| to solve the system of equations 
3-24||61- 
x+3z=9, -x + 2y -2z 2 4, 2x -3y + Az =-3. [CBSE Delhi 2017] 
Sol. Given system of equations are 
x-y+2z=1, 2y-3z=1, 3x-2y+4z=2 
Above system of equations can be written in matrix form 








as AX=B >X=A”B 
1-1 2 x 1 
where, A=|0 2 -3, X=|y|, B=]1 
3 2 4 Z 2 
-2 0 1 
Let C=| 9 2 -3 
61 -2 


1-1 2[|-20 1 -2-9*12 0-2-*2 1+3-4] 1 0 0 
Now, AC=/0 2 3/9 2 -3/=/04+18-18 0+4-3 0-6+6/=|0 1 0 
3 -2 416 1 2| |-6-18+24 0-4+4 3+6-8] |0 0 1 


> AC=I => A'(AC)=A™Tl [Pre-multiply by A] 
> (A A)C =A? [By Associativity] 
> IC=A'> A” =C 
-2 0 1 
> A7 =|9 2 -3 
612 
Putting X, A! and Bin X = A ÉB, we get 
x| [-2 0 1]f1 x] [-2+0+2 
yJ=|9 2-3H| = |y -|9*2-6 
Z 6 1 -2|2 Z 6+1-4 
0 
> y|=|5 => x=0,y=5 and z=3 
Z 3 
OR 


Solution is similar as above. Ans.: x = 0, y = 5 and z = 3 


5. Using matrices, solve the following system of equations: 


4x + 3y + 2z = 60; x + 2y + 3z = 45; 6x + 2y + 3z = 70 [CBSE (AI) 2011] 
Sol. The system can be writtenas AX=B > X= AB ...(i) 
432 x 60 
where A=|1 2 3], X=ļ|y| and B=|45 
6 2 3 z 70 


152 Xam idea Mathematics-XIl 


Sol. 


|A| =4(6- 6) -3(8-18) + 22 - 12) = 0 + 45-2040 


For adj A 
A1 =6-6=0 Ay, =-(9-4)=-5 Az = (9-4) =5 
Ap =-(3 - 18) = 15 A» = (12-12) =0 Aa; = -(12 — 2) = -10 
A3 = (2-12) =-10 A» = -(8 - 18) = 10 Ag = (8-3) =5 
0 15 30 [0-5 5 
adjA-2|-5 O 10| =| 15 0 -10 
5- =10. 5 =10 10 5 
Ü sb 5 0-1 1 0-1 1 
DN 5 1 
A 755 15. 0 -10 = 55 3 0 -2-22|3 0 -2 
-10 10 5 2 2 1 2 2 1 
Now putting values in (7), we get 
X 0 -1 14/60 
y|= : 3 0 -2||45 
z -2 2 1j[70 
x 0-45+70 x 1 25| |5 
> y|= =| 180+ 0-140 = A 40|-|8 
Z -120 + 90 + 70 z 40| |8 


Hence, x=5, y=8, z=8. 


4 4 4j||1 -1 1 
Determine the product |-7 1 3]||1l -2 -2| and use it to solve the system of equations 
5 = -12 1 3 
X-ytzz4,x-2y-2zz9,2x*y * 3z- 1. 
44 4[1.-1 1 4+4+8 4-8+4 4-8-*12 
-7 1 341 2 -2|=|-7+1+6 7-24+3 -7-2+9 


[CBSE (AI) 2017] 


5 -3-1[2 1 3 5-3-2 -5+6-1 5+6-3 
800 100 
=|0 8 0/=8/0 1 0|-8I 
008 001 
4 aepo. d taip ed d 
=> g 715 -2 -2|=1 > 1 -2 -2| =3/7 1 3 
5 -3 -1||2 1 3 21 3 5 -3 -1 
Given system of equation can be written in matrix form as 
AX=B>X=A"'B, ...(i) 
1-11 x 4 
where, A= |1 -2 -2|,X=|y|,B=|9 
21 3 Z 1 
1 444 
We have A! = 8|" 1 3 
5 -3-1 


Now from (i) 
x] .[- 4 4]4] .[-16*36*4] _ [24 
yļ=4-7 1 3|9|2 4) -28+9+3 |- 136 
z| l5 -3 -alal °| 20-27-1 -8 
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> y|=|-2 => x=3,y=-2,z=-1 


7. A shopkeeper has 3 varieties of pens ‘A’, ‘B’ and ‘C’. Meenu purchased 1 pen of each variety for a 


Sol. 


Sol. 


total of X 21. Jeevan purchased 4 pens of ‘A’ variety, 3 pens of ‘B’ variety and 2 pens of ‘C’ variety 
for x 60. While Shikha purchased 6 pens of ‘A’ variety, 2 pens of ‘BP’ variety and 3 pens of 'C' 
variety for X 70. Using matrix method, find cost of each variety of pen. [CBSE (Central) 2016] 
Let the cost of varieties of pens A, B and C be X x, 3 y, and 3 z respectively. 
From question 

x+yt+z=21, 4x+3y+2z=60, 6x c 2y + 3z - 70 
The given system of linear equation in matrix equation is as follows 


























111 x 21 
AX =B, where A=|4 3 2j, X=ly| and B -|60 
6 2 3 z 70 
AX=B =>X=A"'B alt) 
111 
Now |Al=/4 3 2)/=1(9-4)-1(12-12)+1(8-18)) =5-0-10=-5 #0 
6 2 3 
Ay =(9-4)=5 Ay = - (3-2) =-1 Ag, = (2-3)-2-1 
Ay =- (12-12) =0 A» = (3-6) =-3 Ag = - (2-4) =2 
A15 = (8 — 18) = -10 A» =—- (2-6) =4 Az = (3-4) =-1 
B. 0 p | St = 
AdjA=|-1 -3 4/ =| 0 3 2 
-1 2 4 -10 4 -1 
5 -1 -1 
Ata 2 adjA =-5 0-3 2 
-10 4 -1 
Now from (i) X = A'B 
x 5 -1 -1/!!21 x j -25 x 5 
y|=-5 0 -3 2/|[60| => y|==5 |40 => j|y|=|8 => x=5,y=8,z=8 
z -10 4 -1]|70 z -40 zl 18 
=> Cost of pen A = €5; cost of pen B - X8 and cost of pen C 2 €8 
S 2 1 
If A=|4 -1 2], then find A" and hence solve the following system of equations: 
7 3 -3 
3x + 4y + 7z = 14, 2x - y + 3z = 4, x + 2y- 3z = 0 
3 2 1 
Given A=ļ|4 -1 2 
7 3 -3 


|A| =3 (3-6) + (2) (- 12-14) +1(12+ 7) 26220 
Hence, A ! exists. Let Cj be the cofactor of aj (j^ element of A) 
Now, C42(8-6)2-3 Cy, = -(- 6-3) =9 C3, =(44+1)=5 
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Cj = (12 +7) =19 C5 =- (9-14) =5 Cy3 = (-3-8) =-11 
3 2 19 [3 9 5 

adj A=| 9 -16 5/=|26 -16 -2 
5 =2 -11| |19 5 -11 




















-3 9 5 
Ax E 26 -16 -2 
62 
19 5 -11 
The given system of equations can be written in matrix form as 
3 2 1 x 14 
A'X-B, whereA=|4 -1 2|, X=|y| B=|4 
7 3 -3 z 0 
=> X=(A)'B 2X-(AVMNyB [fe Ay = (A71 
x 1 -3 9 5) 714 x 1 -3 26 19/14 
> Y|= gg |26 -16 —2|| 4 > Y|= 6 | 9 6 5|| 4 
z 19 5 -11/1 0 Z 5 -2 -11]] 0 
x -42 t 104 € 0 x j 62 x 1 
— Yo 126 -64+0 > Y| = > | 62 => lyl=/1 
Z 70-8+0 Z 62 Z 1 








=> x=1,y=1,z=1 
9. A mixture is to be made of three foods A, B, C. The three foods A, B, C contain nutrients P, Q, 














R as shown below: [HOTS] 
Food Grams per kg of nutrient 
P Q R 
A 1 2 5 
B 3 1 1 
C 4 2 1 

















How to form a mixture which will have 8 grams of P, 5 grams of Q and 7 grams of R? 


Sol. Let food needed be x kg of A, y kg of B and z kg of C. Therefore x kg of A contains 1 gram of 
nutrient P. So, x kg of A will contain x grams of nutrient P. Similarly, the amount of nutrient P in 
y kg of food B and z kg of food C are 3y and 4z grams respectively. So, total quantity of nutrient 
P in x kg of food A, y kg of food B and z kg of food C is x + 3y + 4z grams. 


x+3y+4z=8 
Similarly, 2x+y+2z=5 [For Q] 
and 5x+y+z=7 [For R] 
The above system of simultaneous linear equations can be written in matrix form as AX = B. 
1 3 4||x| |8 
or, 2 1 2]||y|7|5 
5 1 1[iz| [7 


1 3x 
Now, |Al=/2 1 2/-1(1-2)-3(2-10)*4(2-5) 2 -1*24-12-2 11 20 
511 
S 


So, A™ exists and system have unique solution. 
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Let C; be the cofactor of a; in A = [a;]. Then, 


Cue Cy = 8; C; = -3 
C3 =1 ; C» = -19; C55 =14 
C472; Cy = 6; C33 =- 


-1 8 -3E ja 1 
adj A=| 1 -19 14| =| 8 -19 6 
2 6-5 3 gu 5 


1 1 1 1 2 
EI... 1 = — = 
=> A` = ajèt A M 8 -19 6 
3 14 -5 
Putting value of X, A"! and Bin X =A™'B, we get 
x 1 =1 1 28 x 1 -8 +5+14 j 11 1 
J|71118 -19 6||5 — y|711 64 — 95 + 42 uH 
Z -3 14 -5||7 Z -24 +70 - 35 11 1 


=> x=1,y=landz=1. 
Thus, the mixture is formed by mixing 1 kg of each of the food A, B and C. 


PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 








(i) If A= f 2 be such that A = kA, then k equals 
(a) 19 o = (c) -19 @ = 
19 : 19 
eni lus 0 E i a 0 n °| ~ l H ihien 
(a) a=1,b=1 (b) a = cos 2 0, b = sin 2 0 
(c) a=sin20,b=cos20 (d) none of these 
(iii) If A is an invertible matrix of order 3 and |A| = 5, then |adj A| = 
(a) 5 (b) 125 (c) 25 (d) none of these 
(iv) If A satisfies the equation xX? — 5x? + 4x + à =0, then A” exists if 
(a) X «1 (b) X22 (c) 2-1 (d) all of them 


10 0 
0 10 


(a) 20 (b) 10 (c) 0 (d) 100 
2. Fill in the blanks. 


(v) For any 2 x 2 matrix, if A (adj A) = | p then |A | is equal to 


; zal 
(i) If adj.A = 41 








1 -2 
and adj B = E 1 then adj (AB) = : 


5 3 


(ii) If A is a non-singular sequence matrix such that Aq! = E A 


| gan tay s l 


(iii) If A = 20 





| then adj A = ; 
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B Very Short Answer Questions: [1 mark each] 























i k 0 
3. If A-| ^55 *. 7| and A (adj A) = , then find the value of k. 
-sinx cosx Ok 
4. Ais a square matrix of order 3 and |A| =7. Write the value of | adj A|. [CBSE (AI) 2010] 
If A is a square matrix of order 3 such that | adj A | = 64, find |A]. 
ab 10 , i 
6. If A= cd and B = 01 then find adj (AB). 
m Short Answer Questions-I: [2 marks each] 

E 2 9 ers 1 

7. If A= f l show that A = 19 
1 tan 
8. Find the adjoint of the matrix à 
-tan> 1 
2 

9. Solve the following system of equations by matrix method 

3x+y=19 

3x - y = 23 

10. Using elementary transformations, find the inverse of the following matrix 
21 
74 
m Short Answer Questions-II: [3 marks each] 


11. A typist charges X 145 for typing 10 English and 3 Hindi pages, while charges for typing 3 English 
and 10 Hindi pages are X 180. Using matrices, find the charges of typing one English and one 





Hindi page separately. [CBSE (North) 2016] 
12. If A, B are square matrices of the same order, then prove that adj (AB) = (adj B) (adj A). 
20-1 
13. Using elementary transformations, find the inverse of the matrix |5 1 0|. [CBSE (F) 2011] 
01 3 
2 3 4 -6 . : 
14. Let A= 12 B= 2 A" Then compute AB. Hence, solve the following system of equations : 
2x+y=4, 3x+2y=1 [CBSE Sample Paper 2016] 
B Long Answer Questions: [5 marks each] 
2-3 5 
15. If A=|3 2 -4| find A“. Use it to solve the system of equations 
1 1-2 
2x —3y+5z=11 
3x + 2y-4z=-5 
x+y-2z=-3 [CBSE 2018] 
16. Using elementary row transformations, find the inverse of the matrix 
| x 
A=|2 5 7 [CBSE 2018] 
-2 -4 -5 
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17. 


18. 


19. 


20. 


2]. 


22. 


23; 


24. 


25, 


26. 


24. 


28. 


29. 


T 1-1 
If A=|1 0 2|. Find A”. Hence, solve the system of equations 
311 
x+y+z=6,x+2z=7,3x+y+z=12. [CBSE 2019 (65/1/1)] 
Using matrix, solve the following system of equations: 
2x- 3y + 5z = 11, 3x+2y-4z=-5, xt+y-2z=-3 [CBSE Delhi 2009] 
Obtain the inverse of the following matrix, using elementary operations: 
3 0 =1 
A=|2 3 0 [CBSE (AI) 2009] 
04 1 
Using elementary operations, find the inverse of the following matrix: 
-112 
123 [CBSE Delhi 2011] 
3 11 
1 2. 2 
If A=|2 1 2|, verify that A? — 4A — 5I - 0. [CBSE Delhi 2008] 
2 2 1 
Using elementary transformations, find the inverse of the following matrix: 
2253 
341 [CBSE (AI) 2008] 
l 6-2 
Using matrices, solve the following system of linear equations: 
3x-2y *3z228, 2x cy - zz 1, 4x - By c 2z-4 [CBSE (F) 2009] 
Using matrices, solve the following system of equations: 
x+2y+z=7; x+3z=11 and 2x-3y=1 [CBSE (AI) 2011] 
2 01 
If A=|2 1 3|, find 4^ -5A «4I and hence find a matrix X such that A^ — 5A + AI + X =0. 
loss [CBSE Delhi 2015] 
Using elementary row operations (transformations), find the inverse of the following matrix: 
012 
1 2 3 [CBSE Ajmer 2015] 
3 10 
-1 -2 -2 
Find the adjoint of the matrix A=| 2 1 -2| and hence, show that A.(adj A) = |A |I}. 
did. [CBSE Allahabad 2015] 
3 el 1 
Find the inverse of matrix A 2|-15 6 -5| and hence show that A™. A = I. [CBSE Chennai 2015] 
5.2 2 
8 4 3 
Using elementary transformations, find the inverse of the matrix A=|2 1 1] and use it to solve 
1 272 


the following system of linear equations: 
8x + 4y + 3z = 19; 2x +y +z=5 and x+2y+2z=7 [CBSE Delhi 2016] 
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30. Using matrices, solve the following system of equations: 


x-y+z=4; 2x+y-3z=0; x+y+z=2 [CBSE (F) 2012] 
31. Using elementary row operations, find the inverse of the following matrix: 
2 -1 3 
A=|5 3 1 [CBSE (South) 2016] 
3 2 3 
32. Using matrices, solve the following system of equations: 
2x + 3y +3z=5, x-2y+z=-4, 3x-y-2z=3 [CBSE (AI) 2012] 
33. Using matrices, solve the following system of equations: 
x+y-Z=3; 2x + 3y +z = 10; 3x-y-7z=1 [CBSE (AI) 2012] 
34. Solve the following system of equations by matrix method: 
x-y+2z=7 
2x -y +3z=12 
3x+2y-z=5 [CBSE 2020 (65/3/1)] 
Answers 
1. (i) (b) (ii) (b) (iit) (c) (iv) (d) (v) (b) 
Ie 5 ue "NEUES 
2. (i) E 3 (ii) l E) (iii) E | 
d —b 1 -tan> 
3.1 4. 49 5. £8 6 | | 8. d 
pO tns 1 
2 
4 -1 
9.x=7,y=-2 10. 5 2 | 11. € 10 and Ẹ 15 respectively 
3 -1 1 
4 2 0 
13. A^ =|-15 6 -5 14. AB-[| p rna 
5-22 
0 1 2 3-24 
15.412|-29 235; x=1,y=2,z2=3 16. |-4 1 -1 
-1 5 -13 2 0 1 
i -2 0 2 
17. A ==|5 -2 -1|; x=3,y=1,z=2 18.x=1, y=2, z=3 
4 
1 2 -1 
3 -4 3 1-11 i 2 8 -7 
19. |-2 3 2 20. A7 =|-8 7 -5 BAe AL 
8 -12 9 5-438 14 -7 -7 
-1 -1 -3 11 3 
23.Xx—71,;y-72,2-29 24. xz2, y 21, z=3 25. |-1 -3 -10, X2|1 3 10 
-5 4 2 5 -4 -2 
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3 -2 1 -8 6 6 20-1 
26. A'=|-9 6 -2 27. adj A=|-6 3 -6 28. A1 2|5 1 0 
5 -3 1 -6 -6 3 013 
2 1 
EE M 
29. A% =|; 18 2 |;x=Ly=2andz=1  30x-22,y--12-1 
$ 8 
-1 4 0 
-7 -9 10 
31. A1 =|-12 -15 17 32. x=1, y=2, z=-1 33.x=3, y=1,z=1 
1 1 -1 


34. x=2, y=1 and z=3 


SELF-ASSESSMENT TEST 


Max. marks: 30 
(4x1=4) 


Time allowed: 1 hour 


1. Choose and write the correct option in the following questions. 


(i) The sum of three numbers is 6. If we multiply the third number by 2 and add the first number 
to the result, we get 7. By adding second and third numbers to three times the first number, 


we get 12. Using matrices, then the numbers are 
(a) x=3,y=1,z=2 (b x=-3,y=1,z=2 
(c) x=3,y=-1,z=1 (d) x23,y 22,225 


21) ,{-3 2]_[1 9]. 
3 2|] 5 3) lal 





(ii) The matrix A satisfying the equation 








41 ait 11 . 
(a) 10 (b) 10 (c) 10 (d) zero matrix 
(iii) If A = k s then | A. adj A| is equal to 
(a) 3 (b) 9 (c) 27 (d) 81 
1 2 4 
(iv) If A=|-1 1 2,,then |adj (adjA) | is equal to 
2 -1 1 
(a) 14 (b) 14? (c) 14? (d) 14* 
(2x 1=2) 


2. Fill in the blanks. 
(i) If A is an invertible matrix of order 3 and |A| = 4, then | adj A| = 


(ii) If A is an invertible matrix of order n then | adj (adj A) | = 





B Solve the following questions. (2x 1=2) 
3. Write the adjoint of the following matrix: 4 3 | [CBSE (AI) 2010] 
a00 
4. If A=|0 a 0|, find the value of |adj A|. 
00a 
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m Solve the following questions. (4x2=8) 


3 10 


: -1 
27 , then write A . 


5. If A= 








, using elementary transformations. 





5 
6. Find the inverse of the matrix | 





2d 
m 2 3 E, 1 
7. If A ae 2 ,showthat A~ = 194 
8. Solve the following system of equations by matrix method 
3x+y=19 
3x - y - 23 
m Solve the following questions. (3x3-9) 


9. In a survey of 20 richest persons of three residential society A, B, C it is found that in society A, 
5 believe in honesty, 10 in hard work and 5 in unfair means while in B, 5 believe in honesty, 8 in 
hard work and 7 in unfair means and in C, 6 believe in honesty, 8 in hard work and 6 in unfair 
means. If the per day income of 20 richest persons of society A, B, C are X 32,500, X 30,500, 3 31,000 
respectively, then find the per day income of each type of people by matrix method. 

10. A coaching institute of English (subject) conducts classes in two batches I and II and fees for rich 
and poor children are different. In batch I, it has 20 poor and 5 rich children and total monthly 
collection is X 9,000, whereas in batch II, it has 5 poor and 25 rich children and total monthly 
collection is X 26,000. Using matrix method, find monthly fees paid by each child of two types. 


843 
11. Using elementary transformations, find the inverse of the matrix A =|2 1 1| and use it to solve 
the following system of linear equations: 122 


8x + 4y + 3z = 19; 2x cy cz - 5; x c2y c 2z- 7 


m Solve the following question. (1x 525) 
12. Two Trusts A and B receive X 70000 and € 55000 respectively from central government to award 
prize to persons of a district in three fields agriculture, education and social service. Trust A 
awarded 10, 5 and 15 persons in the field of agriculture, education and social service respectively 
while trust B awarded 15, 10 and 5 persons respectively. If all three prizes together amount to 
36000, then find the amount of each prize by matrix method. 








Answers 
1. (Ù (a) (ii) (c) (iii) (b) (iv) (d) 2. (i) 16 (ii) lA «7» 
., 13 1 6 7 -10 1 -2 B B 
3. aaj - [3 j 4. a $5 J ZE 3 8.x-7,y-2 
9. Per day income who believe in honesty, hard work, and unfair means are X1500, 32000, € 1000 
respectively. 
10. Fee for rich children and poor children are X 1000 and X 200. 
0 2/3 -1/3 
11. A!2|1 -13/3 2/3 ,x-1y-2andz-1 
-1 4 0 


12. Prizes in the field of agriculture, education and social service are x 2000, X 1000 and X 3000 respectively. 
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Continuity and 
Differentiability 





BASIC 





CONCEPTS 


1. Continuity and Discontinuity of Function: A function y = f(x) is said to be continuous in an interval 
if for every value of x in that interval y exist. If we plot the points, the graph is drawn without lifting 
the pencil. 


If we have to lift the pencil on drawing the curve, then the function is said to be a discontinuous 
function. 


2. Continuity and Discontinuity of a Function at a Point: A function f(x) is said to be continuous at a 
point a of its domain if 


lim. f(x), lim. f(x), f(a) exist and lim f(x) = lim. f(x) = f(a) 


A function f(x) is said to be discontinuous at x = a if it is not continuous at x = a. 


There are three cases of discontinuity of a function which can be illustrated by fig. (diagram) as. 








y-axis y-axis 
Aas uw 
3»—0——«- » 
a x-axis 
O lim _f(x)= lim f(x) # f(a) G) lim f(x)# lim f(x) 
(Removable discontinuity) (Ist type discontinuity) 
y-axis 


OR 


a A A OERE REIR 





x-axis 





(iii) lim f(x) does not exist or lim f(x) does not exist (2nd type of discontinuity) 
xou xou 
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. Properties of Continuous Function: 
If fand g are two continuous functions at a point a, then 


(i) f+ gis continuous at a. (ii) f- g is continuous at a. 
(iii) f. g is continuous at a. (iv) rj is continuous at a, provided g(a) + 0. 
(v) c.f is continuous at a, where c is a constant. 


(vi) |f| is continuous function at a. 
€ Every constant function is continuous function. 
€ Every polynomial function is continuous function. 
€ Identity function is continuous function. 


Every logarithmic and exponential function is a continuous function. 
. Important Series which are Frequently Used in Limits: 


á 3 
G (ra)? = lens RU * n(n-1)(n-2)x 





2! 3! 
2 .3 2 8 
A ee a |e x. 
(ii) CMa Ro tay feud and e*=1-7 +5 - at 
(iii) a*=1+xlo 4: E (lo a) + and se ee ee 
84 * ay VOB, e ata 
2 3 8 5 7 
(iv) log | 1-x |o -x- 5 - and sinxcx-$p tL -it 
4 6 3 5 
(v) dE de Pre dis and ae a 


. Differentiation from First Principle or Ab-initio Method or by Delta Method: 
Given a function f(x) and if there is a small increment h in x, let their corresponding increment 
is f(x + h) in f(x) i.e., 
f (x+h)— f (x) 


f(x) > f(x + h), then, lim is called the differential coefficient of f(x) with respect to x. 
x—0 


h 
List of Useful Formulae: 
(i) E(x) = nx" (ii) (ax b)" o n(x e D). 
(iii) 4e) =e (iv) dg - ge 
(v) a =a" log,a (vi) a" = ba™ log a 
(vii) Z iog, x= l and log, ax = l 
oF |. i d B 
(viii) Jx log, x = xlog,a ; and E log bx = zloga 
(i) L sinx = cosx and £ sinar = acosax 
x. ud f d - 
(ii) dx 08* = -sinx and qx COS = -asinax 
"BT d 2 d - 2 
(iii) Wa nx = sec^x and ay max = asec’ ax 
: d 2 d 2 
(iv) qi cott —-cosec^x and qi cota = -acosec^ax 
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d d 
(v) —-secx = secxtanx and ——secax = asecax.tanax 

















dx dx 
. d d 
(vi) —7—cosecx = -cosecxcotx and —-—cosecax = —acosecax.cotax 
dx dx 
db ndo. NCC EE. 
8. (i) sin x m and jin ax ALS 
(ii) HE is sH and T ian - 4 
dx 1-x? dx 1-2 
ed 4. 1 E PN M ü 
(iii) Jx tan x er and E tan ax TE 
T EE T X NE 
(iv) Eo cot x n and Em cot ax "muon 
(v) dE serlo — and Hs — — 
dx x/x?-1 dx xax" -1 
(vi) ME caida E and HE urls —— 
dx xVx?-1 dx xya x = 
9. Product Rule: Let u and v be two functions of x, then LE = QE + _ : 
dx dx dx 


ie, + (Product of two functions) 


d 
= First function Em (Second function) + Second function 4 (First function) 


10. Quotient Rule: If u and v are functions of x then, 














du dv ,UQN) |, d(D') 
Esau i ie d | N" I dx HN dx 
dx \ V v? bi dx VD" (D5? 
11. Chain Rule: Chain rule is applied when the given function is the function of function i.e., 
ut dy dy du dy _ dy du do 
if y is a function of x, then ec du dx or mcum do` dx 


12. Logarithmic Differentiation: Logarithmic differentiations are used for differentiation of functions which 
consists of the product or quotients of a number of functions and/or the given function is of type [f(x)™, 
where f(x) and g(x) both are differentiable functions of x. 


Therefore, in this method, we take the logarithm on both the sides of the function and then differentiate it with 
respect to ‘x’. So, this process is called logarithmic differentiation. 


General method: If y = [f(x)]8™ then 
d 
de 708 FOS) +80) yf) 


13. Parametric Form: Sometimes we come across the function when both x and y are expressed in terms of 
another variable say t i.e., x = o(t) and y = w(t). This form of a function is called parametric form and t is 
called the parameter. 


d 
To obtain r in parametric type of functions we follow any one of the following two steps: 


(i) Try to obtain a relationship between x and y by eliminating the parameter and then proceed to 


d 
get T which is already discussed. 
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(ii) If it is not convenient to obtain such a relation between x and y, then differentiate x and y both 


d dy : ; 
with respect to parameter f to get Es and di (treating t as independent variable and x and 





d dy d 
y as dependent variables). Finally, divide — by Z to get 7- Le; E - — + » 
or sometimes ay = Br m d where 0 is an independent variable 
dx d0 d0' P i 


14. Rolle’s Theorem: If f(x) be a real valued function, defined in a closed interval [a, b] such that: 
(i) itis continuous in closed interval [a, b]. 
(ii) it is differentiable in open interval (a, b). 
(iii) f(a) = f(b). Then there exists at least one value c e (a, b) such that f(c) = 0. 
It is illustrated by diagram as 


[Note: f'(c) = 0 means tangent at c is parallel to x-axis.] 







y-axis y-axis 








Tangent 


(c,f(c)) (c, f(c)) , — Tangent 


== cx 
fi) - b) fia) - (b) 


QO-É-----4--- 





x-axis x-axis 


15. Lagrange's Mean Value Theorem: 
If f(x) is a real valued function defined in the closed interval [a, b] such that: 
(i) itis continuous in the closed interval [a, b]. 
(ii) it is differentiable in the open interval (a, b). 


f (b) - f (a) 


Then there exists at least one real value c € (a, b) such that f'(c) = pa . It is illustrated by 





diagram. 

„n _ fO-f@ . 
[Note: f'(c) = ——p., means tangent at c is parallel to chord AB. 
Lë; Slope of tangent at c = Slope of chord AB 


16. Limits: Let f(x) be a function of x. Let a and | be two constants such that as x > a, we have 
f(x) > L i.e., the numerical difference between f(x) and | can be made as small as we wish by taking x 
sufficiently close to a. In such a case, we say that the limit of function f(x) as x approaches a is |. We 
write this as lim f (x) =/. 
xu 
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17. Procedure to Find lim fœ: 
(i) Putting x =a in the given function. If f(a) is a finite value, then lim f(x) 7» f(a). 
(ii) To find LHL of f(x) at x =a we put x =a - h, h — 0 and find lim f (a — h) after simplification. 
(iii) To find RHL of f(x) at x = a we put x 2 a + h, h — 0 and find lim f (a * h) after simplification. 
(iv) If LHL = RHL = k (say), then lim f (x) -k. 


18. Fundamental Theorems on Limits: Some important theorems are given below which are frequently 
used in limits: 


(i) limc- c, ie., the limit of a constant quantity is constant itself. 


(if) lim f(x) + g(@)] = limf() + limg (x) 
i.e., the limit of sum of two functions is equal to the sum of their limits. 
(ii) lim[f(x) - g(x)] = limf(x) - limg (x) 
ie the limit of difference of two functions is equal to the difference of their limits. 
(io) lim (f(x). g 3] = lim f(x). lim) 
i.e., the limit of the product of two functions is equal to the product of their limits. 
(v) lim Fal = lim f (x) / limg (x) 


i.e., the limit of quotient of two functions is equal to quotient of their limits. 
provided im g(x) finite value not equal to zero. 


(vi) lim[cf(x)] = clim f(x), where c is a constant. 


i.e., the limit of the product of a constant and the function is equal to the product of the constant 
and the limit of the function. 


(vii) lim f(x) = Tn (x) 


(viii) lim f(-x) = lim f(x) 
g x20. 





19. Evaluation of Limits: 


(i) Direct substituting method: We substitute the value of the point in the given expression and if 
we get a finite number, then this number is the limit of the given function. 


(ii Factorisation method: On substituting x = a in the given expression, if we get n .., etc. 


oo * 
form, then we factorize the numerator and denominator and take (x — a) as a common factor 
from numerator and denominator. After cancelling out (x — a), we put x = a. If we get a finite 
number, then it is the required value otherwise repeat the step till we get a finite number. 


(iii) Rationalisation method: Rationalisation method is applicable when 
(a) numerator, denominator or both in square root or 
(b) after substituting the value of limit if we get the negative number in square root. Hence, 


after simplifying in both the cases, we get the required value. 


(x) 
(iv) L’ HOSPITAL Rule: With the help of this rule, if we have to evaluate lim T such that it 
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: : . 0 : : : 
takes indeterminate form, i.e., o 9t = then we differentiate numerator and denominator to 


(x) 
get lim , if it is determinate form then it is required value, otherwise repeat the step till we 
get a determinate form and thus required value. 
[Note: According to L’ HOSPITAL rule 
x "(x 
in = lim i l 
xc g(x) xac 8 (x) 
20. Some Standard Results: 








. where g'(x) #0 Vx e Z with x =c] 














s : x sA" n-1 : ag” a m-n 
(i) (a) lim x-g "n ,a>0,nEQ (b) im m gl 4" m,nEQ 
sinx tanx 
li =1 d) li =1 li =1 
uc uu ux 


(ii) Evaluation of limits of inverse trigonometric functions: 


NET -1 

sin x tan x 

=1 b) lim ———=1 
(b) lim ~~; 





(a) lim 
x= 
(iii) Evaluation of limits of exponential and logarithmic functions: 
e'-1 








(a) lim e'z1 (b) lim y l 

, log|1+x| | ( (0 03"-1 
(c) lim — 7$ — -1 (d) lim ^y — 7n 
(e) lim ^ d = log, a 


(iv) Limits at infinity: This method is applied when x — oo. 
Procedure to solve the infinite limits: 
(a) Write the given expression in the form of rational function. 
(b) Divide the numerator and denominator by highest power of x. 


(c) Use the result lim es = 0, where n > 0. 


X oo 


(d) Simplify and get the required result. 


Selected NCERT Questions 


1. Show that the function f defined by 
fix) = |1-x+ |x|], 
where x is any real number, is a continuous function. 
Sol. Define g by g(x) =1-x+|x| and h by h(x) = |x| for all real x. Then 
(hog)(x) = h (g(x)) =h (1 -x +|x1) 
= |1-x+|x| | 29 
We know that h is a continuous function. Hence g being a sum of a polynomial function and the 


modulus function is continuous. But then f being a composite of two continuous functions is 
continuous. 


2. Find all points of discontinuity of f, where f is defined by the following function: 
|x|+3, if x<-3 
f(x) =) —x if -3«x«3 [CBSE Delhi 2010] 
6x+2, if x23 
Sol. We know that |x| is a continuous function, so f is continuous V x « -3 
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- 2x is continuous everywhere, so f is continuous V x,-3 <x «3 
and 6x 2 is continuous everywhere, so f is continuous V x » 3 
Now we have to check the continuity of the function at x = -3 and x = 3 
Atx--3,f(x) = |x|+3 
f(-3) = |-3|+3=34+3=6 
LHL = cn f(x) = Bn |x |+3=|-3|+3=3+3=6 
RHL- lim f(x)= lim -2x =-2x-3=6 


x--3* x-3* 
LHL = RHL = f(-3), so it is continuous at x =— 3. 
Again at x = 3, f(x) = 6x + 2 
Here f(3) = 6 x 3 + 2 = 18 + 2 = 20 
LHL = n f(x) = in -2x2-2X3--6 


RHL = lim f(x) = lim6x *2-6x3-42- 20 
x^3* x-3* 


LHL + RHL 
So, it is discontinuous at x = 3. 


3. Find all points of discontinuity of f where f is defined by the following function: 
DL ifx«0 
feo 21lx 
-1, ifx20 


x : PE > 
Sol. Forx <0, f(x) = Tz is continuous and for x > 0, f(x) is a constant function so it is continuous. 


Atx=0, 
x 2X 
LHL = lim f(x)= lim (|= lim —=-1, (Ce [x| 2 2, when x < 0) 
x07 x0 | x | x20 —* 
RHL - 


lim f(x) = lim (-1) =-1 
x0 x-0* 
and f(0) = -1 


lim f(x)7 lim f(x) = f(0) = f(x) is continuous at x = 0. 
x0 x^0* 


Hence, f(x) has no points of discontinuity. 
4. For what value of X is the function defined by 
LIAG? 223), ifx <0 
m | 4x+1 ifx>0 


continuous at x = 0? What about continuity at x = 1? [CBSE (F) 2011] 
Sol. - f(x) to be continuous at x = 0 
LHL - RHL - f(0) 
i.e., lim f(x) = lim f(x) =f(0) (i) 
x-0 x—0* 
Now  LHL = lim A(x? - 2x) = A(0 -0) =0 ...(ii) 
x20 
RHL = lim f(x) = lim (4x+1)=4x0+1=1 ...(iii) 
x-0* x-0* 
and f(0) 20 ...(iv) 


from (ii) and (iii), LHL + RHL 
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Sol. 


Sol. 


So, f(x) is not continuous for any value of A. 


For continuity at x = 1, 
f@j)=4x14+1=44+1=5 


and lim f(x) = lim (4x +1)=4x1+1=5 


As lim f(x) = f(1) 


So, it is continuous at x = 1. 


Show that the function defined by g(x) = x - [x] is discontinuous at all integral points. Here [x] 
denotes the greatest integer less than or equal to x. 


Let g(x) = x - [x] be the greatest integer function. Let n be any integer. Then 


hx lm n m M M M 


xn 


sf lim g (x) # lim g(x) 


LHL # RHL so, fis discontinuous at all integral points. 


Hm g(x) = lim g(n +h) = lim (n+ h) -[n +h] = lim (n+h)-n=n-n=0 


Find the value of a and b such that the function f(x) defined by: 


5; ifx<2 


f(x) 71ax tb; if2<x<10 isa continuous function 


21; ifx 210 


Since, f(x) is continuous. 


> f(x) is continuous at x = 2 and x = 10 


> (LHL of f(x) at x = 2) = (RHL of f(x) at x = 2) = f(x) 
= lim f(x) = lim f(x) = fQ) 
x>? x—2* 


= 21 


Similarly, lim f(x) = lim f(x) =f(10) 
x— 107 x—10* 
lim f(x) =lim 5 =5 
x-27 x22 
ue f(x) = lim (ax +b) =2a+b 
fl2) =5 
Putting these values in (i), we get 
2a+b=5 
Again lim f(x)= lim (ax+b) =10a+b 
x= 107 x-101 
lim f(x) = lim 21 
x-10* x—10* 
f(10) = 21 
Putting these values in (ii), we get 
10a + b 221 
Subtracting (iii) from (iv), we get 
10a + b 221 
-24 +b = -5 
80 =16 
b=5-2x2=1 


Hence, the value ofa = 2 and b=1. 


[CBSE Delhi 2011] 


...(i) 
.. (ii) 


[- f(x) 25 if x2] 


[^ f(x) =ax + bifx»2] 


.. (iii) 
[^ f(x) =ax + bifx< 10] 


[^ f(x) 221 ifx > 10] 


...(iv) 
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7. Find the derivative of the function f(x) = sin(x’). 
Sol - f(x) = sin (x) 
f (x) = cos x? . 2x = 2x cos x? 
8. Prove that the function f given by f(x) = |x-1|, x € IR is not differentiable at x = 1. 
x-1 ifx21 


Sol. Here f(x) = |x-1|= i. frci 


LHD at x =] 

















jam OAD uu EDA L 1-0-9-0-0 hk 

sd x-1 eo (e4-1) ao -h a — 
RHD atx=1 

i feo-RD fA+th-fD _. a a h 

wat X-l — 4-0 (Q*h-1) raD 7 poh 

LHD + RHD 


Thus, f is not differentiable at x = 1. 
d 
9. Find oF P ifx-y zm. 


dy 
Sol ~ x-y=n > y-x-m > a 





| 1 1 


dy E] 
10. Find — if y=t ,— ; 
ind j- if y - tan [n oo 


3 











a4[9x-x . E 
Sol. y= tan 15a J' putting x = tan 0 > 0-tan x 
— 3x 
3 tan 6 — tan? 0 

y= tan! a m = tan! [tan 30] = 30 = 3 tan! x 
1-3tan^0 

Differentiating both sides w.r.t x, we get 

dy 1 3 





=3~x = 
dx ie Tex 
d 1 1 
11. Find s if y = sin! (2x/1- x”); E «x« T 
Sol. Here y= sin! (2x/1-x’), putting x = sin 0 > 0- sin ! x. 


y =sin™ [2 sin 0/1— sin? 9] = sin™ [2 sin@ cos] 
=> y= sin” (sin 20) = 20 = 2 sin” x 
Differentiating both sides w.r.t. x, we get 
dy _ 2. 1 | 2 
dx y lex y l-a 
12. Differentiate the following with respect to x: 
Je”, x>0 


Sol. Let y=¥ e 

















dy | d fy a ye d Z 

> i 75 put aE! up eer FE E 
dy e? 
dx 4y xe"* 
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Aliter : Let y 7 Ve putu= yx and o - e" 





dy 1 1 
= => = = 
y vo do 2/o 2 e** 
d 
vac =» Psese" 
du 
du 1 


u =x => de ide 
dy dy do du_ 1 PE T e" 7 e" 
dx do du'dx 4f x 2yx Adx fus Ad xe? 














1 
1v (e> 
13. Differentiate with respect to x: y = (x * *) + d jJ 
1% (x+2) 
Sol. Let u=|x+7 andv=x\ * 
dy du dv . 
then y=u+v => ee ae die ..-(1) 
e) 

Now, u-|xt*— 
x 

1v 1 . 

logu- log(x + ij - xlog[ + i [Taking logarithm on both sides] 


Differentiating both sides, w.r.t x, we get 


ZUM eani EJ : — 
= L.log\x+— itx. f ud 





























u dx 1 
xt— 
x 
du 1 x x-1 ij ) x-1 " 
—— = = d l dem m 
d ultog [x 1) MÀ zi ula E MT (i) 
1 
Now, o-(x)"'x 
gd 1 
log v = log (x) *"x = (x * x log x [Taking logarithm on both sides] 
Differentiating both sides w.r.t. x, we get 
A E eee 
ade pev paw Bo mug 2 ogx d ... (iil) 





From (i), (ii) and (iii), we get 














dy _(, 1], 1j, xa], (x -1 x41 
a (e et ee E 
14. Ify =x" + (sin x)", find zm [CBSE Delhi 2009, (F) 2013] 
OR 
If y = 359? + (cos 3)", find s . [CBSE 2019 (65/4/1)] 


Sol In y=x®™* + (sin x) **, let w= 2°", v = (sin x)* 


Now, y=u+v 


dy du dv f 
and de dE de ...(1) 
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sin x 


We have, u=x 
Taking log on both sides, we get 
log u = sin x log x 


Differentiating both sides with respect to x, we get 





1a- = sinx X —- : x + log x.cosx 
Ps - u( M * loga.cosx) = ysn BE, log x. cos x (ii) 





Again, 0-(sinx)^* 


Taking log on both sides with respect to x, we get 
log v = cos x log sin x 
Differentiating both sides with respect to x, we get 


T ANM 
© dr = COS X 





y % cosx + log sin x(-sin x) 


"HB POE M 


m^ v[cos x. cotx - sinx. log sin x] 


= = (sin x)" [cos x. cotx — sin x log sin x] ... (iii) 
From (i), (ii) and (iii), we get 

dy = ysinx ES sinx 

dx x 





+logx. cosx anil 


+ (sinx [cos x cotx — sinxlog sinx] 


OR 
Solution is similar only values change. 


cos x , 
Ans. x^** (St -sinx logs) + (cos x)?" [-sinxtanx + cosxlog cos x] 
15. Differentiate w.r.t x : y = (x cos x)* + (x sin x)" 


Sol. We have y = (x cos x)* + (x sin x)'/* 


























y= ele cos x)* do log,(x sin az => y= erlog(xcosx) + EL (x sin x) 
dy _ ge Lio xsinx d 
KAL g(x cos x) E + 8 SE ) 
=> m aa log (x cos x)] + e* "ds log (x sin x) 
a c ld 2x i 
= gx ^ C08 x) . log (x cos x) aa (1. cos x - x sin x) 
1 
inz) ^ — + —,———_(l.sinx+ 
+(x sin x) 5 log (x sin x) "eT .(1. sin x + x cos x) 
d f | x cot x+ 1- log (x sin x 
SE = (x cos x)*[log (x cos x) +1 ~ x tan x] + (x sin x)" 2 ef ) 
dy sin? t cos?t 
16. Find if x= ,y = , 
dx V'cos 2t y cos 2t 
sin?t 


Sol. Given x= Jcos2t 
Differentiating both sides w.r.t. t, we have 





—2sin2t 
dx d sin?t NR (3sin?t cost) — sin (| 
dt = dtl /cos2t cos 2t 
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_ 3(cos 2t) sin*t cost + sin2t sin?t 
































(cos 22)? 
| .3(1- 2sin?t)sin?tcost * 2sintcost.sin?t E 8sin?t cost — 4 sin‘t cost 
(cos 2t)*/? (cos2t)?/2 
_ sintcost(3sint — 4sin?t) _ sintcost(sin3t) _ sintcostsin3t 
7 (cos 2#)3/? E (cos 21)? " (cos 21)?? 
cos 2t (-3 cos? t sin t)— osi A | 
New dy d | cos?t \- 2,/cos2t 
' dt. dt\./cos2t cos 2t 
_ —3(cos 21) cos?tsint + cos*tsin2t 
E (cos2t) 3/2 
B -3 (2 cos?t — 1) cos? tsin t + cos? t (2 sin tcost) 
7 (cos 243/2 
_ -6cos*tsint + 3cos?tsint * 2cos*tsint _ 3cos?tsint - 4cos t sint 
(cos 2t)? (cos2t)*/? 
_ sintcost(3cost — 4cos?t) . sintcost(-cos3t) 
7 (cos 2#)°/? 7 (cos 2t)°/? 
d dy dt sint cost (cos 3t cos 21) 9/2 
E e E "dx T ae hs EX erc a eet 
17. Ifx= ya"! and y= a ', show that = aik, [CBSE (AI) 2012] 
Sol xe"! i) 
y=V¥a t (ii) 
Multiplying, (1) and (ii) we get 
xy- gt x q65 t E xy- ein t+ cost 
> xy = J/a7? [sin !t + cos !t = 1/2] 
On differentiating both sides, we get 
e +yx1=0 => a = Ei 
"y dy 
18. If y - Ae"* + Be™, then show that au (m+ pm tmm =0 [CBSE (AI) 2007; (F) 2013] 


mx nx 


Sol. Given, y 2 Ae"* + Be 


On differentiating with respect to x, we have 
dy 


eT Ame" + Bne"* 


Again, differentiating with respect to x, we have 
PL 
qd d = Am*e™ + Bn7e"™ 
y 
d'y dy 
Now, LHS = —- - (m * n)7-* mny 
dx? dx 
= Am’e"™ + Br?e* — (m +n)(Ame™ + Bne™) + mn(Ae"* + Be™) 
= Am’e™ + Bn*e™ — Am’e™ — Amne™ — Bmne™ — Bn*e™ + Amne™ + Bmne"* 


=0=RHS 
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19. If y = (tan x)’, show that (x? € 1)? y, + 2x(x7+ Dy, = 2. [CBSE (AI) 2012; Delhi 2012] 
Sol. Wehave, y= (tan™ x)* (i) 
Differentiating with respect to x, we get 
dy 


— L5 -1 PM 
2 tan PEE 


(ii) 


or (1«x) y= 2tan x 





dy 
where y, = T 


Again differentiating with respect to x, we get 


dy d 1 
2 1 a 2) — 
(tx) "xa o tx) ETE 
1+x)y, ty, 2x = —— 
= (1+ x). + yy .2x Te 


Or a Xy yo + 2x (1+ x) y,=2 





d d 
where y, = uz and y, = i 
20. Verify mean value theorem if f(x) = x^ — 4x — 3 in the interval [a, b], where a = 1 and b =4. 

Sol. Given, f(x) 2x3 - 4x -3,x e [a, b] ie., [1, 4] 
Since f(x) is a polynomial so it is differentiable everywhere and so it is also continuous. 
So, all conditions of mean value theorem are satisfied. 
Now, fla) =f(1) = (1)’-4 (1) -3=-6 
f(b) 2 (4) = (4 -4x 4-3 =-3 
Now, for any c e (a, b), we have 























fb) fla) 2. f0- fü) 
f (= b-a = f= 4-1 
-3- (-6 - 
zy Wong i 5 ede ae) 
3 3 
=- 2025 => c- (14) 
1+sinx +y1 -sinx 
21. If y 2 cot! d E , 0« x « I then find the value of x 
/A * sinx - /1- sinx 2 dx 
[CBSE Delhi 2008; (F) 2013] 
1+sinx + 1 -— si 
Sol. Consider RET id SE bogus 
VA * sinx - /1- sinx 2 





/1+sinx + /1-sinx /A * sinx + /1-sinx 
= x 
V1-*sinx-/1-*sinx /1+sinx+/1-sinx 


(/1+ sinx + /1-sinx). _1+sinx+ I-sinx + 2//1-sin?x 

















1+ sinx- (1-sinx) 1+sinx-1+sin x 
2cos? > 
2+2cosx _1+cosx d = (5) 
= : = = = cot 
2sinx sinx jam cae 2 
2 2 





4 /A * sinx + /1- sinx 


4/1 +sinx — y1-sinx 











d 
= cot! co) - 3 E y75 — A es 


y = cot 2 2 
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bal a i 
x' sini cJ if x 
0 ,ifx=0 


22. Determine if f defined by f(x) = is a continuous function. [NCERT Exemplar] 


Sol. We note that domain of f is R. Let c be any real number then two cases arise. 
Case I: Ifc#0 then 
lim f(x) = lim xsin} = csin(+) =f(c) 
= fis continuous for c eR, where c #0. 
Case II : If c = 0, then f (c) = f (0) 20 


and lim x? sin() = 0x (a number oscillating between -1 and 1) 


x- 
=0=f0) 
=> fis continuous at x = 0. 

Thus, f is a continuous function at every point of its domain. 


23. Using mathematical induction, prove that den = nx"! , for all positive integer n. [HOTS] 
Sol. Let P(n) be statement such that 
2 d ny — n-1 
P(n): rn (x^) = nx 


For P(1): Putting n = 1, we get 





L @ystet=1 > P(1) is true. 
Let P(m) be true > Eam = mx"! 


Now for P(m + 1): 


d mt+1 a m LX d m 
dx * ) dx xX) =x Tx") 
-x".x.m.x" zx" m.x" =(m +1). x" =(m +1). x+- 
=> P(m+1)is true 
Here, by PMI P(n) is true. 
t d M — n-1 
i.e., dx (x") = 1.x 
fœ gx) hix) dy fo g'(x) k(x) 
24. Ify=| 1 m n |,thenprovethat——=| I m n |. [HOTS] 
dx 
a b c a b č 
f(x) g(x) h(x) 
Sol Given, y=| 1 m n 


a b C 


y = (mc — nb) f(x) — (lc — na) g(x) + (Ib — ma) h(x) 


d 
=> ~ = (mc — nb) f' (x) — (lc — na)g’ (x) + (Ib — ma)h' (x) 
fi (x) g(x) h'(x) 
a b C 
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Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. 


10. 


The function f : R > R given by f(x) =- |x- 1| is [CBSE 2020 (65/2/1)] 
(a) continuous as well as differentiable at x = 1 

(b) not continuous but differentiable at x = 1 

(c) continuous but not differentiable at x = 1 

(d) neither continuous nor differentiable at x = 1 

The function f(x) = e'*! is [NCERT Exemplar] 
(a) continuous everywhere but not differentiable at x = 0 

(b) continuous and differentiable everywhere 

(c) not continuous at x = 0 


(d) none of these 


The function f(x) = [x], where [x] denotes the greatest integer function, is continuous at 





(a) 4 (b) -2 (c) 1 (d) 1.5 
The number of points at which the function f(x) = ze is not continuous is 
[NCERT Exemplar] 
(a) 1 (b) 2 (c) 3 (d) none of these 
sinx 
* , ifx40 
The function f(x) =) * Fur dios is continuous at x = 0, then the value of k is 
k , ifx-0 
[NCERT Exemplar] 
(a) 3 (b) 2 (c) 1 (d) 1.5 
pint if x #0 
The value of k which makes the function defined by f(x) = x’ , continuous at 
x=0is k, ifx=0 
(a) 8 (b) 1 (c) -1 (d) none of these 
The function f(x) = cot x is discontinuous on the set [NCERT Exemplar] 
(a) Ix 2n n:n e Zj (b) (x 2 2 m: n e zZ} 
(c) {x =(2n+ 1)5;n € zi (d) E - Aun € z} 
Let f(x) =|sinx|. Then [NCERT Exemplar] 


(a) fis everywhere differentiable 
(b) fis everywhere continuos but not differentiable at x 2 nn: n e Z 
(c) fis everywhere continuous but not differentiable at x = (2n + 15 ,neZ 


(d) none of these 
x — 


The function f(x) - FONT is discontinuous at [CBSE 2020 (65/2/2)] 
x(x*- 

(a) exactly one point (b) exactly two points 

(c) exactly three points (d) no point 


If f(x) = x? sini, where x #0, then the value of the function f at x = 0, so that the function is 


continuous at x = 0, is [NCERT Exemplar] 
(a) 0 (b) -1 (c) 1 (d) None of these 
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11. The function f(x) = |x| + |x-1| is 
(a) continuous at x = 0 as well as at x = 1. (b) continuous at x = 1 but not at x = 0. 
(c) discontinuous at x = 0 as wellasatx=1. (d) continuous at x = 0 but notat x = 1. 
12. The function f(x) = 4-x is 
` 4x — x? 
(a) discontinuous at only one point (b) discontinuous at exactly two points 
(c) discontinuous at exactly three points (d) none of these 
13. The value of c in Rolle's Theorem for the function f(x) = e' sin x, in [0, x] is [NCERT Exemplar] 
T T T 3n 
a) 6 (b) y (c) > @) 4 
14. The value of c in Mean Value Theorem for the function f(x) = x(x - 2), x e [1, 2] is 
3 2 1 7 
(a) 5 (b) 4 (co) > (d) T 
15. The value of c in Rolle's theorem for the function f(x) = x? - 3x in the interval [0, /3] is 
3 1 
(a) 1 (b) -1 (o) > (d) 3 
16. The set of points where the functions f given by f (x) = |x 3| cos x is differentiable is 
(a) R (b) R - {3} (c) (0, oo) (d) none of these 
17. Differential coefficient of sec (tan !x) w.r.t. x is [NCERT Exemplar] 
x x 2 1 
b vit d 
(a) VET (D cum (c) x x (d) Ax 
2x du 
Rl = tay {| — au. 
18. If u= sin (raa v = tan (3 z), then do 38 
1 1-x? 
(a) 3 (b) x €) De @1 
dy «X. 
19. If y= logytanx , then the value of dx at x= is 
1 
(a) 0 (b) 1 (c) > (d) © 
d 
20. If y= ysinx +y , then -i is equal to 
cos x cos x sinx sinx 
6) x 0) {oxy EDS 0) x 
Answers 
1. (c) 2. (a) 3. (d) 4. (d) 5. (b) 6. (d) 
7. (a) 8. (b) 9. (c) 10. (a) 11. (a) 12. (c) 
13. (d) 14. (a) 15. (a) 16. (b) 17. (a) 18. (d) 
19. (b) 20. (a) 


Solutions of Selected Multiple Choice Questions 


1. 


We have, 
x-1, if x<1 
fe) --ix-ti-[ 5, if x»1 
Atx=1 
LHL- li 1-h)= lim (1-h)-1= 
lim f(1-h) = lim 1-4) -1- 0 
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RHL= lim f(1 +h) = lim — (1+ 4-1) =0 

fl) =1-1=0 

. LHL=RHL=f0) = f(x) is continuous every where. 
Now, atx=1 


Em = . A, — < — 
LHD -5-(-1)71; RHD- ;-(-(x-1) --1 


LHD # RHD 
^. f(x) is not differentiable of x = 1. 


.  . 1 . 
6. Indeed lim sin does not exist. 
x> 


7. We know that, f(x) = cot x is continuous in R - {n 1: n e Z}. 
cosx 


Since, f(x) = cotx = ama [since, sin x = 0 at (nm, n e Z} 
Hence, f(x) = cot x is discontinuous on the set {x 2 n1 : n e Z}. 
9. We have, 
x-1 
Je- 
fe x(x? -1) 


f(x) is discontinuous when x(x? - 1) = 0 
= x-0,x-2u1 
f(x) is discontinuous at x = 0, -1, 1 
ie. exactly at three points. 
iid esi 1) zou X - 
10. f(x) =x sin(+ , where x #0; -. lim f(x) =0 


Hence, value of the function f at x = 0, so that it is continuous at x = 0 is 0. 




















15. fü)so [+ f'@) =3x7-3] 
= 37-320 >č=%=1 
=> c= +1, where 1€ (0, /3) = c=1 
19. Wehave, y=logytanx 
dy 1 1 2 
= x X sec“ x 
dx tanx 2,/tanx 
= Lm secx a = (2)? um 1 
dx | 2tanx dX atx=4 2x1 2 
20. = y = (sin x + y)? 
dy 1, . an d,. 1 1 d 
dc a Ginseng ca (cosx e) 
dy 1 d . 
> de By (cox Ge] [- (sin x +y) = y] 
dy 1 \_ cosx dy _ cosx 2y _ cosx 
E i -1- 2y = dx 2y "2y-1 2y-1 
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Fill in the Blanks 


d 
1. Ify= tan ! x + cot! x, x € R, then K is equal to : [CBSE 2020 (65/3/1)] 


d 
2. Ifcos (xy) = k, where k is a constant and xy # nn, n e Z, then "n is equal to : 
[CBSE 2020 (65/3/1)] 
3. The number of points of discontinuity of f defined by f(x) = |x| - |x 4 1| is ; 








[CBSE 2020 (65/4/1) 
4. The function f(x) = : - 3 is discontinuous exactly at points. 
Answers 
1. 0 2, = 3. 0 4. three 
Solutions of Selected Fill in the Blanks 
1. Wehave, y-tan!x-«cot!x x eR 
x 
> y= 2 
T 
dy (2) Ec 
dx dx — 
2. Wehave, cos(xy)-k 
Diff. w.r.t x, we get 
dy 
-sin (xy) X xa ty =0 
y xy zn 
—“~+y= 
> a Y 9 ae » 
2o ox 
dx X 
Very Short Answer Questions 
x!-9 43 
1. Ifthe function f defined as f(x)7* | x-3” E is continuous at x = 3, find the value of k. 
K; x=3 


[CBSE 2020 (65/5/1)] 


Sol. Itis given that f(x) is continuous at x = 3 


lim f(x) - /(3) 





2 
s dts 
x-3 x-3 
ji (x-3)x*3) _ 
> M @-3 — 


=> lim (x +3) =k => 34+3=k 


=> k=6 
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as +cosx, if x #0 
2. For what value of ‘k’ is the function f(x)=) 3x í continuous at x = 0? 


k, ifx=0 





[CBSE (F) 2017] 
Sol. lim f(x)= lim f(0 +h) 
x—0* => 








in 5h 
= lim f(h)= li (882. + cos n) 
im f(h)- limi 73, cos 
. sinbh 5... 5 
- lim 5h xg t lim cosh = Ixy +1 [^ h502 5h 0] 
; . 8 
> lim f(x) = 3 
x-0* 
Also, f(0)- 
Since, f (x) is continuous at x = 0. 
— lim f(x) = f(0) — $- k 
x-^0* 
GO dfx«0 
3. Determine value of the constant ‘k’ so that the function f(x) = į |x|” is continuous 
3, ifx=0 
atx - 0. [CBSE Delhi 2017] 
Sol. - f(x) is continuous at x = 0 
> lim f(x) = lim f(x) = f(0) 
x-0* x0 
Now, lim f(x) = lim f(0 — h) 
x0. zs 
= k(-h) kh _ 
= lim f(-h) = = lim) "RT = lim n k 
Also, f(0) = 
lim f(x) =f(0) => -k=3 => k=-3 
x0 
d 
4. If y= 2/sec(c?) ; then find Z. [CBSE 2019 (65/5/3)] 
Sol. Given, y - 2ysec(e™) 
dy _ 1 2x 2x 2x 
2y sec (e x — m x sec (e™) tan (e™) x 2e 
ps =F =i eb p» 
= 2,/sec(e*) tan (e™) . e™ = 2e? y sec (e™) tan (e?) 
d 
5. If y = cosec (cot yx), then find — [CBSE 2019 (65/4/2)] 


dx 
Sol. y= egg 


d 
ET + (cosec (cot x)) 





= —cosec (cot Vx) cot (cot Vx) x [-cosec?/x) x LZ 


. cosec(cot /x)cot(cot yx) x cosec? (yx) 
2/x 
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6. Find the derivative of log, x with respect to x. 


Sol. Let y=log,)x=log, e. log, x 











dy _ 1 lege T " 
Fx 7 10810? * x = = ; Fx 8e* = x 
= 7% -7x dy = 
7. If y 2 5e" * 6e ^, show that dd = 49y. 
x 
d 
So. s y=5e* 460% m o Th casó aae 
d? 
= ps = 245e7* + 294 7* = 49 (5e”* 6e 7*) = 49y 
x 
x "E 
8. If y = log (cos e”), then find dr" 
Sol - y- y (cos e?) 
dy _ 1 my x 7€ Sin(e) 
> det + (log(cos e) = m x(-sin(e))xe = po (P) - 
d 
a = —e* tan(e*) 


[NCERT Exemplar] 


[CBSE 2019 (65/5/1)] 


[CBSE 2019 (65/4/1)] 


= —e* tan(e*) 


Short Answer Questions-! 


o, dy 27 : 
1. Find —— at t=- when x = 10(t — sin f) and y = 12 (1 - cos t). 














dx 3 
Sol. Given, x= 10 (t -sin t) and y = 12 (1 — cos t) 
x-10(t-sint) > Z = 10 (1- cos f) 
dy ; 
Again y 2 12(1-cost) => dr ^ 12 (0*sin f) -12sint 
dy 
dy dt | 12sint 
New, dx dx  10(1-cost) 
dt 
dy 12 sin m é = 3 
dx |,-2" a) "B^ x 
3  10|1-cos^4- ES 
O4 Vs 
zB SHY. ju. 2 64S 998 
==x — EX 
1-*cost- g a 949. m 
3 2 
2. Find asd =" if sin?y + cosxy = K 
i dx Y4 y y ` 


Sol. sin? y + cos xy = K 
Differentiating w.r.t. x, we get 


d d d d 
2sin y. cos y + (-sin xy G- y) =0 => sin 2y. 7- x sin xy. -= 


[CBSE (F) 2017] 


(Differentiating w.r.t. t) 


(Differentiating w.r.t. t) 


[CBSE Delhi 2017] 


y sin xy =0 
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dy _ y sin xy 














= dx — (sin2y - x sin xy) 
T. T mi 
S aba ee, o 
mig sing-sing 1-75 wee) 
3. If(1+x)"=Cy+ Cx + Cox’ +.... + C,x", then prove that [HOTS] 
(i) Ci +2C, * +nC,=n.2"-* (ii) C,-2C, +3C, -.... + C" nC, 20 
Sol. Wehave, (1+ x)" = Cy Cix + Cy +... + Cx" 
Differentiating both sides with respect to x, we have 
n(c-x) 2C -2€0x43C0)-.. nC" d 
Putting x = 1 and x = -1 successively, we have 
(i) C, 2C +3C;+ 4 nC, 2 n.2" ! and (ii) C,-2C)+3C,-.... + (C1 1C, =0 
4. If y= (cosx) (053 """ then show that E d a T [INCERT Exemplar] 
Sol. Wehave, y= (cos yooo 
=> y = (cos x)" 


log y = log (cos x)" > log y = ylog cos x 


On differentiating w.r.t. x, we get 
1 dy 


1 dy y 





- E cosx * lo idi E => 
Y Gx 98 5 dx 


y dx y dx cosx dx 


d 

A y 78 cos x 
dy — -ytanx |. ytanx 
dx (1-ylogcosx)  ylogcosx-1 


--ytanx 








II EM 
COSX 





d? 
5. If x Zacos0; y= b sin 0, then find E 
x 


Sol. We have, 


B5 asd 


d0 


x-aücos0 => 


and y=bsin0 => = bcos0 


d 

d0 
dy dy /dx | bcosO b 
dx  d0/ d0 


— asinO EE sog 
Again diff. w.r.t x, we have 














dy q(dy| bd t Ur 

ds md -a dy C009) =- g XC cosec 0) gy 
1 

=~ Lx (- cosec?0) x(- a 

d? 

"IL 
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d 
- cos x + log cosx 


[CBSE 2020 (65/5/1)] 


Short Answer Questions-Il 
b» CONTINUITY AND DIFFERENTIABILITY 





























1. Find the values of p and q, for which [CBSE Delhi 2016] 
1- sin?x iba T 
IL wdbes- 
3.cos*x 2 
fW= p j ifx= 5 is continuous tusi. 
tow 
ae E 
(x - 2x) 2 
l-simx ifx<= 
3cos?x 2 
Sol. Wehave, f(x)- p , ifx =5 is continuous at x =F: 
q(1- sinx) n 
Tae deg of ifx> > 
(n-2x) 2 
x x ud 
Now, lim f(a) = lim f [21) Letx-*hx-^--—h-0 
ry 
1-sin| +h 
q 2 q{1—cos h} q(1 -cos h) 
=] ; = lim 7 = lim A 
h-0 a h-0 [(x- x - 2h] h-0 4h 
m-2( > +h 
2 
ny 
2 2/1 d 
: q.2sin 2 Q2 d 2 es sin, Qld 
»h-0 Ah? h-0 2h? T h 8 8 
2 
Again lim f(x) =limf(2—n Lex -hrai 
8 x ho 42 2 T 2 
ere 
— 1 3 —— 
Von (5 n) 1- cos?h (1 = cos h) (1 + cos h + cosh) 
= lim = lim = lim 
h—0 [m h-0 3sin?h — h-0 3 sin^h 
3cos'|—-h 
2 
2sin^ 3. (+141) asin? 3 2.sin? $ 
- lim 5 = lim z = li 5 
h-0 3sin^h h-0 3sin*h h-0 sinth 


Dividing N” and D' by h’, we get 

















. 2h _h 
h sn Siy 
sin? — 2. lim 
2 2 h 
2 Id 20 Oe 
= lim h? = lim E at i : = 
h-0 sin?h h-0 sin?h 2|. gnhV ? 
m n? (im h ) 
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Also f (z) =p 


f(x) is continuous at x = 2 => lim f(x) = lim f(x) =f (5) 
po ha 
2 2 
> z-i-p — p-jandq-4 


2. Show that the function f(x) = 2x - |x | is continuous but not differentiable at x = 0. [CBSE (F) 2013] 
Sol. Here f(x) 22x- |x| 


For continuity at x = 0 


lim f(9) = lim f(0-+ 1) = lim f(t lim f(s) = lim /(0.— 1) = lim f(- H) 
= lim(2h- | h | }= lim (2h—h) = lim{2(-h)-| -h |} = lim(- 2n - hj 
= limh Ec 
-0 «ld =0 (ii) 

Also, f(0) = 2 x0- |0| =0 iii) 


(i), (ii) and (iii) = lim f(x) = lim f(x) = f(0) 
x-0* x0 

Hence, f(x) is continuous at x = 0. 
For differentiability at x = 0 

iim si NN LL ar i 

h—0 -h h-0 -h 

QCh-|-hp-2*0o-|0l] . -2h-h-0 

m = 


x -h um 


Junt =e 
n-0-h  n-o 
LHD =3 (iv) 
. fO+h)- f0) 
= lim 
h^0 h 
, fh)-fO) . 2h-|h|-2x0-|O|.  2h-h h 
- lim - lim - lim 
h—0 h h-0 h n-o0 h 














Again RHD 





= lim1 
h-0 


RHD =1 .(0) 
From (iv) and (v), we get 
LHD #RHD i.e., function f(x) = 2x - |x| is not differentiable at x = 0. 
Hence, f(x) is continuous but not differentiable at x = 0. 
3. Find the value of ‘a’ for which the function f defined as 
asin 5 & +1), x<0 
f@) =) tanx —sinx is continuous at x = 0. [CBSE Delhi 2011; (South) 2016] 
-= ee 
x 
Sol -'- f(x) is continuous at x = 0. 


=> (LHL of f(x) at x = 0) = (RHL of f(x) at x = 0) = f(0) 
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=> lim f(x) = lim f(x)  f(0) ...(i) 
x20 x-0* 





Now, lim TS n 4 Sin 2G 1) vf(x)-asinz 5G 1, itx «0 
-0* 


x 





























m To. E 3s 
"PE asin($+3 7“ x)= lim acos a.cos0 =a ... (ii) 
Again, lim fœ ) = lim fanz —sin x k fe) ENE ye 
x-0* x 
sin x 
cosx SMX .  ginx-sinx.cosx _,, Sinx(l-cosx) 
=li A = lim 3 = lim A 
x>0 x x-0 COS X.X x-0 COS x.x 
Q2X 
li 1 li sinx 2n sed = sin? = 
= lim gogx iMm- y d © 1-cosx -2sin 5 
uu 
2 
sin~ sin 
la 2 T- 2 _1 
= 7-1-5 m x 2 lim x |^ x1=5 (iii) 
2 27° 2 
Also, (0) = asin (0 +1)= asin =a (fv) 
" fis continuous at x = 0. 
- (i), (i), (iii) and (iv) => 4-1 
sin(a + 1) x + 2 sin x 
x ,x«0 
4. If f(x)= 2 , X70 is continuous at x = 0, then find the values of a and b. 
y1+bx-1 
Us — 998 [CBSE (North) 2016] 
sin(a + 1)x + 2sinx 
7 ,x«0 
Sol. Wehave, f(x) = 2 , x=0 is continuous at x = 0 
y1+bx-1 
sae , x>0 
Since, f(x) is continuous at x = 0 
> lim f(x) = lim f(x) = f(0) s (2) 
x—0* x20 
Now, lim f(x)- lim fO+h) [Let x = 0 + h, h is +ve small quantity x > 0* => h — 0] 
x-0* > 
V1*tbh-1 — y~y1+bh-1 ¥1t+bh+1 
= lim m f(h) = = lim = lim x 
h- h—0 h h-0 h /1- bh 1 
1+bh-1 . bh b _b 








= li =] = lim-===— => 
n-Oh(J1+bh+1) h-0h(V1+bh+1) n-oylt+bht+1 2 
Again lim f(x) = lim f(0—h) [Letx=0-h, his +ve small quantity x — 0 => h — 0] 
x-07 por 


sin (a + 1)(—h) + 2sin(- h) 











- lim h) = lim 
ho w )= es ae -h 

. |-sin(a * 1)h - 2sinh . |sin(a*1)h Qsinh 
- lim - lim + 

h—0 -h h—0 h h 
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sin(a+1)h 





= him 
h-0 








=1x(a@+1)+2=a+3 


Also f(0) =2 
Now from (i) 723-2 


. sinh ,  sin(a*1)h . sinh 
+ = X(a+1)+ 
2 h m (a * 1)h wet E h 
— b-4,a-2-1 


5. Show that the function f(x) = |x -3|, x € IR, is continuous but not differentiable at x = 3. 


Sol. Here, — 


f(x) = |x-3| 


For Continuity: 


Now, lim f(x) = lim fB +h) 
X8 > 


[CBSE Delhi 2013] 
-(x- 3) ,x «3 
f(x) = 0 Q8 
(x-3) ,x>3 


[Let x 234 h and x —^ 3* > h — 0] 


= lim(3+h-3)=limh -0 
h-0 h-0 


lim f(x) - 0 
x-3* 


lim f(a) = fim f(8- 1) 


(i) 


[Let x 23- hand x —O3 > h— 0] 


= lim-(3-h-3)=limh=0 
h-0 h-0 


lim f(x) =0 
x3" 


Also, f3)-0 


(ii) 
(iii) 


From equation (i), (ii) and (iii), we get 


lim f(x) = lim f6) -f(3) 
x^3* x3 


Hence, f(x) is continuous at x = 3. 











For Differentiability: 
RHD - tim SOTO FO) lim — lim j= lim1-1 (iv) 
LHD = lim a = lim a = lim A = lim (-1)=- (0) 
Equation (iv) and (v) 
=> RHD #LHD at x =3. 
Hence, f(x) is not differentiable at x = 3. 
Therefore, f(x) = |x - 3|, x € [Ris continuous but not differentiable at x = 3. 
6. Discuss the continuity and differentiability of the function 
f(x) = |x| + |x-1] in the interval (-1, 2). [CBSE Ajmer 2015] 
Sol. Given function is f(x) = |x| + |x-1| 

Function is also written as 

-x-(x-1) if-1«x«0 -2x-*]1, ifx«0 

f(x) = 1, if0<x<1 => f= 1, if0<x<1 
xt+(x-1), ifx2=1 2x-1, ifx21 


Obviously, in given function we need to discuss the continuity and differentiability of the function 


f(x) at x = 0 or 1 only. 
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Sol. 


For continuity at x = 0 


lim. f(x) = lim f(0 +h) [Letx=0+handx>0* > h>0] 
x—0* d 
- lim f(h) = lim 1 ['- his very small positive quantity] 
=1 ...(i) 
lim f(x) = lim f(0-h) [Letx 20-handx —0 > h—0] 
x0 Boe 
=li - h) = lim{- 2(- h) +1} = lim (2h +1 
lim f(-7) = limt- 2(- I + 1] = lim ( ) 
lim f(x)=1 (ii) 
x-0 
Also, f0)21 .. (iii) 


(i), (ii) and (iii) = lim f(x) = lim f(x) =f(0) 
x—0* x0 
Hence, f(x) is continuous at x = 0. 


For differentiability at x = 0 
fO+h)— f(0) 











RHD - lim 
h-0 h 
h) - f(0 
= tim 2-0 ['- his very small positive quantity] 
1—0 
-lim Æ! = lim? =1i i = z 
-lim i = lim; lim 0 [^ |h|=h, |0|=0] 
RHD = 0 (iv) 
0- n) - f(0 - h) - f(0 
pine Oo MD Le 
h-0 -h h—0 -h 
es dud. o. ee 
"im — -h A ke 2 
LHD =-2 ...(0) 


(iv) and (v) => RHD z LHD at x - 0. 

Hence, f(x) is not differentiable at x = 0 but continuous at x = 0. 
Similarly, we can prove f(x) is not differentiable at x = 1 but continuous at x = 1. (Do yourself) 
ax’ +b,ifx<1 


: is differentiable at x = 1. 
2yvTLify-1 


Find ‘a’ and ‘b’, if the function given by f(x) = | 
[CBSE Sample Paper 2018] 


Since, fis differentiable at 1 > fis also continuous at 1. 
Now lim f(x)= lim fan) [Here h is +ve and very small quantity] 
x^1* s 


-lim2( +h) +1 =2+1=3 
lim f(x) = lim f(1-h) = limta(1 ~h) +b}=atb 
x—-1 = hh 
Since f (x) is continuous at x = 1 


=> a+b=3 sali) 


Again, since f is differentiable 


> LHD (atx =1) = RHD (atx =1) Sy jg) ge) 
h-0 -h h-0 h 
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= al-h+b-3 2 2(1+h)+1-3 ~ a-2ah+ah?+b-3 . 2+2h+1-3 
m = lim > = lim— — ——— 





















































I l 
> X20 -h h--0 h hs -h Du: h 
. -2ah+ah*+(at+b)-3  , 2h | -2ah * al? * 3-3 
=> lim = lim => lim =2 
h-0 -h n>0 h h-0 -h 
h(2—-h 
> lim C=) =2 > 2a=2 > a=1 > b=2 [From equation (7)] 
» DERIVATIVES 
d x 
1. If tan” [5 - log/ x? + y? , prove that X -X = ' [CBSE 2020 (65/2/1)] 
Sol. Given, tan! (2) =logyx +y? 
aiu 
=> tan! (2) = legi t y?) 
Differentiating w.r.t x, we have 
dy 
DW es d 
> — —7 Tay yX1 -IX 7 paeem] 
1+ d x? xX ty 
tea 
A — — A pr 
ety? " bey! Yu 
dy dy 
> ar -yrx + y d 
dy dy x+y 
= —— = + —$ = 
>= X EM TUM = dx  *-V 
3 
2. Differentiate tan? 7 |x|z -| wart. tan?§—*_. [CBSE 2019 (65/5/1)] 
1-3x /3 1-x 
48x-x? .4[ 3tan 0 — tan?0 
Sol. Let san = (Sentin 2) tx - tan 0 
7 i E oe 1- 3x’ 1-3tan?0 pem 
y = tan” (tan30) = 30 = 3tan'!x 
y = 8tan!x 
-i x -1 . sinü | 7 
and let f= tan = tan = | put x = sin 8 
J] — x2 1-sin^0 
_,(/sin8 e 
= tan = tan” (tan 0) = 0 
cos 0 
t-sin!x 
8d tan !x 3x1 
dy d3tan x _ dx 14x TEES 
dt — dsin x dsin!x 1 1+x? 





dx /A-x 
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3. 


Sol. 


Sol. 


Sol. 


dy (1+logy)’ 
If y^ = e" *, then prove that = . [CBSE (AI) 2013] 
dx log y 





Given, y'-e* 








Taking logarithm both sides, we get log y“ = log e" * v  (i)log,mn = log,m + log, 
=> xlogy=(y-x).loge = x.logy-(y-x) (ii) log, 7 = log,m - log,n 
x Y sy ti 
=> x(1+logy)=y > Ee E logy (iii) log, m" = nlog,m 
iv) | =1 
Differentiating both sides with respect to y, we get olog 
1 
dx a +108 )-1~y.(0+ 5] _1+logy-1___ logy 
dy (1 + log y)” (1+logy)? (1+log y)? 
dy _ (1+log y)? 
= = 
dx log y 
dy 
If (cos x)” = (cos y)*, then find a [CBSE Delhi 2012] 
Given, (cos x)” = (cos y)" 
Taking logarithm both sides, we get log (cos x)" = log (cos y)* 
> y . log (cos x) = x . log (cos y) [^ logm" =n log m] 


Differentiating both sides with respect to x, we get 














1 dy 1 : dy 
Y- cos x C Sin x) + log (cos x) =X cosy .(-sin Ves om log(cos y) 
ysinx dy xsiny dy 
= -osx *l0g(cosx). 7y = COSY d + log (cos y) 
dy xsiny dy ysinx 
> log (cosx). * cosy c; laglea cosa 
dy xsiny ysinx 
zi P + cosy |7 log (cosy) + -osx 
sinx 


dy - log (cosy) + -cosx _ log (cosy) + ytanx 





dx xsiny log (cosx) * xtany 
log (cosx) + “cosy” 


d 
Find the value of » at0 - pa if x = ae (sin 0 — cos 0) and y = ae’(sin 0 + cos 0) 
[CBSE (AI) 2008, 2014] 


Given, x = ae"(sin 0 — cos 0) and y- ae (sin 0 + cos 0) 

Taking x= ae*(sin 0 — cos 0) 

Differentiating with respect to 0, we get 

^ = ae? (cos 0 + sin 0) + a (sin 0 — cos 0) .e" = ae? (cos 0 + sin 0 + sin 0 — cos 0) 


= 2 ae"sin 0 ... (i) 


Again, y = ae"(sin 0 + cos 0) 
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Differentiating with respect to 0, we get 





d 
= = ae" (cos 0 — sin 0) + a (sin 0 + cos 8) .c° = ae? (cos 0 — sin 8 + sin 9 + cos 0) 
=2ae°. cos 0 ... (i) 
dy 
dy ao 0 
y dO _ ze cos 9 Esami Go andi Git 
dx dx ge sin® 
dð 
Y dy| oo 
= j, t8 ^ k i pod 
4 
6. Differentiate the following with respect to x: (sin x)" + (cos x)?" * [CBSE (F) 2013] 


Sol. Letu = (sin x)* and v = (cos x)"* 


Given differential equation becomes y = u + v 
d 
a IM LR (i) 
dx dx dx 

Now, u= (sin x)“ 


> 


Taking log on both sides, we get 
log u = x log sin x 


Differentiating with respect to x, we get 





2. * log si — m (xcotx + log sin x) 

Udy Y gng CS% t log sinx gy U(xcotx + log sinx 

du ; x . - 
= 2^ (sinx)* (x cotx + log sin x} (Hi) 


Again v= (cos x)""* 
Taking log on both sides, we get 
log v = sin x . log cos x 


Differentiating both sides with respect to x, we get 





: i 5 = sinx. ae (-sin x) + log (cos x). cos x 
CN - 
~ d - os Tines log cos | = (cos x)" feos x. log (cos x) - uM 
= (cosx)! **"* (log (cos x) - tan?x] (iii) 


From (i), (ii) and (iii), we get 


s . 
a = (sinx)*{xcotx + log sin x} + (cos x)! * sin 


2 
dx {log (cos x) — tan^x) 


dy  cos'(a* y) 





7. Ifcos y = x cos (a + y), with cos a + +1, then prove that . Hence show that 


dx sina 
_ dy dy 
sin ut * sin2(a * Way =0. [CBSE (F) 2014; (North) 2016] 
x 
Sol. Given, cos y= x cos (a + y) 
cosy 
yem 
cos(a + y) 
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Differentiating with respect to y on both sides, we get 


dx _ cos (a + y) X (-sin y)- cos y X [-sin(a + y)] 














dy cos? (a + y) 

dx _ cosysin(aty)-sinycos(at+y) dy sin(n*y-y) 
me " 2 E = 2 

dy cos“ (a+ y) dy cos” (a + y) 

dx sina dy  cos'(n*y) 
> = z = 

dy cos*(at+y) dx sina 


Differentiating both sides w.r.t. x, we get 


dy 1 dy 
35. = ais tese * y).sin(a +y) 4 
d^y dy a dy 
ina—— = -si +y).— ina—~ + si +y).—= 

=> sina 12 sin 2 (a y) > sina P" sin 2 (a y) 0 

dy _b ; 

8. If x a sin 2t (1 + cos 2t) and y = b cos 2t (1— cos 2t), then show that Meat m Also find 
att-. 
d 
the value of (Zh t= s [CBSE Delhi 2016; (AI) 2014; Panchkula 2015; (Central) 2016] 
Sol. Given, x =a sin 2t (1 + cos 2t) and y = b cos 2t (1 — cos 2t) 

> m a [sin2t X (-2 sin 2t) + (1 + cos2t) X 2 cos 2t] = a[- 2sin? 2t + 2 cos 2t + 2 cos? 2t] 


dt 
= a(2 cos 4t + 2 cos 2t) = 2a (cos 4t + cos 2t) 


m = b[cos 2t X 2sin 2t + (1 — cos 2t) (- 2 sin 2t)] 

= b[sin 4t — 2 sin 2t + sin 4t] = b[2 sin 4t — 2 sin 2t] = 2b(sin 4t — sin 2t) 
dy E dy/dt . 2b(sin4t-sin2t) p 
dx  dx/dt 2a(cos4t+cos2t) 4 


Again, 


sin 4t — sin 2t 
cos 4t + cos 2t 























: . T 
d sin X — sin -1 
So, Ej =? 2 =7x(=})=% and 
pet COST t cos 
4 2 
. AT . 2n . 7 . 1 
(=) b SHE AC = SIN g b TUNES SS a 
Ar =a F T 
dx at t= 3 cos = + cos E SE ge: 





=7x rue 








zi eio dE 
b sms} b, m 3b 
ü 


-2cos 3 





d 1- 
9. If /1- x? * J1- y? 7» a(x - y), then show that E L . [CBSE (Œ) 2009, 2019 (65/5/3)] 


dx 1-x 
Sol. Given, /1- x^ * 1-3 - a(x - y) 


Putting x = sina > a - sin! x and y 2» sin p > p = sin! y, we get 





/1- sin?a + //1 - sin?B = a (sina — sin B) => cosa + cos B =a(sin a — sin B) 
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= 2cos Sa P o *)- a2ces| 2 ;* sin( 25") 





2 2 


> sin y -— sin" y-2 cot” a 


a- a—B 
> (st) => -cot!ia = a-B=2cot la 


Differentiating both sides with respect to x, we get 


1 MEL MM dy  fi-y 


= — Ss 
1-x -y dx dx 1- x? 


d 
10. If x= cos t(3—2cos’ t) and y = sin t (3 2sin? f), then find the value of T 








att= 2 [CBSE (AI) 2014] 


Sol. Given, x= cost(8 - 2cos? t) 


Differentiating both sides with respect to t, we get 


om = cost{0 +4 cost. sint} + (3 — 2cos?t). (sint) 


= 4 sin t . cos? t - 3 sin t + 2cos*t. sint 
= 6 sin t cos? t - 3 sin t = 3 sin t (2 cos? t - 1) = 3 sin t . cos 2t 
Again, '~ y= sin t (3-2 sin? f) 
Differentiating both sides with respect to t, we get 
dy —. . 2 
E = sint. {0 — 4sin tcost} + (3 - 2sin*t].cost 
=- Asin? t . cos t 4 3cos t - 2 sin? t . cos t = 3 cos t — 6sin? t . cos t 


= 3 cos t (1 - 2 sin? t) = 3cos t . cos 2t 











dy 
Naw dy _ dt _ 3cost.cos2t 2 dy T 
OW dx dx 3sint.cos2t dx °° 

dt 

dy x 

ue T = cot; =1 
4 

11. Differentiate ta ( x ) with respect to cos ! (2x41 — x?) , when x +0. [CBSE Delhi 2014] 





41-x 
Sol. Letu= ta? x Jana v = cos” (2xy1- x?) 


. a 
We have to determine 


Putx-2sin0 > 0-sin!x 


UU - u= tan (8859) 
ay 





Now, u- tan! | 





in 8 sin 8 
> u = tan (cot 0) > u = tan” tan( 5 -0)| 
-T -T an 
> Mes 0 > u---sin x 
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12. 


Sol. 


13. 























5 du E 1 = du ^ 1 
dx y= x dx Tea 
Again, v = cos ! Qx41- x?) 
: x =sin 0 
v = cos ! 2sin0/1-sin?0) => v = cos” (2 sin 0 . cos 0) 
=> v = cos ! (sin 20) => U-cos eos (2 -28)) 
Ln 2X gd 
=> v=5 20 > 7-25 2sin x 
do 2 do 2 
— -0- — z= 
dx lea? dx 1-x? 
du = 1 
du _ dx _ 1-x* il 
dv dv 2 2 
dx lex 
[Note: Here the range of x is taken as "TER 
i ; JB ug 


Differentiate the following function with respect to x: 
= (sinx)* + sin! yx 
(sinx)* + sin! yx 


= (sin x)", v= sin! yx 


Given, y= 


y=u+v, whereu 


d 
a que + do ...(i) 
dx dx dx 

Now, u= (sin x)” 


Taking log both sides, we get 











log u = log (sin x)" > log u 
Differentiating both sides with respect to x, we get 
Tan x : x+logsinx > BI 
U'dx ~ siny »* 985 dx 
= "E (sinx)* [x cotx + log sin x} 
Also, v= sin /x 
do _ 1 V 1 
dx / JA-(Jx 2/x 24x(ü-x) 
From (i), (ii) and (iii), we get 
ay = (sinx)" {x cotx + log sin x} + —— 
dx 5 2/xü-x) 
dy y 
By Hg — = 5. 
If xy? = (x + y)”, then prove that A2 an 
OR 
If xy" = m+n h h dy _ Y 
x^" = (x + y)" ^^, then prove t at 5. Tu 


1 
/2 


— 


x>(%-26]>0 


(ž-20)e (0,7) C [0,7] 


[CBSE Delhi 2009, 2013, 2017] 


= x. log (sin x) 


= u{xcotx + log sin x} 


...(ii) 


... (iii) 


[CBSE (F) 2012] 


[CBSE (F) 2014] 
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Sol. Given 3 =(x+ yy? 
Taking logarithm on both sides, we get 
log (xPy^) = log (x + y)? 
> log x? + log y’ = 20 log (x + y) > 13 log x + 7 log y = 20 log (x + y) 
Differentiating both sides with respect to x, we get 
15.7 ^ 0 em) 13 20 | 20 a 




















X Wdx x+y’ x = x x+y x+y WV)dx 
13x + 13y -20x /20y -7x -7y \ dy 13y -7x  [13y -7x| dy 
> rety) | Gu Ji  xeety) Ayer ds 
dy 13y-7x y(x+y) dy y 
> = x > ~ = 
dx x(x+y) 13y-7x dx xX 
OR 
Do yourself (similar question) 
14. Differentiate with respect to x : 
oe"! 3x 
| 
sin (3 2 4 [CBSE (AI) 2013] 
Sol. Let y= sin! re | = sin! EXC | = sin! | 2, | 
l d 1+ (36)* 1+(67)* 1+(6*)? 
Let 6* = tan 0 => 6=tan’! (6*) 
. 4| 2tan0 m 
= sin |— —— => y-sin (sin20 
| 1+ tan?0 T 
> y=20 => y=2. tan” (6) 
dy 2 dy 2.6*.log,6 
= = — 1 6 => —=———_ 
> aig Ess dx 1+36" 
dy  sin"(a* y) 
15. Ifxsin (a+ y) + sin a cos (a + y) = 0, then prove that 2 c [CBSE (AI) 2013] 
Sol. Given xsin (a+ y) * sina cos (a + y) - 0 
|. Sina.cos(a +y) 
=> x-- sinis ty) => x=-sina.cot (a+ y) 
Differentiating with respect to y, we get 
Hx =+ sin a .cosec? (a +y) = -5 
dy sin’ (a+ y) 
dy sin? (a+ y) 
> -= 
dx sina 
dy 
16. Ife" +e’ 2 e**", then prove that ra e! * 20. [CBSE (F) 2014] 


Sol. Given, e+e! ze ** 


Differentiating both sides with respect to x, we get 


dy dy 
X4 oy — = prty eee 
e WES e x 
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=> log x=cos 2t; y «e 


c+ 
Sereg y 


[CBSE (East) 2016] 


[Differentiating w.r.t. t] 


[Differentiating w.r.t. t] 


sin 2t 


— logy - sin 2t] 


dy dy d 
X4 oY LL = gXty p prtty Ln. X*y oy 
> ROME e “+e S > (e ex 
x y nU x y E. y — XV (us 
=> (ete Ed m d -e [ze te =e "(given)] 
dy dy æ 
X — _ o E e 
> d e = P E 
— = = py-* “4 p¥-* = 
> Fm e > m UP 0 
: d ylogx 
_ cos 2t - sin 2t Mir de 
17. Ifx=e and y = e" ^, prove that ET piney” 
Sol. Wehave x = es” 
= = eS?! (_ 2 sin 2t) = — 2x sin 2t 
Again y=% 
d ; 
— = e50? 5 cos 2t = 2y cos 2t 
dy 
dy dt _ 2ycos2t dy -y cos 2t 
NOW, “ae dx —-Dxsin2t dx — xsin2t 
dt 
> dy — ylogx [5 x = es 7 
dx x logy 


Hence proved. 


18. Ifx € R - [-1, 1] then prove that the derivative of sec ‘x with respect to x is 


Sol. Let y = sec” x 
Then, sec y= sec (sec! x) = x 


Differentiating both sides with respect to x, we have 





> Th rey = gud => cae =1 
dx dx dy dx 
dy . ; 
> secytany zy =1 [Using chain rule] 
7 dy — 1 1 
dx  secytany  |secy | . | tany | 


dy 


. [HOTS] 
|x | /x?-1 
If x > 1, then y € (o5) 
secy > 0, tany > 0 
= |secy|.| tany | =secytany 


If x < -1, then 
ye (£u) z. secy <0,tany <0 


= | secy | | tany | 
= (-secy)(-tany) = secy tany 





» SECOND ORDER DERIVATIVES 


1. Ifx= a cos 90 +b sin 0 and y = a sin 0 - b cos 0, then show that Put 
x 


Sol. Given, x=a cos 9 +b sin 0 > 10 


Also, y-asin0—-bcos0 > 


dð 


EE. -asin 0 + bcos 0 


S const nung 


- 1 _ 1 _ 1 
dX | secy | /tan2y | secy | /sec?y—1 Eanes 


2 


dy 
" dx 
[CBSE (F) 2014; Delhi 2015] 


...(i) 


+y=0. 


...(ii) 
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dy 
dy d0 _ acos0-bsinO 





[From (i) and (ii)] 








dx dx -asin0+bcos0 
dð 

dy acos0+bsin0 dy x m 
— - - —=-— (iii) 

dx  bcos0 - asin0 dx yY 
Differentiating again with respect to x, we get 

dy 
d^y E y = "dr 
dx? y 
d'y dy d'y 
2 — Ea el —= 2 SS as. PER — 
> y PE y E — y "E xq 0 
" d^y dy 
2. If y = Pe" + Qe™, then show that P (a * ba + aby - 0 [CBSE (AI) 2014] 
x 


Sol. Given, y - Pe™ + Qe" 


On differentiating with respect to x, we have 


dy " 
IW em ax 4 x 
"m Pae^ + Qbe 
Again, differentiating with respect to x, we have 
d^y 
DU Paze™ + be” 
dx? j 
d^y dy 
Now, LHS - pr — (a+ bue + aby 
= Pa’e™ + QU?e" — (a + b)(Pae™ + Qbe™) + ab (Pe™ + Qe”) 
= Pa’e™ + Qb’e™ — Pa’e™ — Pabe™ — Qabe — Qb’e” + Pabe™ + Qabe"" 
= 0 =RHS 
-1 2 d^y dy ie 
3. If y=e" *,-1 <x «1, then show that (1- x hg xa. aly =0. [CBSE 2020 (65/2/1)] 
x 
Sol. Given, y-e* cox a <<] 


Differentiating w.r.t x, we have 





Ln 1 =L ay 
dx 1- x? 1- x? 
d 
> 1a? Hay 


Squaring both sides, we have 
dy V 
1-3 022,0. 
-x | a| "Y 
Again differentiating w.r.t. x, we have 
dy d'y L 
dx? 


2 
a x * a x (2x) = à? X 2y 


dy 
dx 
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dy dy 
aU 4 Q4. 
=> a x TaY 
d'y dy 
2 NOCET T 
= GER Xa TAY 0 Proved 
"y | dy 
4. If y = sin (log x), then prove that x^ —- * x—*y - 0. [CBSE (F) 2013] 
dx? dx 
Sol. Given, y = sin (log x) 
dy 1 cos(log x) 
> d. > COS(logx) X =e 
. 1 
gu 7 -sin(logx) x y|-cos(log x) eos (log x) - sin (log x) 
Again, - = 
: dx? x? x? 
dy dy 
Now, LHS =e Stag ty 
x^[-cos(logx)-sin(logx)  xcos(logx 
_ om (og) OE ne 
x 
= — cos (log x) - sin (log x) + cos (log x) + sin (log x) = 0 = RHS 
1 2 d^y 2 dy 
5. Ify 2 cose x,x » 1, then show that x(x Ed + (2x Dau =0 [CBSE (AI) 2010] 
x 
Sol -  y-cosec!x 


Differentiating with respect to x, we get 
dy dà 
dx — xdx?-1 


Again differentiating with respect to x, we get 


2 ion rte 








d^y 2/x^-1 
dx? x? (x? - 1) 
= dy x^ +x =1 7 2x! -1 
d x(x-12.x-1 0 f/x* - 1.27 (x? -1) 


d^y 1232-1 dy 


> dC re at TT (2x? -»(- 


dy dy 
2 oY, 2 47/4 _ 
= x(x* -1) de + (2x* -1) de 0 


6. Ify=3 cos (log x) + 4 sin (log x), show that 
2 
„1Y dy 


x p + El +y=0. [CBSE Delhi 2009, 2012] 
x 


Sol. Given, y= 3 cos (log x) + 4 sin (log x) 
Differentiating with respect to x, we get 
dy | 3sin (logx) 4cos(log x) 


1 : 
dx : n > y = 7S sin (log x) + 4cos (log x)] 
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Again differentiating with respect to x, we get 





-3cos(logx)  4sin(logx) 
dy d x E x 
dx? x? 
_ -8cos(logx) - 4sin(logx) + 3sin(logx) - 4cos(log x) 
= 2 


- [-3sin(logx) + 4cos(logx)] 

















x 
d^y -sin(logx) -7cos(logx) -sin(log x) - 7 cos(log x) 
dx? z d md 27 E: 
Now, LHS = x!y, + xy, + y 
»(—-sin(log x) - 7 cos(log x) 1 . : 
=x ( 2 +x x yl -3sin(log x) + 4cos(log x)] + 3cos(logx) * 4sin(logx) 


- — sin (log x) — 7 cos (log x) — 3 sin (log x) + 4 cos (log x) + 3 cos (log x) + 4 sin (log x) 

















=0=RHS 
T d’x d^y d’y 
7. Ifx=a(cost+tsinf) and y =a (sin t -t cos t), 0 < t< —, find ? and i 
? 2 dt’ ag I ax 
[CBSE (AI) 2012] 
Sol. Given, x -a(cost tsin t) 
Differentiating both sides with respect to t, we get 
EE = int +t t+sint E =at t j 
di = a(-sin cost + sint) > dp ECS w(i) 
Differentiating again with respect to t, we get 
d^x . ; 
ur = a(-tsint + cost) = a(cost - tsint) 
Again, y =a (sin t-t cos t) 
Differentiating with respect to t, we get 
yc dy ] 
di = a (cost + tsin t — cost) > di - at sint .. (i) 
Differentiating again with respect to t we get 
d^y 
—- - a(tcost * sint) 
dt? 
dy _ dy/dt : : 
Now, m dx Jdt [From (i) and (ii)] 
dy — atsint dy _ 
m dx  atcost = dx PM 
Differentiating again with respect to x, we get 
d^y >, at >», 1 sect sect à 
up EE ty = Sec I dx [at TUE a [From (i)] 
d d d "i 
Hence, d - a(cost - tsint), = =a(tcost+sint) and = a 
dt dt dx at 
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Sol. 


Sol. 


10. 


Sol. 


a 
If y = log[x + / x? + à? | show that (x? + aD +x 
x 


dy — 


——-0. [CBSE Delhi 2013] 
dx 

















Given y= log| x + Vx? * a?] 

= dy _ 1 1+ 2x B x*t/x^tg? 
dx x ta/x* +a 2/4 x^ +a" (x + d +a (yx ea?) 
dy — 1 


cá dx i 4f x2 + a 
Differentiating again with respect to x, we get 
3 











...(i) 











d^y 1 Ja -x 
go 29 .2x = 3 
(x? +a”) 
d^y -x 3 acd d x 
M d (x? +a’). x? +07 ids ‘ie x? +a" 
d d 
> (x24 yi + x -0 [From (i)] 
dy j3(dyY y 
If y = x“, then prove that a2 wd] x =0. [CBSE Delhi 2014, 2016] 
x 
Given, y 2 x* 
Taking logarithm on both sides, we get 
log y = x . log x 
Differentiating both sides, we get 
1d ely Y — y(1+logx) (i 
7 a ogx => aoe ogx ES 
Again differentiating both sides, we get 
dy 1 dy dy y 1 dy dy . 
Pm o (1 + log x). 7 > ey + y dx dx [From (i)] 
= fy -r.l(my zs Py l(8y Flo 
d? x y\dx dx? y\dx/ x 
n dy, d 
If y=(x+/1+x7)", then show that (1+ n Hx Es -2qn^y. [CBSE (F) 2015] 
X 


Given y= (x+y1 +32)" 


Differentiating with respect to x, we get 
d 


ay _ 21-1 2x 
> ix n(x+y1+x ) ud 
dy _ n(x+/1+x7)" 


dx /ÁA xx 
d 
— Vae = ny 


Again differentiating with respect to x, we get 


=> 











d^y 7 2x dy dy 


d 2/1+x2 dx "dx 


1*x?. 


2 
d see Ley S| 





=> 
dx y1+x? 
d 
dx 414x 


d^y dy dy 
24. 7. Lc P Nd 
=> (tx ae Fus. n.J1*x "d 
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d? n d d 
=> (rxyLptrarcaaltx. 2 => (x) ex = ny 
x 1 





2 
dx? 


1 2 
11. If y= log Vx T x) , then prove that x(x + 1)y, + (x + 1?y, 22. [CBSE Sample Paper 2018] 



































Sol +. =] (z) -21 vs» : )=21 (==) 
ol - Vd tu m BT e 981 
y = 2log(x + 1)) - 2log yx = y =2 log (x + 1) -log x 
5 2 1 2x-x-1 5 _ x-1 
A xx1 x x(x +1) Vi x(x+1) 
_ x(x t1) - (x - 1)2x +1) X *x-2x'-x*2x41 
= g- = 2 xi n= E 2 
a G1) a t1) 
—*2x*1 
= Gc 
x^(x1) 
2 
2 2 2-x -*2x-*1 2 (x-1) 
Now, x(x+1 +(x+1 —Xx(x-tl).— —— ——- t(xt*1). 
(x+1) y +t(x+1) y =x(x+1) EDT (x Leet) 
natat ered) 
i x x 
-x?+2x+1+x?-1 2x 
- =—_=2 Hence proved. 
x x 
-— dy dy 2 
12. If y = sin (sin x), prove that uz a, y das x- 0. [CBSE 2018] 
x 
Sol. y-sin (sin x) 
dy _ -— Hes dy _ 
= dx cos (sin x) m (sin x) => dx cos(sinx) cosx 


Again differentiating w.r.t x on both sides, we get 
2 


. d : 
E — cos (sin x) dx «05 x) + (cos x) jx CS (sin x) 
2 
— E = cos(sin x) (- sin x) - (cos x) {(sin (sin x)} (cos x) 
x 
d^y . : 2. cin (e 
> "ra C Sees (on) chew sin (SUUM 


Putting these values in LHS, we get 
2 


d'y dy 2 
— + + 
d tanx dy 4908 X 
= [- sin x cos (sin x) — cos? x sin(sin x)} + tan x {cos x cos(sin x)] + y cos? x 


= — sinx cos (sinx) - cos?x sin(sinx) + tan x cos x cos(sin x) + y cos? x 
i , 2. x sinx : : : 2 
=- sin x cos (sin x) — cos^x sin(sin x) + cosy COS * COS (sin x) + sin(sin x) cos^x = 0 


Hence proved. 
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d'y d 
13. If x= sint and y = sin pt, then prove that (1- x?) ^ - x *p^y-0. [NCERT Exemplar] 


Sol. We have, x = sint and y = sin pt 
d 
ex = cost and = = cospt.p 


dy _dy/dt _ p.cospt ; 
> dx dx/d cost am) 


Again, differentiating both sides w.r.t. x, we get 





d dt d dt 
dy cost. (P- cos pt) gy — pcos pt. r Cos tgx 








dx? cos?t 
_ [cost.p.(— sinpt) .p — p cospt. (- sin t)] ee x p^sinpt.cost + psint.cospt] —— pem 
cos?t cos?t 
d^y em p^ sinpt.cost + pcospt.sint 





(ii) 


dx? cos?t 
Since, we have to prove 
2 


aay _ ay 
(l= x) a? tte y 0 


[- p? sinpt.cost * pcospt.sint] | , pcospt 
3 — sint. 
cos f cost 





LHS = (1- sin?f) + p^sin pt 














|] (1 - sin?t) (- p^sinpt. cos t + p cospt.sint) 
cos?t |- p cos pt.sin t. cos?t + p?sinpt. cos?t 
2a 3 2 
1 |-p^sinpt.cos' t + pcospt.sint.cos*t : 
imus p Snp , 4 à : 3 7 1- sin?t = cos? t] 
cos" f |- pcospt.sint.cos^t + p^sinpt.cos"t 
1 
= 370 =0 Hence proved. 
cos t 


Rolle’s and Mean Value Theorem 





1. Verify Rolle's theorem for the function f(x) = e* cos x in |- = E à [CBSE 2020 (65/4/1)] 





Sol. Given function, f(x) = e* cos x in 
x ; : T 

f'(x) = e* (cos x — sin x), in Le pL 

Clearly, f(x) is differentiable in (5 

Thus, f(x) is differentiable in $ 


f(x) must be continuous in E 


Because every differentiable function must be continuous. 


T 
Now, f (- 2) - e2 cos(- 5) =0 


and, f (2) = e2cos( 5) =0 
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F(-3)=#(3) 


Therefore, Rolle’s theorem is applicable. 


So, there exists a real number c such that 
f(c) 20 => e (cosc-sinc) =0 
=> cosc-sinc=0 C e #0) 
=> cosc=sinc 


5 tanc- 1-tan? > c= 


att (- us 2) 
PUTA Dg 
Hence, Rolle's theorem is verified. 
2. Verify Mean Value theorem for the function f(x) = 2 sin x + sin 2x on [0, x]. [CBSE (North) 2016] 


Sol. We have, f(x)-2sin x + sin 2x 


ea 


f(x) is continuous in [0, 1] being trigonometric function and it is differentiable on (0, 7). 
Hence, condition of Mean Value Theorem is satisfied. 
Therefore, Mean Value Theorem is applicable. 


So, there exist a real number c such that 


fo) " 0-0) (i) 


Now  f(0)22sin0-sin0-0; f(n) 22sin n + sin21 2 0 and f'(x) 22cos x + 2 cos 2x 
f (c) = 2 cos c +2 cos 2c 
From (i) 


0-0 
2cosc+2cos2c = Ex 


> 2 cosc + 2 cos 2c = 0 > 2 cos c + 2(2 cos? c- 1) =0 

5 cos c+ 2cos*c-1=0 => 2 cos*c + cosc- 1-0 

=> 2cos?¢+2cose-cosc-1=0 => 2 cos c (cos c + 1)-1(cosc +1) =0 
> (cosc +1)(2cosc-1)=0 > cosc = -1 and cosc = 5 

> c=mand c= 5 €(0,7) > c= S en) 


Hence, Mean Value Theorem is verified. 
3. Discuss the applicability of Rolle's theorem on the function given by [NCERT Exemplar] 
x*1lifüzxz1 
Bex,i1il1«xs$S23 


fes | 
Sol. We have, f(x) = A ey 1 eo 
3-x, if1<x<2 
We know that, polynomial function is everywhere continuous and differentiable. 
So, f(x) is continuous and differentiable at all points except possibly at x = 1. 
Now, check the differentiability at x = 1, 
Atx=1, 
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CHD = tn SOT FO 














x17 x-1 
(x? 1) - (0L 1) ; 
= x-1 [e fœ) =x +1,0 < Yx <1] 
NE xt1)x-1 
gai %=1 x21 x-1 
x)- fü 3-x)-(1+1 
aa 4 x-1 (x - 1) 
lim 27x72. Nu ET 
~ xl eal x21 X-1 i 
LHD z RHD 


So, f(x) is not differentiable at x = 1. 
Hence, Rolle’s theorem is not applicable on the interval [0, 2]. 

4. Find a point on the curve y = (x - 3)’, where the tangent is parallel to the chord joining the 
points (3, 0) and (4, 1). [NCERT Exemplar] 

Sol. We have, y = (x - 3)?, which is continuous in xı = 3and x, = 4 i.e., [3, 4]. 

Also, y' = 2(x -3) x 1 2 2(x - 3) which exists in (3, 4). 
Hence, by mean value theorem there exists a point on the curve at which tangent drawn is parallel 
to the chord joining the points (3, 0) and (4, 1). 





4) - f(3 
Thus, ro- Bo ) 
2 2 
" TN 1:9) 20-9) 
> 20-6 = 47° > c= 4 
7 7 GM I3 
PREISE y-(2-3) =(3) =7 


So, (5. i) is the point on the curve at which tangent drawn is parallel to the chord joining the 


points (3, 0) and (4, 1). 
PROFICIENCY EXERCISE 
B Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in each of the following questions. 


2 
(i) If f(x) = 2x and g(x) = F + 1, then which of the following can be a discontinuous function? 





OD DW- Osa @ £5 
(ii) The set of points where the function f given by f(x) -|2x - 1|sinx is differentiable is 
[NCERT Exemplar] 
(a) R (b) R- Hl (c) (0, oo) (d) none of these 
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(iii) Let f(x)= |cos x|. Then, 
; fis everywhere differentiable. 


(b) fis everywhere continuous but not differentiable at x = nz, n € e 


(c) fis everywhere continuous but not differentiable at x = (2n + 1) 2 „nez. 


(d) none of these. 
2 


d 
(iv) If y = Ae" + Be™, then — PE: T is equal to 
x 


(a) 25y (b) 5 y () -25y 


dy (1 1). 
(v) For the curve yx * /y 7 1, Em at b 1) is 


@ 5 (b)1 () -1 
d 
(vi) If f'(1) = 2 and y =f (log x), then = atx =eis 
(a) 0 (b) 1 (c) e 


2. Fill in the blanks. 


(i) If f(x) =lcosx |, then Aa " 
(i) 1E foo) = (x + 1), then  fof(a) = 


za SA Ada 
(iii) d sec(tan x) = 


(iv) The number of points at which the function f(x) = 


B Very Short Answer Questions: 
E 


[CBSE 2020 (65/5/1)] 


(d) 15y 


sin x 
3. If f(x) 7 x »x*0 ,is continuous at x = 0, then write the value of k. 
k 


E x=0 


is discontinuous is 


[1 mark each] 


4. Determine the value of ‘k’ for which the following function is continuous at x = 3: 











(x + 3)? - 36 : 
fe)-] x-8 7 *7 
k, x=3 
2 d 
my: xf y X 
5. iu pom E 
Bs ee e|-F 7] 
i 1-tanx | * 4'4 





d 
7. Ify = log (e), then find Es 


m Short Answer Questions-I: 
8. Examine the continuity at the indicated points. 
f(x) = |x|+|x-1| atx=1 
9. Find k if f(x) is continuous at x = 0. 
fx) = + COS X, iE xz0 
k, ifx-0 
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[CBSE (AI) 2017] 


[CBSE 2019 (65/4/3)] 


[2 marks each] 

















10. Find the value of c in Rolle’s theorem for the function f(x) = x!-3xin[-3,0]. [CBSE (Al) 2017] 
11. Iff(x) = | cos x - sin x|, find f'(1/6). 
"y 
12. Ify 2 5 cos x -3sin x, prove that rx - 0. 
x 
m Short Answer Questions-II: [3 marks each] 
3x-2, 0«x €1 
13. Show that the function ‘f’ defined by f(x) = 2x?- x, 1« x <2 is continuous at x = 2, but not 
: . 5x-4, x>2 
differentiable. [CBSE Delhi 2010] 
14. Show that the function f(x) = |x- 1| + |x * 1|, forall x e R, but is not differentiable at the points 
x=-landx=1. [CBSE Allahabad 2015] 
d 
15. Ify - X? (cosx) + sin ! yx, find x [CBSE 2020 (65/3/1)] 
Vx e Tx 
16. Differentiate tan ! | 5 z | with respect to cos ! x”. 
tX ty las [CBSE (South) 2016, 2019 (65/4/1)] 
alvisxA] |. 
17. Differentiate tan |- — y — | with respect to x. [CBSE (AI) 2012] 
18. Differentiate tan! A with respect to sin!Qx/1-x?. [CBSE Delhi 2014] 
1-x 
i rysa ^ wu d au CBSE (F) 2010 
9. y = cos 144* p then fin re [ (F) ] 
*y dy 
20. Ify 2 e (sin x + cos x), then show that de -2 d *2y =0 [CBSE (AI) 2009] 
x 
21. Verify Lagrange's Mean Value Theorem for the following function: 
fx) =x? + 2x + 3, for [4, 6]. [CBSE (AI) 2008] 
a dem 1 1 IL. l 
22. If y x^ *1- log cud dt then find d [CBSE Delhi 2008] 
x 
2x-1,x< i 1 
23. Discuss the differentiability of the function f(x) = ] atx7y 
3-6x, x= > 
[CBSE Sample Paper 2017] 
24. For what value of k is the following function continuous at x =- i ? [CBSE Sample Paper 2017] 
V3sin x +cos x PE 
Xt T $ 
f(x) = 6 
zo 
k, x-—6 
d 
25. If x/1*y * yV1* x -0,-1«x«1, x 7 y, then prove that — = “a : a [CBSE (F) 2012] 
TX 
26. Differentiate the following function with respect to x : (x) * + (sin x)*"* [CBSE Delhi 2009] 
d 
27. If y ^ sin! (6x4/1- 9x^,- 3 <x< 3 then find =. [CBSE Delhi 2017] 
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28. 


29; 


30. 


31. 


32, 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


2 














— ,acos ix 2: y dy PAER 
If y=e ,-l<x <1, show that (1- x^) - x7—-a^y-0. [CBSE (F) 2012] 
dx? dx 
"y 
If x"y" = (x + y)" +", prove that dE D. [CBSE Delhi 2017] 
E 
Ify -1 tan (2*5 2| T E E e e Py at x-L., 
y = log tan |g + 5 J, show that 7 — sec so e value o PX 4 
[CBSE (F) 2010] 

If x = tan (Flog y). show that: [CBSE (AI) 2011] 

d'y dy 

1+x7)——+(2x-a = 
( ) n ( ) 
d 1 
Pac ne dod = [CBSE (F) 2017] 
dx — x(y*1). 

J1+2x74+/1-x d 
If y= e| i à | G24 thes ind [CBSE Delhi 2015] 

(1+x2-V1-x7 dx 

d dy Y 
yix ap y ay 
If (ax  b)e"" = x, then show that x ddl PRAE [CBSE Ajmer 2015] 
B: 





If f(x) = / x^ *i;g() = 


Let f(x) 2x-|x-x =| ,X€ 2m a Find the point of discontinuity, (if any), of this function on [-1, 1]. 
[CBSE Bhubaneshwar 2015] 


, e h(x) = 2x —3, then find f'[h'(g (x)]]. [CBSE Allahabad 2015] 

















oy tence edo [CBSE Guwahati 2015] 
x-y 7 108 x-y then prove that 7" y^ 

-— dy 

Let y = (log x)” + x'** then finday ; [CBSE Sample Paper 2016] 
dy (diy 
If e”(x+1)= 1, then show that —> = A] : [CBSE (AI) 2017] 
dx? dx 
d^y 
If x 2 a(0 - sin0), y =a(1+ cos 0), then find ae [CBSE Delhi 2011] 
x 
fy | dy 
If y = 2cos (log x) + 3sin (log x), prove that x i2 tua Xa +y=0. [CBSE (Central) 2016] 
x 
Show that the function f given by [CBSE (East) 2016] 
1 
d -1 
i , ifx #0 
JU d 
-1 ifx=0 
is discontinuous at x = 0. 
d 6 = 4x? 

Find M if y= sin! | — a [CBSE (North) 2016] 
Differentiate (sin 2x)" + sin ! /3x with respect to x. [CBSE (South) 2016] 
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i s =1 1+ a -1 EE 2x á 
45. Differentiate tan —. —— |w.rt. sin ;, Ex eC 1/1). [CBSE (F) 2016] 
d^y 
46. Ifx — a(cos 2t + 2t sin 2t) and y = a(sin 2t — 2t cos 2t), then find dd : [CBSE (Ajmer) 2015] 
xX 
47. Find the values of a and b, if the function f is defined by [CBSE (F) 2016] 
2 
_|xo+3xta, x S1 
fe -| bx+2, x>1 
is differentiable at x = 1. 
Answers 
1. (i) @) (i) (b) (iii) (c) (iv) (a) (v) (c) (vi) (d) 
1 
2. (i) -— ii) 1 iii iv) three 
(i) fi (i) (ii) (iv) 
3. kz1 4. k- 12 5. 6.1 £.1 8. Discontinuous 
ok = 2 10. c=-1 11. (1+ 7/3) 15. x?(cosx)* S - xtanx+log(cosx)|+ : 5 
2/x-x 
1 1 1 -2**1 log 2 344 
16. -=> i£ > 18. — 19. — —— 22. ———— — 
6 2 2(1+ x?) 5 2 1+4* x 
23. Not differentiable 24. k=2 
26. 4°" (e -sin x log x) + (sin x)*™[1 + sec? xlog sin x] 27. Zn 30. y2 
1-9x 
d 1-41-x? 
33. m =. y Hint: At first simplify as y = tan (=| by multiplying with y1 * x? + y1- x?. 
1-x x 
Then let x? = sin 0 and then solve.] 
1 . y/x = i - i 
34. Hint: e mh es = log( Li => y= ios A) 
24/5 -—x?-2x* 
35. E Hint: At first find f (x), g (x) and h'(x) and then find f ‘Th’{g’(x)}] = "| x 3 e 1 | 
x 
36. No point of n i 


37. 


38. 


40. 


45. 


2x — x? -] €x«0 
Hint: f(x) = 0, x=0 
x, O<x<1 


Hint: = log a- log (x — y) then differentiate. 


(log € * log (log Z + x*°S* {cos x + cosx (log x) - xsinxlog x] 


0 2 3 
- cot> 43. ——— — 44. (sin 2x)* x cot 2x + log (sin 2x)} + ————— 
2 41-42? 2/3x - 9x" 
1 sec?2t 
4 46. "Oa 47. a=3,b=5 
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SELF-ASSESSMENT TEST 





Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (4x1=4) 
log (1 +ax) -log (1- bx), ifx #0 
(i) If the function f(x) defined by f(x) = x is continuous at 
k , ifx=0 
x =0, then value of kis 
(a) a (b) b (c) a* b (d) 0 
d 
(ii) If x =a sec? 0 and y =a tan? 0, then at 0 =5 is 
2 1 4/3. 
Ni b) = 3 d) — 
(a) B (b) 3B (c) ¥3 (d) 75 
(iii) Derivatives of x? w.r.t. x? is 
5 7x 2 
(a) 4 (b) =z (c) ax (d) 0 
2 dy 
(iv) If y = (sinx + cosx)^, then ae , equals to 
atx= 4 
(a) 0 (b) 1 (c) -1 (a) 2 
2. Fill in the blanks. (2x1=2) 


(i) Derivative of sin x w.r.t cos x is 


+1, ifx21 
(ii) If f(x) = len 2, et is continuous, then a should be equal to 





B Solve the following questions. (2 x 1 = 2) 
3. Find the derivative of c ; 
sinx 
; nv . "org dfx «0. : 
4. Find the value of the constant ‘K’ so that the function f(x) 7 | |x| is continuous at x - 0. 
3, ifx=0 
m Solve the following questions. (4x 2-8) 
5. Write the derivative of f(x) = |x? | atx =0. 
6. Differentiate sin (cos (xy)) with respect to x. 
7. Find kif f(x) is continuous at x = 0. 
sinx : 
fx) = —x «08, e #0 
k, ifx=0 
8. If f(x) | cos x - sinx|, find f'(n/6). 
B Solve the following questions. (3 x 3 =9) 
9. For what value of k, the following function is continuous at x = 0? 
1-cos4x x£0 
f(x) = 8x 
k , x=0 
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10. Examine the continuity of the following function: 


m 0 
f(x)= 1 atx-0 
2? ,x=0 


11. Ifthe function f, as defined below is continuous at x = 0, find the values of a, b and c. 


sin(a + 1) x + sinx 





z p- <0 
f(x) = C , x-0 
Vx + bx? -yx 
HE 3x 
B Solve the following question. (1x525) 


12. Differentiate the following function with respect to x: (log x)" + x'^8*. 





Answers 

1. (i) ©) (ii) (d) (iit) (c) (iv) (a) 
2.() —-cotx (i) a=2 
" acus — cos x) "e i -y Sn) cos (cos xy) 

sin?x 1+ xsin (xy) cos (cos xy) 
7. k-2 8. -la-/3) 

sis f 3 1 : 

9.1 10. fis discontinuous 11. a= 73 675 and bis any real number 


å 2logx.xlogx 
x 


1 
12. (logx)* loss i logoga} 
LE 
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Application 
of Derivatives 





BASIC 
CONCEPTS 
1. Rate of Change: If a quantity y varies with another quantity x, satisfying some rule y = f(x), then 
d 
P (or f (xo)) represents the rate of change of y with respect to x at x = xy. 





x= Xo 
2. Differentials: Let y = f(x) be any function of x which is differentiable in (a, b). The derivative of this 
function at some point x of (a, b) is given by the relation 


BY ous M Sg, AR y 
dx — Aim Ax 7 ar Ax a 8 
dy _ gr 
4x O 
= dy = f'(x) dx, where dy is called the differential of the function. 


Note: Formula dy = f'(x) dx or Ay = f'(x) Ax is very useful in measuring the errors in the dependent 
variable for given error in independent variable. 


(i) Absolute Error: The error Ax in x is called the absolute error. 


(ii) Relative Error: If Ax is error in x then ratio Ar is called the relative error. 


(iii) Percentage Error: If Ax is relative error, then Ax, 100 is called percentage error in x. 
y-axis 
8. Tangents and Normals: A y=fix) 


fla+ Ax)- f(a) _ f(a* Ax)- f(a) BA fla+Ax) 
a+Ax-a i Ax 





(i) Slope of chord AB = 


Obviously, if Ax — 0 comes very close to A and then chord 
AB becomes tangent at A i.e., x = a. 





i.e., Slope of tangent at (a, f(a)) = lim Muse i] 


Ar—0 
dy 
=[f Oo fay = a ni 





O A qtaAx x-axis 


Hence, equation of tangent to the curve y = f(x) at the point (xi, y1) is given by 


d 
(y=¥,)= (a) , us =x)  [- Equation of line is y — y; = m(x — xı), where m is slope] 
Xp Vy 
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d 
(ii) If Z = o at the point P(x,, y1), then the tangent at P is parallel to y-axis and its equation is 





given by 
y- yY 7 E 
ELEA > x-x,=0 > Es 
[Note : In this case, dat P(x,y)7* 0] 


d 
(iii) If E = 0, atthe point P(x, y1), then the tangent at P is parallel to x-axis and equation is given as 















y-y 
O= X-y >  y-y-0 > y= 
(iv) Obviously, normal to the curve y = f(x) at P(x, y1) is perpendicular to the tangent at P(x, y1). 
Slope of normal = zi Y-axis 
P slope of tangent j 
i -1 
(2) Tangent 
i (234) P= (x, ») 
Hence, equation of normal to the curve y = f(x) at P(xi, yi) is T" 
- -axis 
(V -)-7 4y) (x -xj) 
dx (7531) 


di 
(v) If — at the point P(x, y1) is zero, then the equation of normal is x = x}. 


d 
(vi) If (22) at the point (x4, y) does not exist, then the equation of normal is y = y4. 


(vii) The angle 0 between two given curves y, = f,(x) and y, = f,(x) at a point (x,, y) is given by 


tan = where (x1, y1) is the point of intersection and rr, m, are slopes of their 








aN 
1+m,m, 
tangents at point (x4, y). 

Note: The gradient of a curve at a point is defined as the slope of tangent to the curve at that point. 


4, Nature of Function: To know the behaviour of a function in an interval, we study the properties of 
increasing or decreasing functions, maximum and minimum of the functions. 


5. Monotonic Function: A function is said to be monotonic in an interval, if it is either increasing or 
decreasing in the given interval. 


6. Increasing Function: A function f(x) is said to be an increasing function in (a, b) if 
X; < X? = fon) SRX) V Xy x» e (a, b) 
In this way, we can say 


f(x) is increasing in (a, b) if V xe (a, b), f(x)» 0 


y-axis 


Obviously, the angle 0 made by tangent with +ve direction of x-axis 
in interval (a, b) is acute. 


> tan 0 is +ve > slope is +ve 


d 
5 1 = F'n) >0 





7. Decreasing Function: A function f(x) is said to be decreasing in the 
interval (a, b) if 


X1 < XQ > fa) Zf) Y x1, x» € (a, b) 
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In other way, 
f(x) is decreasing in interval (a, D) if V xe (a, D), f '(x) « 0 


Obviously, the angle 0 made by tangent with +ve direction of x-axis in 
interval (a, b) is obtuse. 











> tan 0 is -ve > slope is -ve 
d 
> L =f'(x)<0 X-axis 


[Note: A function f(x) is said to be: 
Strictly increasing if x, < x; => f(x) « f(x) V xı, x; € (a, b) 
Strictly decreasing if x, < x; => f(x) > f(x5) V xı, x» € (a, b) 
8. Maximum and Minimum Value of a Function 
(or Absolute Maximum or Minimum Value) 
A function f is said to attain maximum value at a point a € Dr, if fa)zf(x)vxe Dp then 
f(a) is called absolute maximum value of f. 
A function f attains minimum value at x = b € D; if f(b) <flx) Vx e D; then 
f(b) is called absolute minimum value of f. 


Note that a function ‘f’ may have maximum (or minimum) values in some parts (intervals) of the 
domain. Such values may occur at more than one point. These are therefore, called local (or relative) 
maxima (or minima). 

9. Local Maxima and Local Minima (or Relative Extrema) 
Local Maxima: A function f(x) is said to attain a local maxima at x = a, if there exists a neighbourhood 
(a — 6, a + 6) of ‘a’ such that f(x) < f(a) V x e (a — 6,a +5), x + a, then f(a) is the local maximum value of 
f(x) at x =a. 


Local Minima: A function f(x) is said to attain a local minima at x = a, if there exists a neighbourhood 
(a — 8, a + 8) of ‘a’ such that f(x) > fla) V x e (a — ò, a + 6), x € a, then f(a) is called the local minimum 
value at x = a. 


Caution: 
(i) A function defined in an interval can reach maximum or minimum values only for those values of x 
which lie within the given interval. 


(ii) One should not think that the maximum and minimum of a function are its respective largest and smallest 
values over a given interval. 


10. Test for Identifying Relative (Local) Maxima or Minima 
(i) First Derivative Test 
Step I: Find f'(x) 
Step II: The equation f'(x) = 0 is solved to get critical points x = Cy, Cy, ......... po 
Step III: The sign of f'(x) is studied in the neighbourhood of each critical points. 
Let one critical point be x = c. 


E33 


If the sign of f' (x) changes If the sign of f'(x) changes 
from +ve to —ve as x increases from —ve to +ve as x increases 
through c (from left to right of c). through c (from left to right of c). 
x = cis relative maxima and x = cis relative minima and 
f (c) is relative maximum value. f (c) is relative minimum value. 
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(ii) Second order derivative test 
Step I: Find f'(x) = 0 
Step II: The equation f'(x) = 0 is solved to get critical points x = C4, c», ......... ys 
Step III: f" (x) is obtained and the sign of f" (x) is studied for all critical points x = c,, Cy, ......... js 


Let x = c be one critical point. 


p 


If f"(c) >0 If f"(c) « 0 If f"(c) 2 0 
x= cis relative minima x =c is relative maxima Second derivative 
and f (c) is relative and f (c) is relative test fail and first 
minimum value. maximum value. derivative test is used. 


11. Critical point: A point x = c is called critical point of the function f(x), if f(c) exists and either f'(c) = 0 
or f (c) = œ (does not exist). 


12. Point of Inflexion: If f(x) is a function and x = c is critical point, then x = c is called point of inflexion if 


fO=0 WFO=0 Gf"(Q»0 
» SOME USEFUL RESULTS | 


* Area of a square = x? and perimeter = 4x, where x is side of the square. 


2 


* Area of a rectangle =x. y, as x and y are length and breadth of rectangle and perimeter = 2(x + y). 


Á* 


* Area of a trapezium = + (sum of parallel sides) x perpendicular distance between them. 


* Area of a circle = nr*, Circumference of a circle = 2nr, where r is the radius. 
* Volume of sphere = iar) ; Surface area = 4n7?, where r is the radius. 
* Total surface area of a right circular cylinder = 2nrh + 217^; Curved surface area = 2nrh. 
Volume = ni?h, where r is the radius and h is the height of the cylinder. 
* Volume of a right circular cone = lah ; Curved surface area = nrl, Total surface area = nr? + nrl, 


where r is the radius, / is the height and / is the slant height of the cone. 


* Volume of a parallelopiped = xyz and surface area = 2(xy + yz + zx), where x, y and z are the 
dimensions of parallelopiped. 
* Volume of a cube = x? and surface area = 6x”, where x is the side of the cube. 


* Area of an equilateral triangle — Tr (side)*. 


Selected NCERT Questions 


1. Astone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the 
instant when the radius of the circular wave is 8 cm, how fast is the enclosed area increasing? 


Sol. Let x be the radius and A be the area of the given circle at any time f. 


d 
Then “= 5cm/s andx=8cm 





dA dx dA 
ee) = = a 2 
Now, A-2mx => -2nmx qp =, = 2T X 8 X5 = 80r cm /s 


Thus, rate of change of area is 80 t cm?/s. 
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2. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the 
ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing 


when the foot of the ladder is 4 m away from the wall? [CBSE (AI) 2012] 
Sol. Let x, y be the distance of the bottom and top of the ladder respectively from the edge of the wall. 

Here, — =2 cm/s 

From figure, x° + y^ =25 

When x 24m, y na 

4} +y =25 > y =25-16=9 > y=3m 
Now, x+y =25 x 
Differentiating with respect to t, we have 
dx dy _ dx dy 
> eo a HO 
dy _ dy 8 
> 4x2+3X- 7 > EC 


8 
Hence, the rate of decrease of its height = zem /s 


3. Sand is pouring from a pipe at the rate of 12 cm’/s. The falling sand forms a cone on the ground 
in such a way that the height of the cone is always one-sixth of the radius of the base. How fast 





is the height of the sand cone increasing when the height is 4 cm? [CBSE Delhi 2011] 
1 
Sol. Let r be the radius and h be the height of the cone so that V = anh 

dV _ 3 dfi 5|. . 

We have, di = ]2cm' /s e» alam h)=12 sei) 
1 

As h= r3 > r=6h 
Putting in (i), we get 

d (1 2 7 d 3, 

a anon xij-1 > qe 02m )212 

dh dh 1 
2 = — = 

> 12x X 3h di 12 > d au 

dh 1 1 





when h =4cm cm/s 


dt 8n (4)? - 487 
4. Thetotal cost C(x) in rupees associated with the production of x units of an item is given by 
C(x) = 0.007 x° — 0.003 x? + 15x + 4000 
Find the marginal cost when 17 units are produced. 
Sol. Given, C(x) = 0.0073? — 0.003x? + 15x + 4000 


Marginal cost = £ (x) = 0.021x? - 0.006x +15 


When x = 17 
Marginal cost = 0.021 x (17)? — 0.006 x 17 + 15 = € 20.967 


5. Find the values of x for which y = [x(x - 2) is an increasing function. [CBSE (AI) 2014] 
Sol. Given, y= [x (x- 2)? 


So 2[x(x - 2) x (2x - 2) = 4x (x - 1) (x - 2) 
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Sol. 


Sol. 


Sol. 


. dy 
For increasing function, dr 20 dirr 


Sign rule 


4x(x — 1)\(x-2)>0 > x(x - 1)(x - 2) > 0 
From sign rule, 


d 
For SZ > 0 value of x=0<x<1andx>2 


Therefore, y is increasing V x € (0, 1) U (2, oo). 

















del 
Prove that y = I. - Ois an increasing function of O in le zl. 
[CBSE (AI) 2011; (North) 2016] 
; |. Asin 0 
Given, y= prem E 
dy _ (2 + cos 0).4cos 0 — 4sin 0.(0 -sin 0) Ld 
dx (2 * cos 9» 
_ 8cos ð + 4cos?0 zx 4sin?0 - (2 T cos)” = 8cos0 + 4 — 4 — cos?0 - 4cos 0 
(2 + cos 9» (2 + cos 0)" 
dy  4cos0—cos?0 _ cos 0(4-cos 0) 
> dx 2 2 
(2+ cos 0) (2 * cos 0) 
dy _ +vex(+ve) -0 € [0, 2/2] 2 cos8>0 
ad dx +ve 4—cosÜis +veas—1<cos8<1 
dy 
> ae 
|. 4sin 0 n" m TE 
ie., y= Geach 0 is increasing function in lo. 2 | 


Prove that the function f given by f (x) = log sin x is strictly increasing on (0.5) and strictly 


i x 
decreasing on (7) , 





Here, f(x) = log sinx > f'(x) = (cos x) = cotx 


sinx 


T T 
when x€ (0,5) then f’ (x) » 0 = f(x) is strictly increasing on (0.5). 


T 
when x € (Za) then f'(x)«0 = f(x) is strictly decreasing on (Fn). 


Find the equation of tangent to the curve y = bee at the point, where it cuts the 
x-axis. [CBSE Delhi 2010; Guwahati 2015] 
We have y- TC A m ...(i) 

Let (i) cuts the x-axis at (x, 0) i.e., y 20 

then Gs =0 > x-7 


The required point is (7, 0). 
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Differentiating equation (7) with respect to x, we get 
dy _ (x-2)(x-3)1-(x-7)[(x-2) + (x-3)] 








m [(x-2)(x-3)]” 
Ns —5x+6—2x*+19x — 35 _7* 24 14x — 29 
(x? -5keB) (x7 +6- B 
dy |, —49*98-29 20 1 





dX'co (49-3546), 400 20 


1 
Equation of tangent is y — y, = 20V =i) 


1 
> y -0-7 55-7) or x-20y-7-0 
9. Find the equations of the tangent and normal to the curve x = a sin? 0 and y = a cos?'0 at 0 = n à 
[CBSE Delhi 2014] 


Sol. Given, x-asin?0 and y = a cos? 0 


d 
— L 3a sin?0. cos 0 and PY 3a cos?0 sin 0 














d0 dð 
dy 
dy q0 - 26. si 
= V dð 3a EE 0. sin 8 mer 
dx dx — 3asin^0.cos0 
dð 
= Slope of tangent to the given curve at 0 = T is dxh-z^ gta =-1 











i EE — a 
Since for 0 qe = asin 4 and y acos“ | 


MEX (^) T — PR 
> s a[ 7) an y-a /2 > 2/2 242 


i.e., co-ordinates of the point of contact = 4 ; a ) 
P au 











Equation of tangent is 





Va) Oa) ^ ^ atop 
> ry 


Also slope of normal (at 0- 3 ) =- slope oe =- E -1 





Equation of normal is (v = zao (1). (x _ 5,8) 


> ron > y-x=0 


10. Find the slope of the normal to the curve x =1- a sin 0, y = b cos” @ at 0 = 


nla 


Sol. Here x -1-a sin 0 and y = b cos? 0 
Differentiating both sides w.r.t. 0, we have 


d 
n — à cos o, ty B7 — 2b sin 0 cos 0 
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dy _dy/d®_—2bsin@cos@ 2bsinO 














Now, ax ax/dð —acos0 a 
T. -1 -1 
Slope of normal at 0 = 9 is dy =T% 
dxly-z [sin | 
à 2 
|| a _-a 
_ n 2b 
2b sin > 
x. ü 
Thus, slope of normal at 0 = 2? is — 2b" 
11. Find the point on the curve y = x° - 11x + 5 at which the equation of tangent is y = x - 11. 
[CBSE Delhi 2012] 
Sol. Let the required point of contact be (x4, y). 
Givencurveis y= xX-1lx+5 ..-(1) 
Y 32 1 = [2 = 3x7 -11 
dx dx Q4) £ 


i.e., slope of tangent at (x4, y) to give curve (i) = 84 -11 


From question 
3 A - 11 = slope of line y = x - 11, which is also tangent. 
ie, 3x? -11=1 > x ed > q=42 
i.e., since (x4, y) lie on curve (i) 
y=" -11x,+5 
When x,=2,y,=2?-11x2+5=~-9 
x, =-2, yı = (2)? -11 x (22) +5=19 
But (-2, 19) does not satisfy the line y = x - 11. 
Therefore (2, — 9) is the required point of curve at which tangent is y = x — 11. 


12. Find the equation of the tangent line of the curve y = x? - 2x + 7 which is (a) parallel to the line 
2x — 3 + 9 = 0, (b) perpendicular to the line 5y — 15x = 13. 


Sol. Here, y2x^-2x 47 
d 2x-2=2 1 
de aaa eet) 


(a) Slope of the line 2x - y + 9 = Ois 
Coefficient of x _ -2 
~ Coefficient of y -1 





=2 


It is given that tangent is parallel to the line. 
2(x-1)=2 => x-1l=1 => x2 
when x = 2 then y = (2)?-2x2+7=4-44+7=7 
-. Equation of tangent at (2, 7) is 
y-7=2(x-2) => y-7=2x-4 => 2x-y+3=0 
(b) Slope of line 5y — 15x = 13 is 
Coefficient of x — (-15) 
Coefficient of y 5 





=3 
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It is given that tangent is perpendicular to the line 5y — 15x =13 
5 
2(x-1)x32-1 => 6x-6=-1 > x=7 











6 
2 
when x=2 then y=(2) -2x247=2-347 
25 =604252 217 
7 36 36 
, , 5 217, 
-. Equation of tangent at E x] is 
217 1 5 36y -217  -6x*5 
Y- 36 Ea. Id 36 18 
=> 36y — 217 = - 12x + 10 => 12x+36y-227=0 
13. Prove that the curves x = y^ and xy = k cut at right angles if 8k? = 1. [CBSE (AI) 2008] 


Sol. As we know, two curves intersect at right angles if the tangents to the curves at the point of 
intersection are perpendicular to each other, i.e., product of slope of these two curves is -1. 





We have x-2y* 
Differentiating with respect to x, we have 
d di 1 . 
1= 2 = et oy tme (let) ...(i) 
xy-k 
Also, differentiating with respect to x, we have 
dy dy y " 
xq TY l= 0 > xc "h (let) ... (ii) 


On solving the equations of the two curves 
xy =k and x2 y? 


We get een and yor” 
Putting these values in (i) and (ii), we have 
-k 1/3 
m; = PE and m, = FEE =-k 


For the curves to intersect at right angles 


xb ec > D nd 


m, xm =-1 > 35 


2/3 
1\° 1 
(5) =(P? > =k > 8e=1 


Hence, the result is proved. 
2 


N 


14. Find the equation of the tangent and normal to the hyperbola ST =1 at the point 
(xo , Yo). d 
Sol. Here, equation of the given curve is 
25 12 
x 
ae 
a^ b 


Differentiating both sides w.r.t. x, we have 





2y d d A : 
a b dx dx a -2y ay 
dy bx 
> ae (Xy Tous 


0 
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15. 


Sol. 


16. 


Sol. f’(x) =cosx+sinx =0 > 


-. Equation of tangent at (x , Yo ) is 





























bx Vie Wo XX. dp 
ENGL ae 5 o Yo 5 *g 
Y = Yo ay, (x — xy) uM ua R 
X%) WS Xo _ Yo XX) Wo X) You, 
^ ¢ P P P i Sog PpP 
Equation of normal at (x 9, Yq) is 
1 
-= x-x 
V7 y xaa% (x= xo) 
ay -a^y 
i 0 = 0 
= V = Vo EM (x-x) >  W-W bx, (x — xy) 
- -(x-x - x-x 
= - Yo _ z o) zi T Yo, 2 =9 
Yo Xo ay, bx 


An Apache helicopter of enemy is flying along the curve given by y x? + 7. A soldier, placed at 
(8, 7), wants to shoot down the helicopter when it is nearest to him. Find the nearest distance. 


[HOTS] 


Let (x1, y1) be the position of helicopter on the curve y = x? + 7, when the distance D from soldier 


placed at (3, 7) is minimum. 


2 
Now, D- Jæ- 3) +- 7) 
(X1, y1) lie on curve y = x +7 





> D=(%,=3)+y,-7) 





yı = A +7 
> D? =(x1-3} +(x? +7-7f > D’ =x? -6x,4+94+x," 
Differentiate D? w.r.t. x;, we get 


d(D?) 
dx 





= 8. 413 
= 2x- 6+ 4x = Axi F 2x 6 
- d(D?) 
Now, for maximum or minimum distance dx =0 
1 





> Ax? +2x,-6=0 => 4x? (x, -1) + 4x4 (x, -1) + 6 (x, -1) =0 


> (x, -1)(4x> +4x,+6)=0 > x,-1=0 or 4x2 +4x,+6=0 


> n=l [4 A + 4x; + 6 have no real roots] 


d? (D?) 


2 
dx 
1 3,73 


OD. 
—= 
Xi 








Again 12x? +2 => =+ve 


Hence, for x, = 1, D? is minimum, i.e., D is minimum. 
Also, for x, 21,y,2 147-8 
Minimum distance, D = Ja = ay +(8- 7y - /5 unit. 


Thus, when helicopter is at (1, 8) then it is at nearest distance /5 unit from soldier. 





Find the local maximum or minimum if any of the function f (x) = sin x — cos x, 0 < x < 2r. Also, 


find the local extrema values. 


cos x + sin x = 0 
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Gy) 


tanx=-1 


Atx= SE f/x) = cosx + sin, 


=> 


3 
when x < f(a) =+ ve 


3 
when x > = _f (x) =- ve 


> 
Atx= T f'(x)- cos x + sin x 
when x < T f(x) - ve 
when x > fila) ve > 





E car 
3x , . : 

x= -y isa point of local maxima. 
7r , : Et 

x = —- isa point of local minima. 


4 














3n . 3T 3n 1 
Ft)" sin 4 9994 = 

7n . ZT 7n 1 1 
F (A) "sin gzs | 7mm 


17. 
in the given interval. 











1 
- (- 2 /2 is the local maximum value. 


— 42 is the local minimum value. 


Find the absolute maximum value and the absolute minimum value of the following function 








1 9 
f (x) 24x “47 26 -2,5| 
Tis 9 
Sol. Here, f(x) = 4x - "EE -2, 2 => f(x)=4-x 
For maximum or minimum f'(x)20 => 4-x=0>x=4 
1 
f(-2)=4(2)- 5(-2)'=-8-2=-10 
1 
f(4)=4(4)- 50 = 16-8=8 
9 9| 1/9/ 81 63 

CE T Bes 
Thus, absolute maximum value is 8 at x = 4 and absolute minimum value is -10 at x = -2. 

18. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off 
square from each corner and folding up the flaps. What should be the side of the square to be 
cut off so that the volume of the box is maximum? 

Sol. Let x cm be the length of square, then volume of the box, 


V = (45 - 2x) Q4 - 2x). x 
dV 


dx 
dv 
dx 


= 12x? - 276x +1080 


= 12 (x? - 23x + 90) = 12 (x — 18) (x — 5) 


; raa dV 
For maximum or minimum, E =0 
=> 12(x-18)(x-5)=0 > x=5,18 


x =18 is not possible as breadth is 24 cm. 
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= — 48x + Ax? — 90x + 4x? + 1080 — 138x + 4x? 


= (- 2) (24 - 2x) x + (45 - 2x) (- 2) x + (45 - 2 x) (24 - 2x).1 





19. 


Sol. 


2 
Now, dV = 12(1) (x-5) +12 (x - 18).1 
dx? 





| dv 
dx? 


> x =5 is the point of maximum. 


=0 +12 (5-18) =- 156 <0 
x=5 


Thus, 5 cm is the side of the square to be cut off from rectangle for box of maximum volume. 


Prove that the volume of the largest cone that can be inscribed in a sphere of radius a is 8 


27 

of the volume of the sphere. [CBSE Delhi 2016; (AI) 2014; (F) 2013] 
OR 

Show that the altitude of the right circular cone of maximum volume that can be inscribed in 

a sphere of radius R is Lo [CBSE (F) 2012] 


[Hint: replace a by R and you can get the result] 


Consider a sphere of radius a with centre at O such that OD = x and DC =r. 
Let h be the height of the cone. 





Then h=AD=AO+ OD=a+x xli) 
(OA = OC = radius) 
In the right angle AODC, 
Parsee (By Pythagoras theorem) ..-(i2) 
1 
Let V be the volume the cone, then V = anh 
1 
=> V(x)= gta’ -x° Na+ x) [From (i) and (ii)] 
> 1 


V' (x)= ane- x2) “a +x)+(at x) - x» 


- axle? - x!) +(a+x)(-2x)] = gla * 3) a - x - 29] - qnx) - 82) 


Also, V"(x)- =n 





(a TE — 3x) + (a — 32) (a + x) 





> V"(x) = Salata) (— 3) + (a - 3x) (1)] 


For maximum or minimum value, we have V'(x) 2 0 


1 
a Ma + x)(a— 3x) = 0 > x=-aorr=— 





3 
Neglecting x =- a [^ x» 0] 
v($)- «e )-9*(-3()]- 2^ «o 
Volume is maximum when x = a . 


4 ?^ 8a? 
Putting x = 3 in equation (i) and (ii), we get h=at 4 - ES and =°- E = > 





1l, 1 (8 (4) 2 3) 
Now, volume of cone =~, nr h-4m 9 3)" 97 3 7a 


8 
Thus, volume of the cone = 27 (volume of the sphere). 
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20. Show that the right-circular cone of least curved surface and given volume has an altitude 

equal to /2 times the radius of the base. [CBSE (AI) 2011] [HOTS] 

Sol. Let ABC be right-circular cone having radius ‘r’ and height ‘W’. If V and S are its volume and 
surface area (curved) respectively, then 








S-mil 
S=nryh +r? ...(i) à 
1 5 _ 3V 
Also, V= 3 nr h = h= 2 l 
Putting the value of h in (i), we get 
por —c 
OV a <D 
S-mnr xt 
Tr 
9V? + 1276 
> S? = e| z i r ) [Maxima or Minima is same for S or S?] 
Tr 
9V? 
zy S*=——4+ qr 
r 


Differentiating with respect to ‘r’, we get 





=> (S*)'= a +4n77° .. (ii) 

Now, for max. or min. (5) -0 => - 18 +4777 -0 => 4n?r® = 18V? 
Putting value of V 

> An^) = 18x gr > 2? =h? = ee ra 


Differentiating (ii) with respect to ‘7’, again 


Bae 


(59) m ian 


=> ("1,1 >0 (For any value of r) 
2 


Hence, S? i.e., S is minimum for r = + orh - 2r 


i.e., for least curved surface, altitude is equal to /2. times the radius of the base. 
21. Show that the semi-vertical angle of the cone of the maximum volume and of given slant 
height is tan * /2. 
Sol. Let a be the semi-vertical angle of a cone and slant height is /. 
then AO =! cos a and BO = l sin a 


1 1 
> V= 3n(isin o)? (I cos a) =, n° sin? a cos a ^ 
dV m 
=> —— - =P [- sin? a + 2 sin a cos?a] 
da 3 j 
For maximum or minimum volume V, we have 
dV T 3. 2 2 2 +2 i 
eim = = + =0> = = I sina gs 
p 0= J! sin a (- sin^ a+ 2 cos* a) = 0 = 2 cos* qa - sin a = 0 pet b— >c 


—2cosa-2sin?u —tana- /2 >cosa= 








1 
/3 
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22. 


Sol. 





PV 13,5 3 . 2 1 33 2 
Now, = — nl [2 cos? a -7 sin?a cos a]- ml cos’ a (2 - 7 tana) 


do? 3 


== e) 2-7x2)«0 
3 T es ( = ) 
Thus, V is maximum when tan a = /2,a=tan?! /2. 
Show that the semi-vertical angle of the right circular cone of given total surface area and 
maximum volume is sin™ = ó [CBSE (AI) 2008] 


Let r, h, l and a be the radius, height, slant height and semi-vertical angle of cone respectively. 
If V be the volume of cone then 























1 1 
V-lnüÜh > Vesrr’ VP-P N 
3 3 
2 
1 S-nr? gm 
> V=—n2r ( B - where Area S = nrl ^ x? => l= ia l 
3 Tr Tr 
2 2 2, 2.24 2.4 
Om /S? - 250r? + 1? r* - mv ERE po 
= pe 3 * Tr Scu 5'-25mr p doy 
| EMEN. 
2 2,2 4 
S^r^—2S 
s yiia = Sr 2907) 
9 9 
Differentiating with respect to r, we get 
JV d. " 
de 7 9 (28 r - 85nr^) 
For maxima or minima 
d(V? 1 
v^) =0 => —(257r-8Snr?)=0 
dr 9 
=> 2Sr-8Sn?-0 => 2Sr(S—4nr?) =0 
S 
> S -4nr? =0 =>  4n)-98 => r=,/— 
4x 
no WIM) du s " 
Again z = 9 (28° - 248nr) 
d (v?) 





S 1 
96° = 24$7.—) -—(2s?-6s?)«0 
At 9 


2d 
dr? | zs 


| 5 
Hence, for r= E V? is maximum i.e., Vis maximum. 


— For S = 477°, V is maximum. 
Now, since S=nrl+nr° > Anr? = nrl + nr? [For maximum volume S = 4n7?] 
2 
1 
5 3nr? = nrl => TE ec 
mnri 3 
— T = 1 > 1 = T ** Qi — r 
ys sind - 3 “sina => 
zs qst 
sin |3 


Hence, for maximum volume a (semi-vertical angle) = sin ! (3) 
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2 2 
E: 
23. Find the maximum area of the isosceles triangle inscribed in the ellipse — + a = 1 with its 


2 
a 
vertex at one end of major axis. [CBSE Bhubaneshwar 2015, (AI) 2008] 
Sol. Let AABC be an isosceles triangle inscribed in ros 
the ellipse. 
2. 3 
x L4 
a^ b 






Such that 'C' lies on end of major axis and 
AC = BC. 


Let coordinates of A and B be (a cos 0, b sin 0) 


-> x-axi 
C X-axis 


and (a cos 0, —b sin 0) respectively. 


If ‘A’ be the area of inscribed triangle then 


Az Ix ABxCD = dx 2bsinüx(a - acos0) 


= ab sin 0 (1— cos 0) 
Differentiating with respect to 0, we get 


E = ab[sin 0. sin 0 +(1 — cos 0).cos 0] = ab(sin? 0 + cos 0 - cos? 0) 


I 
I 
I 
i 
| B (acos 0, —b sin 0) 
I 
I 
[ 
I 


For maxima and minima aA =0 


> ab (sin? 0 + cos 0 — cos? 0) = 0 

> cos 8 — cos 20 = 0 

= cos 20 = cos 0 

> 20 = 2nn+0 [ cos0 = cos a; 0=2nn+a] 
> o=nn+ orn -D., where n=0,41,+2,... 


0-2 (0, n) 


U 


2 


ri = ab (2sin 0. cos 0 — sin 8 + 2 cos 0.sin 0) = ab(2 sin 20 — sin 0) 


d^A 
—— «0 
| d0? Les 
8 


2T ai f 
Hence, for 0 = 37 Ais maximum. 





POTE: 


27 
Hence, maximum area of triangle A = absin - (1 76084 2 


3" ab sq units. 


24. A window is in the form of rectangle surmounted by a semi-circular opening. Total perimeter 
of the window is 10 m. What will be the dimensions of the whole opening to admit maximum 
light and air through the whole opening? [CBSE 2006; (AI) 2017; (F) 2011, 2014] 


Sol. Let ABCED be required window having length and width y. If A is the area of window. Then 


1 
A 2 2xy* ju Given perimeter = 10 => 2x ty * y * 2 2nx - 10 


= 2y = 10 - 2x — nx 
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1 1 
= x(10 - 2x - nx) + am = 107 = 22" mx + Tx? 


1 1 
= 10x - 2x? - am = 10x - (2 + zr)? 


Obviously, window will admit maximum light and air if its area A is maximum. 
dA 














Now, “E =10-2r(24 1 ) E 
ow, g = 10-2x 27 
: -- dA _ 
For maxima or minima of A, dx 0. 
1 D C 
= 10-2x(2*7)-0 > 10-x(4+n)=0 
y 
10 d'A 
> x= and ts "UA E) <0 
4A+T dx A B 
, 10 10 a 
> For maximum value of A,x =-—— and thus y = — — 
4+T 4A+T 
Therefore, for maximum area, i.e., for admitting maximum light and air, 
20 -a 10 A 
Length = 2x = qus and width= dum of rectangular part of window. 
Multiple Choice Questions 
Choose and write the correct option in the following questions. 
1. The interval in which the function f given by f(x) = x? e™ is strictly increasing, is 
[CBSE 2020 (65/2/1)] 
(a) (= eo, oo) (b) (7 o, 0) (c) (2, oo) (d) (0,2) 
2. y 2 x (x - 3 decreases for the values of x given by 
3 
(a) 1<x<3 (b) x «0 (c) x » 0 (d 0«x« y 
8. The abscissa of the point on the curve 3y = 6x — 5x’, the normal at which passes through origin is 
1 1 
(a) 1 (b) 4 (c) 2 (d) 5 
4. The curve y =x" has at (0, 0) 
(a) a vertical tangent (parallel to y-axis) (b) a horizontal tangent (parallel to x-axis) 
(c) an oblique tangent (d) no tangent 


5. The equation of normal to the curve 3x? — y? = 8 which is parallel to the line x + 3y = 8 is 


(a) 3x -y-8 (b) 3x ^y * 820 (c) x + 3y £8 0 (d) x -* 3y 20 
6. The tangent to the curve y = e” at the point (0, 1) meets x-axis at 

(2) (0,1) (b) (-5,0) © (2,0) (d) (0,2) 
7. f(x) = x" has a stationary point at 

(a) x=e () x=} (c) x-1 (d) x- e 


x 
8. The maximum value of (=) is 


l/e 
(a) e (b) e (c) el” (d) (1) 
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9. The two curves x? - 3xy? + 2 = 0 and 332y - y? = 2 [NCERT Exemplar] 
(a) touch each other (b) cut at right angle (c) cut at an angle 3 (d) cut at an angle ri 
10. The tangent to the curve given by x = e'.cos t, y = é. sint at t = aa makes with x-axis an angle 
(a) 0 (b) 4 () $ (4) > 
11. The slope of normal to the curve y = 2x* + 3 sin x at x = 0 is 
1 1 
(a) 3 () 4 (o) -3 @ -4 
12. The equation of the normal to the curve y = sinx at (0, 0) is 
(a) x=0 (b) y=0 (c)x+y=0 (d) x-y=0 
13. The point on the curve y? = x, where the tangent makes an angle of A with x-axis is 
[INCERT Exemplar] 
(i3) ^ (Li 2 TE 
@) [574 Oars (o) (4,2) @) (1,1) 
14. The point on the curve x? = 2y which is nearest to the point (0, 5) is 
(a) (242,4) (P) (242,0) (c) (0, 0) (d) (2,2) 
15. The maximum value of [x (x - 1) + ip 0<x<1lis 
1 1/3 1 
@ (5) ( 4 (1 (d) 0 
16. The line y = x +1 is a tangent to the curve y^ = 4x at the point 
17. Aladder, 5 meter long, standing on a horizontal floor, leans against a vertical wall. If the top of 
the ladder slides downwards at the rate of 10 cm/sec, then the rate at which the angle between 
the floor and the ladder is decreasing when lower end of ladder is 2 metres from the wall is 
[NCERT Exemplar] 
1 1 
(a) 10 radian/sec (b) 20 radian/sec (c) 20 radian/sec (d) 10 radian/sec 
18. The rate of change of the area of a circle with respect to its radius r at r = 6 cm is 
(a) 10n (b) 127 (c) 81 (d) 11n 
19. The total revenue in rupees received from the sale of x units of a product is given by 
R(x) = 3x + 36x + 5. The marginal revenue, when x = 15 is 
(a) 116 (b) 96 (c) 90 (d) 126 
20. If x is real, the minimum value of x? - 8x + 17 is [NCERT Exemplar] 
(a) -1 (b) 0 (c) 1 (d) 2 
Answers 
1. (d) 2. (a) 3. (a) 4. (a) 5. (c) 6. (b) 
7. (b) 8. (c) 9. (D) 10. (d) 11. (d) 12. (c) 
13. (b) 14. (a) 15. (c) 16. (a) 17. (b) 18. (b) 
19. (d) 20. (c) 


Solutions of Selected Multiple Choice 


1. 


We have, f(x) =x? e™ 


> fe) =x e” + 2xe* = xe* (2-2) 
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for f(x) to be strictly increasing, f'(x) > 0 
=> xe*(2-x)>0 
=> x(2-x)>0 
=> x(x-2)<0 
=> 0<x<2 
“ x € (0,2) 
We have, y= x(x- 3)? 


dy 2 
ee x.2(x —3).1 + (x -3)°1 
= 2x*-6x +x? + 9-6x = 3x7-12x +9 
= 3(2 -3x- x + 3) =3(x-3)(x-1) 
+ - + 


1 3 
So, y = x(x - 3)? decreases for (1, 3). 
[Since, y' < 0 for all x e (1, 3), hence y is decreasing on (1, 3)] 


Let (x;, y1) be the point on the given curve 3y = 6x — 5x? at which the normal passes through the 





origin. Then we have (2) 22- 5x1. Again the equation of the normal at (x4, y4) passing 
(xp, 3) 
-X 3 
through the origin gives 2- 5x? = po - rur Since x, = 1 satisfies the equation, therefore, 
1 z X1 
correct answer is (a). 
We have, y- x5 
1 
d 
(ac) = 2 x04 = a 

dx o 5 
So, the curve y = x'/° has a vertical tangent at (0, 0), which is parallel to y-axis. 
We have, dx x 
Let ires 
and log y = xlog x 

d 

ue = xl +logx.1 [Differentiate both sides] 

dy z 
> Jy = {1+ logx) =’ 

d 

TE -0 => (1 + logx). x* 20 
> logx=-1 > logx = loge 
=> x=e! => x= 1 


e 


Hence, f(x) has a stationary point at x = L 


2 
1 x 
Let »-(1) 


1 
> logy = x.log rj 
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1dy 1 D 1, 1 ; ) 
> an A i 2 *log-.1 =-1+ logs [Differentiate both sides] 
x 
ie leez- 
> dt log 1 m 
dy _ E ga 
Now, rom > log =1= loge 
1 
> —=e 
x 
1 
c= 
e 


1 
Hence, the maximum value of A+) -(ey^*, 


d 
9. From first equation of the curve, we have 3x? - 3y? - bxy =0 


dy x-y 
dx — 2xy 





=(m,) say and second equation of the curve gives 


dy dy dy | -2xy 
38V xd _ - -" 
oxy + 3x 4: -3y 4:70 > dx ly) (™)say 


Since m; . m, =- 1. Therefore, correct answer is (b). 








d -1 
12. 4 =cosx. Therefore, slope of normal = | ) =-1. 
x cosx }, <9 


Hence, the equation of normal is y -0 = -1 (x - 0) or x + y = 0. 
Therefore, correct answer is (c). 


Fill in the Blanks 


1. If the radius of the circle is increasing at the rate of 0.5 cm/s, then the rate of increase of its 
circumference is . [CBSE 2020 (65/2/1)] 
The values of a for which the function f(x) = sin x — ax + b increases on R are 
The rate of change of volume of a sphere with respect to its surface area, when radius is 2 cm, 
is : 

4. The equation of the tangent to the curve y = sec x at the point (0, 1) is 


[CBSE 2020 (65/3/1)] 
5. The least value of the function f(x) = ax + a (a>0,b>0,x>0)is 
Answers 
1. 1 cm/sec. 2. (-o,-1) 3.1cm?/cm? 4. y-1 5. 2/ab 


Solutions of Selected Fill in the Blanks 


dr 
di = 0.5 cm/s 

dC  d2nr _„_ dr 

d^ d = 20 = 2r x 0.5 cm/s 


= n cm/sec. 


1. Given, 
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4. We have, slope of the tangent to the curve y = sec x is given by 


dy 
—— =secx.tanx 


dx 
Slope of tangent at (0, 1) = sec 0 x tan 0 =0 
Equation of tangent at the point (0, 1) be 
y-1 


xp l > y-1=0 > y-1 


Very Short Answer Questions 


1. Find the slope of the tangent to the curve y = 2 sin? (3x) at x = s. [CBSE 2020 (65/5/1)] 
Sol. We have, 
y=2 sin? (3x) 
dy . 
> dy 72% 2 sin Gx) x cos (3x) x 3 
dy i 
= de 6 sin (6x) 


Sol. 


Sol. 


Sol. 


Sol. 


Slope of tangent at x = - is 6sin(6 x Z) 


=6sinr=6x0=0 
Find the rate of change of the area of a circle with respect to its radius ‘r when r = 4 cm. 


[INCERT Exemplar] 
If A is area and r is the radius of a circle, then 
A=nr zs ESL cp 
dr 
Es = 81cm? /cm 
dr r=4 





An edge of a variable cube is increasing at the rate of 5 cm per second. How fast is the volume 
increasing when the side is 15 cm? 


Let x be the edge of the cube and V be the volume of the cube at any time t. 


d. 
Given, E =5cm/s, x » 15cm 
Since we know the volume of cube = (side)? i.e., V = xò. 
dV. 4 dx dV _ y NE 3 
=> g T e» > H =3-(15)° x 5 = 3375 cm?” / sec 
Find the slope of the tangent to the curve x = ¢ + 3t- 8, y = 2 - 2t -5att-2. 
dy 


dy dt 4t-2 











Slope of the tangent = rx dx uc 
dt 

dy (2) _A(2)-2 6 

dX att=2 \2EtS ioe 2(2)+3 7 
If y = log, x, then find Ay when x = 3 and Ax = 0.03. 
We have, y = log, x 

_ dy 1 0.03 
Ay 7x Ax- 3 - 0.01 
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Short Answer Questions-l 


1. 


Sol. 


Sol. 


Sol. 


Sol. 


The money to be spent for the welfare of the employees of a firm is proportional to the rate of 
change of its total revenue (marginal revenue). If the total revenue (in rupees) received from 
the sale of x units of a product is given by R(x) = 3x? + 36x + 5, find the marginal revenue when 
x=5. [CBSE (AI) 2013] 
Given: R(x) = 3x7 + 36x + 5 

= R'(x) = 6x + 36 

Marginal revenue (when x = 5) = R'(x)],-.5 
=6x5+36=766. 


The amount of pollution content added in air in a city due to x-diesel vehicles is given by 
P(x) = 0.005:x? + 0.023? + 30x. Find the marginal increase in pollution content when 3 diesel 
vehicles are added. [CBSE Delhi 2013] 


We have to find [P’(x)],_3 
Now, P(x) = 0.005x? + 0.02x* + 30x 
P'(x) = 0.015x? + 0.04x + 30 
> [P’(x)],-3 = 0.015 x 9 + 0.04 x 3 + 30 
= 0.135 + 0.12 + 30 = 30.255 


If x and y are the sides of two squares such that y = x — x’, then find the rate of change of the 
area of second square with respect to the area of first square. [NCERT Exemplar] 


Since, x and y are the sides of two squares such that y = x - x^. 
Area of the first square (A) = x? 
and area of the second square (A,) = y = (x- x7 














dA, d dx dx 
v3 = a =x)" 229 -x° (= - 2) 
dx 2 
= a - 2x)2(x - x^) 
dA, d > dx 
and Ho a = 2x. dt 
dx 2 
dA, | dA,/dt gj: (L— 2x) (2x - 2x) 
dA, — dA dt - dx 
2x. dt 
_ (1-2x)2x(1- x) 
~ 2x 
= (1-2x)(1-x) = 1-x-2x 42x?- 2x°-3x41 
Using differentials, find the approximate value of 449.5. [CBSE Delhi 2012] 


Let f(x) = Vx, where x = 49 and 8x = 0.5 
f(x t+ dx) = yx + bx = (49.5 


Now by definition, approximately we can write 


f(x + 6x) - f(x) 
òx 


fo- Ai) 


Here f(x) = /x = (49 =7 and 8x = 0.5 
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Sol. 


Sol. 


1 1 1 
> TO- 2/4 14 


Putting these values in (i), we get 


1 495-7 
































14 05 
0.5 0.5+98 98.5 
/49.5 = 14 +7= qp ` = 7.036 
mox 
Show that the function f given by f(x) = tan ! (sin x + cos x) is decreasing for all [J€ (= z) 
[CBSE (F) 2017] 
We have 
fes tan ! (sin x + cos x) 
RR es 1 : 
= POS hice NOSE pILE 
NL. cos x — sin X 
fie 1 * (sin x * cos x)? 
1+ (sin x + cos x) »0VxeR 
Also, weliz) sin x > cos x => cos x-sin x <0 
TIL : ; 
f' (x)= Foe 7T% i.e., f'(x)«0 


> f (x) is decreasing in er 5) 


The volume of a cube is increasing at the rate of 9 cm*/s. How fast is its surface area increasing 
when the length of an edge is 10 cm? [CBSE (AI) 2017] 


Let V and S be the volume and surface area of a cube of side x cm respectively. 


Given BE - 9 cm/sec 


dt 
Ww . dS 
e require | 
1 dt x=10cm 
Now V=x° 
> di 3x odi => 2-798 00 
a WR 9.9 
d 3? y 
Again, `~ S= 6x? [By formula for surface area of a cube] 
dS _ dx 
=> d 12.x. di 
3 36 
= 12x. = = 
ge a 
ds _ 36 _ 2 
= Eloa dO 3.6 cm^/sec. 
1 
7. Find the approximate change in the value of 77, when x changes from x = 2 to x = 2.002. 
x 


[CBSE Sample Paper 2018] 
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1 
Sol. Let y=~—,. Let 6x be small change in x and dy the corresponding change in y. 
x 


Given 6x = 2.002 - 2 = 0.002, where x = 2. 
dy 2 2 


1 
Now yer s dx 3 


We know that, approximately, 


ay 


2 2 


dx 2 8 


8. Find whether the function fo) = cos (2x + P; is increasing or decreasing in the interval 





[CBSE 2019(65/5/3)] 


d 
óy- Se bx +. y=- $ x0.002= - 0.0005 
(a) 
8'8/ 
Sol. We have f(x)= cos( 2x + z) 


We know that function f(x) is increasing in (a, b) if f '(x) > 0 V x e (a, b) & is decreasing if f '(x) < 0 


V x e (a,b). 
Now, f (x) 2 - 2 sin(2x + t) 





[^ sinx «0 v x e(n, 27)] 


f'G)»0 => — -2sin(2x+F)>0 
2 T 
=> sin(2x +7) <0 
zx «2x7 «2n 
Tanl us ep 
> = See Gu AES 
> af peas 
g^ 


Thus f'Q»ovxe( 7 Z=) 


8'8 
3n 7T 
— f(x) is increasing function on p ^) . 


Short Answer Questions-Il 


1. Prove that the curves xy = 4 and x? + y? = 8 touch each other. [NCERT Exemplar] 
Sol. Given equation of curves are 
xy =4 a (i) 
and x*+y°=8 ... (ii) 
dy 
> ar a im 0 
d 
and ay 
2x + 2y d 0 
auct LUN: 
x dx x ene dx — 2y 
adc 
x dx x n (say) 
dy x. 
and m y =m, (say) 


.. Both the curves should have same slope. 
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Sol. 


e MENS 
x y 
Using the value of x? in equation (ii), we get 


=> =x and xX =y? 





y +y’ =8 > y =4=ay=+2 
4 4 
For y=2,x=5=2 and for y-x-7,-2 
Thus, the required points of intersection are (2, 2) and (2, 2) 
For (2, 2), m= 2 1 
-x -2 
and m, = y = E =-] 
mı = My 
-y -(-2 
For (-2,-2), m=% -= cH - 
x2 702). 
fib, "Ur. o -1 


... (iii) 


For both the intersection points, we see that slope of both curve are same. 


3 
Find the intervals in which the function f(x) = 2* - 4x°— 45x? + 51is 


(a) strictly increasing (b) strictly decreasing. 


3 
Here, f(x)- ou - 4x? - 45x? + 51 


[CBSE (F) 2014] 


>  f'æ)=6x -12 -90x => f(x) = 6x(x*- 2x -15) = 6x(x + 3) (x — 5) 


Now for critical point f'(x) = 0 
6x(x + 3(x -5) 20 = x-20,,5 


i.e., —8, 0, 5 are critical points which divides domain R of given function into four disjoint sub 


intervals (— oo, —3), (-3, 0), (0, 5), (5, oo). 
For (- oo, -3) 


f (x) = +ve x (-ve) x (ve) x (-ve) = -ve 
i.e., f(x) is decreasing in (- co, 3). 
For (- 3, 0) 
f (x) = *ve x (-ve) x (+ve) x (-ve) = +ve 
i.e., f(x) is increasing in (- 3, 0). 
For (0, 5) 
f (x) = +ve x (+ve) x (*ve) x (-ve) = -ve 
i.e., f(x) is decreasing in (0, 5). 
For (5, œ) 
f (x) = +ve x (+ve) x (+ve) x (+ve) = +ve 
i.e., f(x) is increasing in (5, ©). 


Hence, f(x) is (a) strictly increasing in (-3, 0) U (5, o») 


(b) strictly decreasing in (- oo, -3) v (0, 5). 
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3. Find the intervals in which f(x) = sin3x -cos3x,0 <x < 7, is strictly increasing or strictly 
decreasing. [CBSE Delhi 2016] 


Sol. Given function is 
f(x) = sin3x - cos3x 
f (x) = 3cos3x + 3sin3x 
For critical points of function f(x) 











f(x) =0 
=> 3cos3x + 3sin3x = 0 => cos 3x + sin 3x = 0 
] sin3x 
> sin 3x = — cos 3x => = — 
cos 3x 
T T 
=> tan3x = -tany => tan3x = tan(x = 1) 
> tan 3x = tan 
= 3n _ 
=> Sx = unt, where n =0,+1,+2,.... 
Putting n=0,+1,+2,...., we get 
_n 7n 11x 
=r np © OM 
: . m\/nm 7n1y/7x 11n\/ 112 
Hence, required possible intervals are (0, 4 y A s) 12 li 12 4) 


For (o. (x) =+ve 





T 7T ; 

For s) f (x) =-ve 
7x lim) , 

For EE y (x) =+ ve 
11x , 

For ( 12" n) (x) = -ve 


7X 11 
Hence, given function f(x) is strictly increasing in (07) U ( 2) and strictly decreasing in 


(5) «(^ 
4'12 12^ fF 
4. Find the equation of the normal at the point (arr, am?) for the curve ay? = x’. 
[CBSE (F) 2012; (South) 2016] 








Sol Given curve ay? =x 


On differentiating, we get 








dy » dy _ 3x? 
oy dx — is Cod 2ay 
dy 8xsu _ 3m 
dX at (am? am’) 2a X am? 2 
1 1 2 
SIBpecSnodndis = slopeoftangent 3m ^ 3m 
2 
Equation of normal at the point (arri, am”) is given by 
3 
= 2 
y IT m > 3my — 3am* = — 2x + 2am? 
x-am 3m 
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Sol. 


Sol. 


Sol. 


= 2x + 3my — am?(2 + 3m”) =0 
Hence, equation of normal is 2x + 3my — am?(2 + 3m) =0 


Show that y = log(1 + x) - x >-1 is an increasing function of x throughout its domain. 




















[CBSE (F) 2012] 
Here, f(x)=log(1+x)- = [where y = f(x)] 
; 1 (2*x)1-x 
m fosi (2+x)2 
= th 2(2+x-x)_ 1 4 
l+x | Q«ex — 10x = (2+x)? 
40x +4x-4-4x | x? 





(x+1)x+2) — G2) 
For f(x) being increasing function 














f(x) >0 
a => 1 x > 
(x +1)(x +2)? xt*1 (x42) 
1 x? 
20 20 
eed (x +2)? 








=> x+1>0 or x>-1 





2. 
ie, f(x)=y=log(1+x)- z = is increasing function in its domain x > - 1 i.e., (-1, œ). 
Show that f(x) = 2x + cot !x + log (y1 + x?- x) is increasing in R. [NCERT Exemplar] 
We have, f(x) = 2x + cot !x + log (/1+ x°- x) 


2j 1 1 
Poa A aA 
— 1 beau) ug 1 4 

14x? (aA x-x) /ÁA xx 14x? V1+x2 
2«2x9-1-41« x3) 1422 A x? 
1+x? 1+x? 





dei] 











For increasing function, f'(x) 20 


"o orm 
Le DE y 14222 2 1 x 


— 
14x? 
> (I42xy214x > 144x474 4:7>14+2 
> 4x* + 3x7>0 > x? (4x? + 3) >0 


It is true for any real value of x. 
Hence, f(x) is increasing in R. 
Find the points on the curve y = x? at which the slope of the tangent is equal to the y-coordinate 


of the point. [CBSE Delhi 2010; (F) 2011] 
Let P(x, y1) be the required point on the curve 
y=% ...(i) 
d d 
=> M gy? => E = 3x," 
dx dx QM) 
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> Slope of tangent at (x1, y1) = 3x2 
According to the question, 

8x? 244 ... (ii) 
Also (x1, y1) lies on (i) 


> y= x? .. (iii) 
From (ii) and (iii), we get 
3x? = xr 
E x? - 3x7 =0 > xt (x; -3) =0 
= x,=0 or x,=3 
> y,=0 or y,=27 


Hence, required points are (0, 0) and (3, 27). 





4 
8. Find the intervals in which the function f(x) = -3 log (1 + x) + 4 log(2 + x) - TF is strictly 











increasing or strictly decreasing. [CBSE Sample Paper 2018] 
Sol Given f(x) =- log (1+ x) + 4log (2 + x) - sy 
"EC E 4 -3(2*x) +4(1+x)(2+x)+4(1 +x) 
> JA) uc + 7 = 5 
* X (29x) (1+x)(2+x) 
| -3(44 Ax t x?) kA(2 x 2x * x?) c A Ax 
i 2 
(1+x)(2+x) 
| -12 -12x - 332 +8 + 12x + Ax? + 4 + 4x 
(1+ x)(2+x)° 
! x(x +4) 
f= > 
(1+ x)(2 * x) 
Now,  f'(x) =0 
+ 
> Eo = => x(x+4)=0 
(1+x)(2+x) 

> x=0 [ ^ x #-4as f (x) is defined on (-1, œ) ] 
Hence, required intervals are (-1, 0) and (0, o). 
For (-1, 0) 


f = - E - ve > f (x) is strictly decreasing in (-1, 0) 











For (0, œ) 
fe- 


i.e., f (x) is strictly decreasing on (-1, 0) and strictly increasing on (0, oo). 


(*tve)X(tve) | " 
(* ve) X (* ve) 





ve > f (x) is strictly increasing in (0, ©) 


9. Find the condition that curves 2x = y^ and 2xy = k intersect orthogonally. [NCERT Exemplar] 


Sol. Given, equation of curvesare 2x=y" . (i) 
and 2xy =k .. (ii) 
k 
> y= Fy 
k 2 
From equation (i) 2x = =) 
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= 8x? =K? 





1 1 
3_ 432 — +42/3 
> x gk > x ak 
k 1 
=> y=5,= k => y =k"? 
2x 1 5/5 
2k 


1 
Thus, we get point of intersection of curves which is from equations (i) and (ii). (Fe 3 ME a) 


2= 2y and |x yl 





+ #2 ana (HY) y 
X y dx 2x x 
dy \(1 9/3 as) 1 

x Edo e |= i3 [say m] 
dy M1 vaya dic NUT 

2 

Since, the curves intersect orthogonally. 

ie., Mm, JM, =-1 

> pa Oed > ee aa 
2 1 2/3 = 

> gu > ke’ =2 
kà-28 


which is the required condition. 


Long Answer Questions 


T. 
Sol. 


Find the minimum value of (ax + by), where xy = c. [CBSE Delhi 2015, 2020 (65/5/1)] 
Let z = ax + by sal) 

e 
Given xy = c? > Y= 


e 
Putting y = — in equation (i), we have 








2 
m 
For z to be maximum or, minimum 
doa cx a dede 
dx x? x? 
2 
2. bc - "ra 
> x =- => x-tc ü 
2 
Now, qz. 
dx x 
2 2 
at c cf, A ae 3^0 
dx b 
(eva) 
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2. 


Sol. 


Sol. 


z will be minimum at x = c4/ P 





NE ae ü 
(UR T 


Minimum value of z = ax + by 


ll 
a 
X 
wd 
a| 
+ 
ce 
x 
EN 
a 


= cVab+cVab 
= 2c ab 


Of all the closed right circular cylindrical cans of volume 1287 cm, find the dimensions of the 


can which has minimum surface area. [CBSE Delhi 2014] 


Let r, h be radius and height of closed right circular cylinder having volume 128x cm’. 


If S be the surface area then 


S = 2nrh + 2nr? > S = 2n(rh + 7?) 
128 V2 nr?h 
S= ne T ") => 128n- nr?h 
4 p- 
128 dS 128 i zit 
$= zi +) => qom e) ^ 
r dr " 


For extreme value of S 
dS 





——-20 => 2 aa =0 
dr a|- r r)= 
128 
em rene 
r 
128 , 128 
ME 2 a = 
=> r= 64 => r=4 
ds 128x2 ds 
Again aa ( 3 +2) diii =+ ve 
dr r dr^ |,-4 





Hence, for r = 4 cm, S (surface area) is minimum. 


Therefore, dimensions for minimum surface area of cylindrical can are 


radius r = 4 cm and polle. cm. 
r2 16 


Prove that the surface area of a solid cuboid, of square base and given volume, is minimum 
when it is a cube. [CBSE (AI) 2017; (F) 2009; CBSE 2005] 
Let x be the side of square base of cuboid and other side be y. 

Then volume of cuboid with square base, V =x. x.y =x°y 


As volume of cuboid is given so volume is taken constant throughout the question, therefore, 
V ; 
== «eld 
y-- Q 


In order to show that surface area is minimum when the given cuboid is cube, we have to show 
S">Oand x= y. 


Let S be the surface area of cuboid, then 
Sax? + xy + xy + xy + xy +x? = 2x + Ary (ii) 
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Sol. 


V 
= 2x? + 4x. = S = 2x7 + ave ...(iii) 
x x 
dS 4V . 
=> vim 4x - um (iv) 
For maximum / minimum value of S, we have a. =0 
4V 
> 4x-—~=0 > 4V=4x° > Vex (v0) 
x 


Putting V = x? in (i), we have 


x? 


Bur m 
Here, y= x => cuboid is a cube. 
Differentiating (iv) w.r.t x, we get 
2 
Hence, surface area is minimum when given cuboid is a cube. 
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of 


radius R is = Also find the maximum volume. [CBSE 2019 (65/2/1)] 


3B 


Let x be radius and (y + R) be the height of cylinder given radius of sphere be R. 











In AOAB, we have, 
OB? = OA? + AB? 
> Ray +x? = x*+y?=R? => 3 Ry Ai) 
Now, volume of cylinder = x x? x 2y 
> V =n(R?- y) x 2y 
For volume to be maximum or minimum 
dV 
ao > 2n{(R? - y2)x1+y x (-2y)} 
> R? -4° -24° =0 > R’-3y°=0 > R? =3y* 
z Re R 
> y = Eu — y= B 
d^v -12Rn 
= 2n(-6y) = -12ny = <0 
dy? | _R V3 
Y (av=) 


R 
Volume will be maximum when y = FE 


2R 
Height of cylinder = 2y = 48 


and maximum volume = z(R?- y?)x2y 
R? ) 2R _ 2R? 2R — 4nR° 
x =x x = 
By 3 Ja 848 
A tank with rectangular base and rectangular sides, open at the top is to be constructed so that 
its depth is 2 m and volume is 8 m?. If building of tank costs 770 per square metre for the base 


and 745 per square metre for the sides, what is the cost of least expensive tank? 
[CBSE 2019 (65/1/1)] 





a(r- 
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Sol. Let/,b and h metre be the length, breadth and height of the tank respectively. 
Given h = 2m 
and volume of tank =! x b xh 


4 
> 8-Ilxbx2 > lb=4 >» b-— 
l hm 
Now, area of the base, Ib = 4m? res s 
and, area of four walls, A-2(I*b)xh 
4 4 im 
eee 


l l 
For minimum cost 





dA 4 
— = 1 -7 |= 
di 0 > 4 ( E 0 
4 2 
> P =1 > r=4 > 1=2m 
4 4 
| - 2m (-- length cannot be negative) and b= 7737 2m 
dA 32 0 
Now, == 
dB B 4 8>0 








-. Area will be minimum when /=2m, b=2m, h=2m 
-. Cost of building of tank = 70 x (| x b) = 70 x 2 x2 = € 280 

and cost of building the walls = 45 x 2h (| + b) = 90 x 2 (2+ 2) = 8 720 

-. Total cost for building the tank = 280 + 720 = x 1,000 
6. If the sum of hypotenuse and a side of a right angled triangle is given, show that the area of 
the triangle is maximum when the angle between them is 3° 
[CBSE Delhi 2017; (AI) 2009, 2014; (Central) 2016] 
Sol. Leth and x be the length of hypotenuse and one side of a right triangle and y is length of the third side. 
If A be the area of triangle, then 











e WM — also given 
A= sry = xh E h+ x =k (constant) 
1 1 S h=k- 
A ed -x) ox es Dee eg Cm 
22X% 2_1 2.2 
> Aoa -2k) Se = kx?) 
Differentiating with respect to x we get 
AAT. Yu " 
r~ nus x — 6kx*) sedi) 
For maxima or minima of A? V = Bh 
d(A* 1 PM 
Cam 0 = —(2k’x-6kx*) =0 8 = 1b2 
dx 4 8 4 
> 2x- 6k? =0 => 2kx(k-3x)=0 c b= 5T 
> k-3x=0; 2kx x 0 
» a 


Differentiating (i) again with respect to x, we get 


d'(A) 1 
» la qr -12kx) 





240 Xam idea Mathematics-XIl 


Sol. 


Sol. 











d’ (A? 1 k ke 
d) - iae - me ]-- 5 «o 
dx? Neg 4 3 2 
k k _ 2k 
Hence, A? is maximum when x = 3 andh-k- 3 = 3^ 
; k 2k 
i.e., Ais maximum when x = 3 h- 3 
x ko3 1 1 T 
QM c aE 5 > cos 8 = 5 => ees 
Show that the semi-vertical angle of the cone of the maximum volume and of given slant 
height is cos ! [CBSE Delhi 2014; (North) 2016] 
Let ABC be cone having slant height / and semi-vertical angle 0. A 
If V be the volume of cone then 
1 
Vaan x DC? x AD= 3 x Psin?0 x1cos 0 
l 
pP 
=> V- Tsin? 0 cos 0 
dV  xP 





=> "dé ^ 3 [-sin’6 + 2sin 0. cos" 6] pec 


For maximum value of V. 

















dV _ mos 3 20] = 
10 =0 > 3 [-sin?0 + 2sin 0.cos?0]. = 0 
=> —sin? 0 + 2sin 0.cos? 0 = 0 => — sin 0 (sin? 0 — 2cos” 0) = 0 
> sin 0 =0 or 1-cos?0 —2cos? 0 = 0 
> 0-0 or 1 -3cos” 0 -0 
— 0-20 Or cos 0 = T 
d'V TÊ 
Now 1 E T (sin? 0.cos 0 — 4sin?0. cos 6 + 2 cos? 6} 
d'V nÊ dv 
> = Fain? Ocoee 0 +2008" D] > =+ve 
d) 3 d0? h-o 
V 1 / 135. | 
and =-ve  |Putting cos 0 = —= and sin0 = i-(] =-= 
d9? cos eL. V3 V3 V3 
y3 
1 1 
Hence, for cos 0 = Z or 0 = cos! (v is maximum. 
Show that the height of a closed right circular cylinder of given surface and maximum volume, 
is equal to the diameter of its base. [CBSE Delhi 2012] 


Let r and h be radius and height of given cylinder of surface area S. 
If V be the volume of cylinder then 


V = nrh 
2 2 2 
.(S-2 $-2 
V= nr.(5-2nr) Ps ge om? +2nrh => ee 2 h] 
2nr 271r 
_ Sr - 2n? dV 1 P 
V= 2 => an (S — 611^) 
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For maximum or minimum value of V 











dV _ 1 2v 2 
dr =0 > z G-6nr)-0 => S-6nr^-0 
uw N -JE 
= T7 6n "SN 6x 
dV 1 dv B 
Now =——x12ar => --—61r «0 
dr? 2 dr? dr? Ls /5 
6x 





Hence, for r= V È , volume V is maximum. — 








S 
S-271.— 
_ 6n _ 35-5 67 
= " 5 = 3x2n V S 
2x4] — 
6m 
h 25 VOT _ $ 
> 6x’ /s N 6n 





= h = 2r (diameter) 


Therefore, for maximum volume, height of cylinder is equal to diameter of its base. 


9. An open box with a square base is to be made out of a given quantity of cardboard of area c? 


l^ ey rw 


square units. Show that the maximum volume of the box is s cubic units. 
[NCERT Exemplar; CBSE (AI) 2012] 
Sol. Let the length, breadth and height of open box with square be x, x and h unit respectively. 











If V be the volume of box then V =x.x.h > V 2 xh ...(i) 
c= x" 
Also c*=x7+4xh => h= 
Ax 
Putting it in (7), we get 
2(.2. 2 2 3 
xu 93) px x 
dau" mad di cho caer d 
Differentiating with respect to x, we get 
av c ae 
dx 4 4 
dV 


Now for maxima or minima P 0 


2 2 2 2 
c 3x7 — 3x" c 
> z747’ > 4 4 
2 
2 Cc Cc 
— xXx = => = —— 
3 y3 


d^v 


dV 6x X 
dx? 


Now, P ~a =- => 

















aie 248 --ve 


Hence, for x = pi volume of box is maximum. 
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10. 
Sol. 


11. 


Sol. 


c? C c? 


Therefore maximum volume = x? .h = 35 B = Aa cubic units 


Find the shortest distance of the point (0, c) from the parabola y = x”, where 1 <c <5. [CBSE 2013] 








Let P (a, p) be required point on parabola y = x° such that the distance of P to given point Q(0, c) 
is shortest. 


Let PQ = D 
D-4(a-0)«(g-c) => D*=02+(B-c)” 






































> D? = o? + (a - c L- (a, B) lieony=x?=> f-o?] Ò 
d(D?) 2 2 3 
Now, Gq = 2a t 2(o — c).2a = 2a(1 + 2a? — 2c) = 2a + 4a? — 4ac 
For extremum value of D or D? 
d(D?) 2 
=0 => 2a(1+2a°- 2c) =0 
da 
=> a=0,orl+207-2c-=0 => a=0 ora c4, 26 
d» a^ (D^ 
Again D opi de 3 =2-— 4c = -ve [-1<c<5] 
da do^ la=0 
d^ 212) 4c =2+12c-6-4c=8c-4>0 [1<e<5] 
= -4c = c-6-4c=o0c - VOISCS 
2 " 2c-1 2 
da a=+,/ B 
ie., for a = + PE D? i.e., D is minimum (shortest) 


Now, the shortest distance D is 


D= Ja? «(i2 c)? = yaf «o? c^-2o?c [From (i)] 




















2c-1Y 2e-1 5 „{2c-1 ; 2c-1 
ZI roe =") pe] 
MT 
7 4 





1 1 
Ac *1- 40+ Ac! + 40-2 — 8c? + 4c -54c-1 


1 
Hence, required shortest distance is sid ; 


Show that the volume of the greatest cylinder that can be inscribed in a cone of height ‘h’ and 


4 
semi-vertical angle ‘a’ is 3,9 tan^a . [CBSE (AI) 2010, (East) 2016] 


Let a cylinder of base radius r and height h; is included in a cone of height h and semi-vertical 
angle a. 


Then AB =r, OA = (h — hj). In right angle triangle OAB, 





AB r 
oa "mna > h-h, = tana > r=(h-h,) tana 
V 2n [(h - 1) tan a . h; (^ Volume of cylinder = 17h) 

=r tan? a . h; (h - hj nÒ 


Differentiating with respect to h4, we get 


V 2 
gi, Tren ofh 208 - IC 1) + (Ht =h) x1] 
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=n tan? a (h — hj) [-2h, +h - Ih] o 
=n tan? a (h — hj) (h - 3hj) 


For maximum volume v, Ar -0 
1 


> 


1 
=> heh -0 or hom —-0 > h-h, or h Hh 


-a 
I. jet 





3 | 
1 
-— h = 3h (^ h = h is not possible) Ls - | 
Again differentiating with respect to h4, we get 
dv " 
—, = ntan o[Ur - 7 )(-3) + (h - 3h y -1)] 
dh, 
1, dv 1 
Ath, =<h, = ztan?a|(n- =h \(-3)+ 0| = -27h tan^a < 0 
1 3 dh? 3 


1 
Volume is maximum for h, = 3h 


2 


1 1 
Vinge = tanto (rh )(h- 21) poenis oi 
OU 
757 zh” tan” a 


12. The sum of the perimeter of a circle and a square is k, where k is some constant. Prove that the 
sum of their areas is least when the side of the square is double the radius of the circle. 








[CBSE (F) 2010, 2014] 
Sol. Let side of square be a units and radius of circle be r units. 
It is given that 4a + 2nr = k, where k is a constant 
_k-4a 
> r= A 
Sum of areas, A =a* + xr? 
k -4a 1 2 
= 2 = 2 —— P. 
a +n on | a^ ax. 4a) 
Differentiating with respect to a, we get 
dA _ 1 7 2(k — 4a) à 
da TP iy .2(k — 4a).(-4) = 2a- = si) 
For minimum area, —— = 0 
da 
2(k-4 2(k-4 
> aa 79. eg up guo N 
T T 
= 2a = BUM [As k = 4a + 2nr given] 
> a= 2r 


Now, again differentiating equation (i) with respect to a, we get 


2 2 
FAW» a 4) 2+8 at a = 2m, 2A TERN 
da T 


T da? T 
For ax = 2r, sum of areas is least. 














Hence, sum of areas is least when side of the square is double the radius of the circle. 
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2 2 
x 
13. Find the area of the greatest rectangle that can be inscribed in an ellipse — + E =1. 











2 
a 
[CBSE (AI) 2013] 
Sol. Let ABCD be rectangle having area A inscribed in an ellipse 
2^ 23 
x f 
a a =1 Ò 
Let the coordinate of A be (a, ). 
a Coordinate of B = (a, - B), C= (- a,- B, D= (- a, B) 
Now A= Length x Breadth = 2a x 2p = 4o p 
3 *- (o, B) lies on ellipse (i) 
a 
=Ag PEST. 2 p2 2 
= B P| 5] m B i.e., p P(-5 
ü ü 
2 2 
1 
> Ars 164 he z 5) = sal (, 
a a 

d(A*) 16? , " 
> dd 7 (2a°a — 4o?) 
For maximum or minimum value 

d( A) _ 

da /— 

=> 242a - 40° = 0 =>  2a(a’-207) =0 
=> a=0,a= um 

d (A?) 16b do? 
Again cae Qa? - 120?) oe 











do? a? do? 





ü : ; ; 
=> Fora= Ja Avie.,A is maximum. 





i.e., for greatest area A, a = mos and = + (Using (7)) 





<. Greatest area = 40.8 =4 Lx a 2ab 


42^ y2 
14. Tangent to the circle x^ + y^ = 4 at any point on it in the first quadrant makes intercepts OA and 
OB on x and y axes respectively, O being the centre of the circle. Find the minimum value of 
(OA + OB). [CBSE Ajmer 2015] 
Sol. Let AB be the tangent in the first quadrant to the circle Y 

x! + y? = 4 which make intercepts OA and OB on x and 

y axis respectively. Let S = OA + OB. 
S = OA + OB cn (i) 
Let 0 be the angle made by OP with positive direction 







P (2 cos0, 2 sin0) 
of x-axis. "d 
Coordinates of P = (2 cos 0, 2 sin 0) A \ 
Coordinates of A = (2 sec 0, 0) 
Coordinates of B = (0, 2 cosec 0) 


(i) > S =2 sec 0 + 2 cosec 0 





X 
A (2 sec, 0) 


E = 2{sec 8 tan 0 - cosec ð cot 8} 


= d 
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For extremum value of V 








> # =o = 2{sec 6 tan 6 - cosec0cot0) =0 
> sec 0 tan 0 — cosec 0 cot 0 = 0 
2 1 sin 1 cosĝ sinÜ _ cos@ 
cosÜ cos@  sinO sin 8 cos?0  sin?0 
=> sin? 0 = cos? 0 => sin 0 = cos 0 
= 0- a [s 0 lies in first quadrant > 0<0< ral 
d^s 3 2 3 2 
Now, qe = 2{(sec’ 0 + tan^0sec 0) + (cosec’ 8 + cosec 0 cot^0)] 
d^s ee x 
— s =+ve => Sis minimum when 0- a 
d0 e=4 


Minimum value of 5 = OA + OB is 2sec] + 2cosec F =2/2+2,/2=4,/2 units. 
15. Find the absolute maximum and absolute minimum values of the function f given by 
f(x) = sin? x - cos x, x e [0, z]. [CBSE Panchkula 2015] 
Sol. Here, f(x)-sin?x-cosx 
f (x) =2sinx.cosx+sinx > f'(x) = sin x(2cos x + 1) 
For critical point: f '(x) 2 0 


1 
=> sin x(2cos x +1) - 0 =>  sinx-0 or cosx=- 7 
2n 2n 
=> x=0 or Cos x = cos~3~ => x=0 or x= 2nt t y ,wheren- 0, +1, 42... 
= x=Oorx= a other values does not belong to [0, z]. 


For absolute maximum or minimum values: 
f(0) = sin? 0-cos0 =0-1=-1 


{250 a fs 
By 25g 0953 1297-41-97 4 3 4 


f(x) = sin? x- cost 2 0- (-1) 21 











Hence, absolute maximum value = i and absolute minimum value = -1. 


16. If the function f(x) = 2x° - 9mx? + 12m?x + 1, where m > 0 attains its maximum and minimum at 
p and q respectively such that p? = q, then find the value of m. [CBSE Patna 2015] 
Sol. Given, f(x) = 2x5 - 9mx? + 12m?x +1 
> f (x) = 6x? - 18mx + 12m? 
For extremum value of f(x), f '(x) 20 


> 6x? - 18mx + 12m? = 0 = x!-3mx + 2m? =0 
=> x? — 2mx -mx + 2m? =0 => x(x — 2m) - m(x - 2m) = 0 
E (x - m)(x - 2m) = 0 > x=m or x=2m 


Now, f'(x)-12x- 18m 

> f'(x) at [x 2 m] = f" (m) = 12m - 18m = - 6m < 0 

And, f'(x)at[x = 2m] = f (2m) = 24m - 18m = 6m > 0 

Hence, f(x) attains maximum and minimum value at m and 2m respectively. 
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17. 


Sol. 


18. 
Sol. 


> m=pand 2m-q 


But, p =q [Given] 
; m? = 2m > m?-2m-0 
=> m(m — 2) => m=0 or m=2 


> m=2asm>0 
The sum of the surface areas of a cuboid with sides x, 2x and = and a sphere is given to be 


constant. Prove that the sum of their volumes is minimum, if x is equal to three times the 
radius of sphere. Also find the minimum value of the sum of their volumes. [CBSE (F) 2016] 


Let r be the radius of sphere and S, V be the sum of surface area and volume of cuboid and sphere. 


Now y- (x21) «due 

















3) 3 
> v=x lae = y- ie +2nr') ke. en Deam E oe] + 4nr? 
i — $2188 ager 62+ 40? 
2][ S -4n? V à gcc ent 
> V + 27r 2 232 
3 6 ; S-4mr 3_(S—4nr 
=> x 6 — x 6 





1 
-án Na 
z-as a Lesser] 


For maximum or minimum value 








dV _ 
ur 5O 
i 1 
2 S—4nr? \2 al S-4n?V — 6nr? 

— EE 6 LE => | 6 x 

1 1 
- S - 4nr? 3 ed E _1/S-4nr’\ 

be = 3r r= 3 ED E 
dv 

Obviously, a isse 

PES. UB. 

1 
ee 1/S-4nr? V 
Vis minimum when r = >| ——— — 
3 6 
i 

- Arr? \2 S - Anr? 
5 sr= (5557) 5 or? = (554) — 54r =S- An? 
=> 54r? = 6x? + An? - An? [^ $2 6 + An] 
— x7 = 977 > x= 3r 


i.e., x is equal to three times the radius of sphere. 


2 3 
Now, minimum value of V (sum of volume) = 5 {2° F (2) | 





_2f 3, 2n = 2 53 " 
- ab + 2" | Br (27 + 21) cubic unit. 


Find the maximum and minimum values of f(x) = sec x + log cos” x, 0 <x «21. [CBSE (South) 2016] 
We have f(x) =secx + log cos? x 





f (x) = secx.tanx + z 1 2cosx(-sinx) =sec x. tan x-2 tan x = tan x (sec x -2) 


os?x ` 
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For critical point 


f(x) =0 
> tan x (sec x - 2) = 0 > tanx=0 or secx-2=0 
=> x =n or secx=2 => x — nu or cos x= 
=> x=nt or cos x= cos => X =nt or x= 2ne +3, n=0,£1,42 juin 
Thus possible value of x in interval 0 < x < 2x aexcl 
XL use 2m 2i 
Now, AF) = sec 5 + log cos 5 -2-log(7 
= 2+ 2(log 1 -log 2) = 2-2 log 2 = 2(1 - log 2) [^ log 1 =0] 


f(n) =sec n + log co?z-2-124 log (-1)? =-1 
5 5 5 
A=] = sec + 2log cos > = sec (2n = 5) + 2log cos(2n = 5) 
= seca + 2log cos 22-4 2log} 
=2 + 2(log 1 -log 2) = 2 - 2 log 2 = 2(1 - log 2) 
Hence, maximum value of f (x) = 2(1 — log 2) 
minimum value of f (x) 2 - 1 
19. Prove that the least perimeter of an isosceles triangle in which a circle of radius r can be 
inscribed is 63r . [CBSE (Central) 2016] 


Sol. Let AABC be isosceles triangle having AB = AC in which a circle with centre O and radius r is 
inscribed touching sides AB, BC and AC at E, D and F respectively. 



































Let AE = AF=x, BE- BDz y ar (AABC) = ar (ABOC) + ar(AAOC) + ar (AAOB) 
Cpiouly epe ey = 5 AD.BC = 5 -BC.OD + F AC.OF + 5 -AB.OE 
Let P be the perimeter of AABC. 
—2y.(r* ir - x) = 2yr t (xt y). rt (xt y)r 
P =2x + 4y > 2y.(r * 41^ + x^) = 2yr * 2(x * y).r 
Ayr? me 
=> 0 p-- +4y (From (i) m Id M Qr 
yg-t — yy +x z xr yr 

Differentiating w.r.t. y, we get ES yr? 4 x) Saipa y? " 2xyr? 
- dP ^5 -r)4&-4y?Qy-0). à —yDexy = x29 tyr? + xyr 

dy o-r > xy? = xr eor? 

dp Wr- 4r’ 8y?r? : => xy? = xr + 2yr? 
=> t 2 

2 29 2 

dy Dro >=" (i) 

dp —4r ey» Yor) 
= dy (2 —P) | 

" s. dP _ 
For critical point dy =0 
ETT 
a : / ) ká- 

(j^ -?) 
=> — 4r(r° + y’) + A(y? — ry =0 
=> -f -ry +y +r-2r=0 
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> y -3ny 20 
=> yp-37]-0 
> o gysyar frye] 


/3r 
=> when y= /3r , the value p P is minimum. 


= afr Or 2d 








Least perimeter = 4y + - 4/3 rt - =6/3 3r units 

20. A window has the shape of a rectangle surmounted by an equilateral triangle. If the perimeter 
of the window is 12 m, find the dimensions of the rectangle that will produce the largest area 
of the window. [CBSE(AI) 2011] [HOTS] 


Sol. Let x and y be the dimensions of rectangular part of window and x be side of equilateral part. 


If A be the total area of window, then A = x.y * —— 8 x sali) 


Also, x+2y+2x=12 > A 
- y= 12 5 3x x x 
12-3 3 
A- an + D [From (i)] 
y y 
> A-6x-———— By 
E 
Fi x 
> A’ = 6-3x+ “5x [Differentiating with respect to x] 


Now, for maxima or minima 


12 
A’=0 > -— E => X= 


2 6-3 
5 











Again A"=-3+-5- <0 (for any value of x) > A"] _ ı2 <0 ie., is maximum if 
=A 
12 
pese) 
x2—2andy- 6218 
or as 2 


i.e., for largest area of window, dimensions of rectangle are 
"- pe 6/3 
ise Gays 





PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 





(i) The points at which the tangents to the curve y = x? - 12x + 18 are parallel to x-axis are 
(a) (2, -2), (-2, -34) (b) (2, 34), (-2, 0) (c) (0, 34), (-2, 0) (d) (2, 2), (-2, 34) 


(ii) The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The rate at which 
the area increases, when side is 10 cm is 


(a) 10 cm?/s (b) /3 cm?/s (c) 10/3 cm?/s (d) E cm?/s 
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2: 


(iii) The maximum value of slope of the curve y = — x° + 3x* + 12x - 5 is [CBSE 2020 (65/3/1)] 
(a) 15 (b) 12 (c) 9 (d) 0 

(iv) If the function f(x) = 2x? - kx + 5 is increasing on [1, 2], then k lies in the interval 
(a) C vo, 4) (b) (4, oo) (c) (7 o5, 8) (d) (8, œ) 

(v) If the curve ay + x° = 7 and x? = y, cut orthogonally at (1, 1), then the value of a is 

(a) 1 (b) 0 (c) - 6 (d) 6 

(vi) The approximate value of (33) 5 is 
(a) 2.0125 (b) 2.1 (c) 2.01 (d) none of these 

(vii) The equation of the normal to the curve y = x (2 — x) at the point (2, 0) is 
(a) x-2y=2 (b) x-2y+2=0 (c) 2x+y=4 (d) 2x+y-4=0 


(viii) The angle of intersection of the parabolas y* = 4ax and x* = 4ay at the origin, is 
a c (b) 3 (c) > (d) T 
Fill in the blanks. 


(i) The slope of the tangent to the curve y = x? - x at the point (2, 6) is f 
[CBSE 2020 (65/4/1)] 


(ii) The maximum value of f(x) = x * = x <0 is 
(iii) The rate of change of the area of a circle with respect to its radius r, when r = 3 cm, is 
[CBSE 2020 (65/4/1)] 
1 
Ax? +2x41 


(iv) If f(x) = 


, then its maximum value is 


B Very Short Answer Questions: [1 mark each] 


3. 


Ti 


If the rate of change of volume of a sphere is equal to the rate of change of its radius, find the 
radius of the sphere. 


Find the interval in which the function f given by f(x) = 7 — 4x — x? is strictly increasing. 
[CBSE 2020 (65/3/1)] 
At what points on the curve x? + y? - 2x - Ay + 1 = 0, the tangents are parallel to y-axis? 


It is given that at x = 1 the function x* — 62x? + ax + 9 attains the maximum value on the interval 
[0, 2]. Find the value of a. 


Find the least value of A such that the function (x? + Ax + 1) is increasing on [1, 2]. 


B Short Answer Questions-I: [2 marks each] 


8. 


10. 
11. 


12. 
13. 


The contentment obtained after eating x-units of a new dish at a trial function is given by the 
function C(x) = x? + 6x? + 5x + 3. If the marginal contentment is defined as rate of change of C(x) 
with respect to the number of units consumed at an instant, then find the marginal contentment 
when three units of dish are consumed. [CBSE (F) 2013] 


Prove that the function f(x) = tan x — 4x is strictly decreasing on ($5) , 


Find the value of a for which the function f(x) = sin x — ax + b increasing on R. 
Show that the function f(x) = Ax? —18x^ + 27x -7 is always increasing on IR. [CBSE Delhi 2017] 


Prove that f(x) = sin x + y3 cos x has maximum value at x = 4 s 
Show that the function f defined by f(x) = (x — 1) e* + 1 is an increasing function for all x > 0. 


[CBSE 2020 (65/4/1)] 
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B Short Answer Questions-II: [3 marks each] 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


-7 
Find the equations of the tangent and the normal to the curve y= il T at the point 
where it cuts the x-axis. [CBSE 2019 (65/3/1)] 


A ladder 13 m long is leaning against a vertical wall. The bottom of the ladder is dragged 
away from the wall along the ground at the rate of 2 cm/sec. How fast is the height on the wall 


decreasing when the foot of the ladder is 5 m away from the wall? [CBSE 2019 (65/4/1)] 
Find the intervals in which the function f(x) = 3x* = 43° = 12x? + 5 is 

(a) strictly increasing (b) strictly decreasing. [CBSE Delhi 2014] 
Find the point on the curve 9y* = x?, where the normal to the curve makes equal intercepts on the 
axes. [CBSE (F) 2015] 
Find the equations of the normals to the curve y = x? + 2x + 6 which are parallel to the line 
x+14y+4=0. [CBSE Delhi 2010] 
Prove that the semi-vertical angle of the right circular cone of given volume and least curved 
surface area is cot ! /2. [CBSE Delhi 2014] 


Find all the points of local maxima and local minima of the function 
4 
f(x) = -2y ear oY +105 


Using differentials, find the approximate value of 40.082 . 


B Long Answer Questions: [5 marks each] 


22. 


23. 


24. 


25. 
26. 


22. 


28. 


29. 


30. 


31. 


32. 


33. 


Find the dimensions of the rectangle of perimeter 36 cm which will sweep out a volume as large 
as possible, when revolved about one of its side. Also, find the maximum volume. 


[CBSE 2020 (65/4/1)] 
Show that a right circular cylinder of the given volume open at the top has minimum total surface 
area, provided its height is equal to the radius of the base. [CBSE (F) 2014] 
Show thatthe equation of normalatany pointtonthe curve x = 3cot t — cos?t and y =3 sint — sin?t 
is 4(ycos?t — xsin?t) = 3sin4t. [CBSE Delhi 2016] 
Find the angle of intersection of the curve y^ = 4ax and x? = 4by. [CBSE (F) 2016] 
The volume of a sphere is increasing at the rate of 3 cubic centimeter per second. Find the rate of 
increase of its surface area, when the radius is 2 cm. [CBSE Delhi 2017] 
Find the local maxima and local minima, of the function f(x) = sin x — cos x,0 <x<2n, Also find the 
local maximum and local minimum values. [CBSE Delhi 2015] 
Find the value of p for which the curves x = 9p(9-y) and x? = p(y+1) cut each other at right angles. 
[CBSE Allahabad 2015] 

Find the point on the curve y = E. , Where the tangent to the curve has the greatest slope. 
Tos [CBSE Chennai 2015] 
Find the absolute maximum and absolute minimum values of the function f given by 
f(x) = cos? x + sin x, x € [0, x]. [CBSE Guwahati 2015] 
Find the equation of tangents to the curve y = cos (x + y), - 2n € x € 2r, that are parallel to the line 
x *2y - 0. [CBSE (F) 2016] 
Determine the intervals in which the function f(x) = i = 8x 4 22x? — 24x + 21 is strictly increasing 
or strictly decreasing. [CBSE (South) 2016] 
Find the equation of the normal at a point on the curve x? = 4y which passes through the point 
(1, 2). Also find the equation of the corresponding tangent. [CBSE Delhi 2013] 
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34. A manufacturer can sell x items at a price of € (5 B iw) each. The cost price of x items is 
€ (5 + 500). Find the number of items he should sell to earn maximum profit. [CBSE (AI) 2009] 


35. A wire of length 34 m is to be cut into two pieces. One of the pieces is to be made into a square and 
the other into a rectangle whose length is twice its breadth. What should be the lengths of the two 
pieces, so that the combined area of the square and the rectangle is minimum? [CBSE (F) 2017] 


36. Show that the rectangle of maximum perimeter which can be inscribed in a circle of radius r is the 
square of side rf2. [CBSE Delhi 2011] 


37. Show that the rectangle of maximum area that can be inscribed in a circle is a square. 
[CBSE Delhi 2008, 2011] 


38. Show that the normal at any point 0 to the curve x =acos0+a0sin0,y = asin 9 - a 9 cos® is ata 


constant distance from the origin. [CBSE(AI) 2011] 
Answers 
1. (i) (d) (ii) (c) (iii) (a) (iv) (a) (v) (d) (vi) (a) 
(vii) (a) (vii) (c) 
2. (i) 11 (ii) -2 (iii) 6x cm?/ cm (iv) i 
ol i ENE = = - 
3 2 units 4. (— œ, 2) 5. (-1, 2) and (3, 2) 6. a = 120 7. À 2 


8. 68 units 10. (- o, -1) 14. x - 20y - 7 = 0 and 20x + y — 140 = 0 respectively 


15. 2 cm/sec 16. (a) (-1,0) U (2, o) (b) (- oo, -1) v (0, 2) 17. (4 $) and (4, 3j 

18. x + 14y - 254 = 0 and x + 14y + 86 =0 20. Local maxima at 0, —5; and local minima at -3 
21. 0.2867 22. Length = 12 cm, breadth = 6 cm and maximum volume = An cm? 

25. 90° 26. 3cm?/sec. 27. Local maximum value = /2, local minimum value =- /2 


28.p=0,4 29. (0,0) 


30. Absolute maximum value = > at x= P and on , absolute minimum value = 1 at x = 0, 2 and 1 


31.x+2y=0 32. (1,2) U (3, æ); (- œ, 1)U (2, 3) 33. x+y-3=0; x-y-1=0 34. 240 items 
35. 16 m, 18 m 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (4x1=4) 
(i) Ify = xf - 10 and x changes from 2 to 1.99, then what is the change in y? 
(a) 0.32 (b) 0.032 (c) 5.68 (d) 5.698 
(ii) The maximum slope of curve y = — 3? + 3x” + 9x - 27 is 
(a) 0 (b) 12 (c) 16 (d) 32 


log x 
(iii) The maximum value of —,— in [2, %) is 
1 
(a) 0 (b) 1 (o) z (d) e 
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(iv) The function f(x) = xX -27x +5 is monotonically increasing when 





(a) x<-3 (b) |x| >3 (c) x -3 (d) |x| 23 
2. Fill in the blanks. (2x 1=2) 
(i) The equation of normal to the curve 2y + x? = 3 at point (1, 1) is 
(ii) The maximum value of sin x . cos x is 
B Solve the following questions. (2x 1=2) 
3. The maximum and minimum value of the function f(x) = |x - 2| - 1. 
4. Show that f(x) = e* do not have maxima or minima. 
B Solve the following questions. (4x2 =8) 
5. Show that the tangent to the curve y = 7x? + 11 are parallel at the points x = 2 and x = -2. 
6. Find two numbers whose sum is 24 and whose product is as large as possible. 
7. Find the least value of à such that the function (x + Ax + 1) is increasing on [1, 2]. 
8. Find the value of a for which the function f(x) = sin x - ax + b increasing on R. 
Bi Solve the following questions. (3 x 329) 
9. Find the intervals in which the function f given by f (x) = Bom — LIO is 
(i) increasing (ii) decreasing. kb 
10. Find the equation of tangent to the curve y = /3x — 2 , which is parallel to the line 4x - 2y +5 = 0. 
11. The fuel cost for running a train is proportional to the square of the speed generated in km per 
hour. If the fuel costs X 48 per hour at speed 16 km per hour and the fixed charges amount to 
31200 per hour then find the most economical speed of train, when total distance covered by train 
is 5 km. 
Bi Solve the following question. (1x525) 
12. Asquare piece of tin of side 18 cm is to be made into a box without top by cutting a square from 


each corner and folding up the flaps to form a box. Find the maximum volume of the box. 


Answers 


1. (i) (a) (it) (b) (iii) (c) (iv) (d) 
2. ()x-y=0 (i) i 


3. Min value = - 1 & maximum value does not exist 


6. Both numbers are same and is 12. 7. à =-2 8. (7 oo, -1) 


3 3 
9. (1) f(x) is increasing in the interval (o. 2) and (=, x) (ii) decreasing in the interval | Er | 


2 29 


10. 48x — 24y - 23 20 11. v 2 50 km/hour 12. 432 cm? 
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Integrals 








BASIC 








CONCEPTS 


1. Antiderivative (or Primitive): A function $(x) is said to be antiderivative or primitive of a function 


fe) if) =f) Le, FO) =f, 





2 
For example, *_ is primitive or antiderivative of x because 
d fx? ) N FTN 
A An a 
- d (x zd B 
Similarly, Fal 2 +1]= 22x*0-x 
Similarl A(z ec)- L2c«o- 
imilarly, dx\ 2 2 x 


In this way, we see that a function has infinitely many antiderivatives or primitives. 
i.e., if d(x) be an antiderivative of f(x), then $(x) + C is also antiderivative of f(x), where C is any 
constant. 


Because, Eo +C} =o) +0 = $' (x) = fü) 


Indefinite Integrals: If f(x) is a function, then the family of all its antiderivatives is called Indefinite 
Integral of f(x). It is represented by f f(x)dx (read as indefinite integral of f(x) with respect to x) 


x3 xt 
For example, fx?dx = s C [xdx- Lt C 


Why is it called Indefinite Integral? 


It is called indefinite because it is not unique. Actually there exist infinitely many integrals of each function, 
which can be obtained by choosing C arbitrarily from the set of real numbers. 


2. Some Standard Integrals: 





: 5 y uo pdx 

(i) fx d= tC ae) (i) J-=log|x|+C 
(iii) [dx=x+C (iv) [cosxdx-sinx*C 
(v) fsinx dx =-cosx+C (vi) [sec?xdx-tanx +C 
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(vii) f cosec?x dx =-cotx+C (viii) [secxtanx dx = secx * C 























(ix) [cosecxcotx dx = -cosecx * C (x) [e'dx-2e'-cC 

. " a” 

= + 

(xi) Ja*dx lopa c 

T 1 NE dx af(X 
(xii) Ole Ty+C (b) f z= sin (7) +C 

s 1 - 1 1 ETE 
(xiii) (a) Jade = tan Tx+C (b) Sade = gn (G)+C 

à 1 =l 1 -1 
(xiv) | — dx = secx + C (xo) [-— = dx = cosec !x + C 

x4 x? -1 xyx -1 

' 1 1 i 4/%x 1 E a(x 
(xvi) [- ade = {cot (2)*C (xvii) eae (Z)+c 
(xviii) | — : dx = l eose (5) «C 


xy x? -a 
3. Methods of Integration: It is not possible to integrate each integral with the help of following 
methods but a large number of various problems can be solved by these methods. So, we have the 
following methods of integration: 
(i) Integration by Substitution. 
(ii) Integration by Parts. 
(iii) Integration of Rational Algebraic Functions by Using Partial Fractions. 
4. Integration by Substitution: The method of evaluating integrals of a function by suitable 
substitution is called Integration by substitution. 
We therefore give some of the fundamental integrals when x is replaced by ax + b. 





jj gg Ca: MN i piia nine 
O Jatha Tt Cnt D [I pde Glog | (ax +b) | 
b l ab b ge 
EE ax+ = A ae s xtc — 
(iii) fe dx — 4e +C (iv) fa™**dx TT E 
(v) [sin (ax + b)dx = —7 cos(ax +b) +C (vi) [ cos (ax + b)dx = 7 sin(ax +b) +C 
(vii) | sec” (ax + b)dx = 1 tan (ax +b)+C (viii) f cosec* (ax + b) dx = -Loot (ax+b)+C 


(ix) [sec(ax * b)tan(ax + b)dx = 1 sec (ax * b) * C 
(x) | cosec(ax + D) cot (ax + b) dx = -1 cosec (ax * b) * C 


(xi) [tan(ax + b)dx = -liog | cos(ax +b) |+C (xii) f cot(ax + b)dx = Llog | sin (ax + b) |+ C 


5. More standard results: 


Jtanx dx = -log | cosx |+C = log | secx |+ C, provided x is not an odd multiple of 2: 


J cotx dx = log | sinx |* C 
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T X 
J secx dx = log|secx + tanx|+C = log tan( +5] +C 
J cosec x dx = log | cosec x - cotx | +C = log tan? *C 








6. Integration by Parts: To integrate the product of two functions, we use integration by parts. The 
method is as given below: 


Let u and v be two functions of x then 
[uv dx = ufo dx- [[ S5. fodrhax 
dx 
Note: 


(i) To integrate the product of two functions we choose the 1st function according to word ILATE, where 
I stands for inverse function, L stands for logarithmic function, A stands for the algebraic functions, 
T stands for trigonometrical function and E stands for exponential function. 


(ii) If the integrand has only one function then unity, i.e., 1 is taken to be the second function. 


(iii) Integration by parts is not applicable to product of functions in all cases. For example, the method does 
not work for | L siny dx. The reason is that there does not exist any function whose derivative is 
1. 

y: Sinx. 

(iv) Observe that while finding the integral of the second function, we do not add a constant of integration on 

both the sides. 


7. Results of Some Special Integrals: 


' dx 1 ax 
i = —tan +C 
UJ z 











(ii) @ [2 E aelel C; (b) je Jog 2 3 | c 


eae 








(iii) f dx = log) z |+C or log | x* / x? +a’ |+C 


1 
ya x? 
, 1 

(iv) aa = log} —— — — — B cessa -a° |+C 


n. 
(v) (a) —€— ) [Va -x 2 dy =~ 9 v4 -x + sin" 12 +C 


a —X 


pue 








(vi) [yx -a "dx = 5o -8° = T log | z+ ye -a° |+C 
2 
(vii) [ja ex dx o |a! +x? + Flog etta |+C 


Theorem 1. The indefinite integral of an algebraic sum of two or more functions is equal to the algebraic sum 
of their integrals, 
ie., SF + g(x)]dx = f f(x)dx + f go) dx 


Theorem 2. A constant term may be taken outside from the integral sign i.e., if k is a constant then 


fk flx)dx = kf flx)dx 
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Theorem 3. If the numerator in an integral is the exact derivative of denominator, then its integral is 
logarithmic of denominator, 
f(x)dx 
ie., =a 
f(x) 
Theorem 4. To integrate a function whose numerator is unity and denominator is a homogeneous function 
of 1* degree in cos x and sin x i.e., the integrals of these forms: 
f dx f dx f dx f dx f dx 
a+bcosx” asinx+b” a+bsinx” acosx * bsinx^ asinx + bcosx 


= log | f(x) | *C 





i.e., when integrand is a rational function of sin x and cos x. 
To find these, we can use following substitution. 


(i) By putting a =r cos a, b =r sin a respectively according to question 


OR 
2tan (1 - tan? 2] 
(ii) By putting sinx = CREER ET 
1+tan 2 (1 tan 2] 


and putting tan - t and then simplify. 
Theorem 5. To integrate a function whose numerator is 1 and denominator is a homogeneous function of the 


second degree in cos x and sin x or both, i.e., 


dx dx dx dx dx 
. d á , ri , a 
at+bsin?x” asin?x+b” acos?x+b” at+bcos*x” a sin?x + b*cos*x 





To evaluate such type of integrals we proceed as follows: 
(i) Divide the numerator and denominator by cos? x and then 


(ii) Putting tan x =z or cot x =z and then simplify. 


Theorem 6. Integrals of the type f ef 0) f '(x)dx, | f' () cos[f(x)]dx, f sin[F(x)]f’ (x) dx, 
flog[fG)]f" wax. 
To evaluate these type of integrals, put f(x) = t so that f '(x) dx = dt and then integral converts to the standard 


forms for which the integrals are known. 


Note: If the integrand is a rational function of e", then it always needs a replacement as the differentiation 
and integration of e" is the same. 


Thus, if on substituting denominator - f, the derivative of denominator is not present in the 
problem, then we need to generate it by multiplying and dividing by a suitable term containing the 
exponential function in numerator and denominator. 


Integration by Partial Fractions 


P(x 
8. Rational function: Rational function is defined as the ratio of two polynomials in the form of (=) 


Q(x) 


where P(x) and Q(x) are polynomials in x. If the degree of P(x) is less than degree of Q(x) then it is 
said to be Proper, otherwise it is called an Improper Rational Function. 














Pix 
Thus if A is improper, then by long division method it can be reduced to proper function i.e., 
EO) congu 59. wh oa Gand rg tional function. Such 
- T(x , where T(x) is a function of x an is a proper rational function. Suc 
QG) QQ) Qo) P PPP 


fractions can be evaluated by breaking in factors given as follows: 
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S.No. Form of the rational function Form of the partial fraction 
px tq A B 
de | a 
Gener E fan Gom 
2. px+q A if B 
Cu (x-4) (x-a)? 
à px’ +qxtr MOAB ES 
(x — a)(x — b)(x — c) (x-a) (x-b) (x-c) 
x? + gx + 
a P qx-r A " B ^ C 
(x — 0) (x-a) (x-a) (x-5) 
x^-gx*r 
5 P q A E B ri G i D 
(x — a)3(x — b) =o (=a)? (ea G5) 
x + gxtr 
6. P E A 2 C ,where x? * bx * c cannot be factored further. 
(x — a)(x^ + bx +c) (x-a) x*+bx+c 








The constants A, B, C, etc. are obtained by equating coefficient of like terms from both sides or by 
substituting any value for x on both sides. 
dx 


To find the integral of the form | —; We write 
ax“ +bx+c 


2 
b c b 
(2) (5-3) 


2 
Now putting x+ ie t so that dx = dt. Therefore, writing E -= n =k, and find the integral of 
a 


ax? +bx+c=a 











2,5 C€|. 
Petras] a 


2a 
reduced form s f 2a 
|a|" (+k) 
xc 
9. Integrals of the form jo 
ax +bx+c 


Step I. The numerator px + q is written in the form 
d 2 
*q-A.—-(ax + bx + c) + 
px+q Ai (ax^ + bx+c)+B 
> px +q = A(2ax + b) + B 
Step II. The value of A and B is obtained by equating the coefficients in the above equation. 


Step III. (px + q) is replaced by A(2ax + b) + B and we write the given integral as 





(px * q) A(2ax * b) * B 
f 3 dx = [ 3 x 
ax’ + bx +c ax’ + bxc 
pxtq 


10. Integrals of the form f TS dx. 
Step I. The numerator px + q is written in the form 
prt q=AL(ax?+ br +0) +B 
=> px +q = A(2ax + b) + B 
Step II. The values of A and B are obtained by equating the coeffcients in the above equation. 
Step III. (px + q) is replaced by A (2ax + b) + B in given integration as 
(px * q) me A{(2ax+b)+B} 


yax +bx+c Vax? +bx+c 





dx and then solved. 
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p(x) 
260 dx , where p(x) and q(x) are polynomials such that 
degree of p(x) 2 degree q(x). 


11. Integration of the form [s 


Step I. p(x) is divided by q(x) and it is written as 





p(x) R(x) l . ' ! 
a8 - Q(x)-* PS , Where Q(x) is quotient polynomial and R(x) is remainder polynomial. 
po) R(x e Jas p(x F í za) 
Step II. me is replaced by | Q(x) + RS Pd ae = {(Q(x))+ ae) dx and then solved. 


12. Integral of the form | sin”x.cos"x dx 
(i) If the exponent of sin x is an odd positive integer, then put cos x = f. 
(ii) If the exponent of cos x is an odd integer, then put sin x = f. 


13. Jefa) +f" (x))dx = f(x).e7+C 


Definite Integrals 


1. Definition: If F(x) is the integral of f(x) over the Aii [a, b], ie., f f(x)dx = F(x) then the definite 


integral of f(x) over the interval [a, b] is denoted by f f(x) is defined as 


b 
J f(x)dx = F(b) - F (a) 


where ‘a’ is called the lower limit and 'b' is called the upper limit of integration and the interval [a, b] is called 
the interval of integration. 


2. Integration as a Limit of Sum: If a function f(x) is continuous in an interval [a, b] then it is integrable on 
that interval. 


b 
Therefore, we have J f(x)dx = lim nS, , 


Or, I fe) dx = lim h[f(@) +f(a+h)+f(at 2h) * ...* f(a * n -1h)] 
lim S, = limh[f(a) + f(a +h) * f(a * 2h) + ...+f(a+n-1h)] 


Since when n — oo, i.e., number of intervals is very large, then the width of the interval is very small 
which implies that h > 0, so that nh = b — a is a constant. 

3. Some Useful Results: The following results will be useful in evaluating the definite integrals as the 
limit of sum. 

n(n —1) 
2 





() x(n-1)21*2*43-*..*(n-1)- 
n(n-—1)(n - 1) 
6 


n(n —1) " 
>| 


(üi) Y(n-1)? = 174+27+37+...4+(n-1)* = 





(iii) Ben-1= 4294394. #11)? =| 








(iv) atartar?+... tar"! = a( 2 - atr > 1) or o( — ifr « 1) 
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| cz] . nh 
Sinja + 2 5m 
(v) sina + sin(a + h)+ sin(a + 2h) + ... + sin{a + (n - 1)h] = 
sin, 
(n-1)h| | nh 
cos; a + 2 sin" 
(vi) cosa + cos(a + h)+ cos(a + 2h) + ...+ cos{at+(n-1)h} = h 
sin» 


Fundamental Properties of Definite Integrals: There are certain properties of definite integrals 


which can be used while solving the definite integral. 
(Change of variable) 


O f foire f flee 
(ii) | oie- Í fGodx (Inter change the limits) 
(i) | Rode Í OE i fe) de wih Beth (Change the limits) 
ae J fla)dx= f fa- de (b) Tende e face os 


2a a a 
(o) | fix)dx = f flx)dx+J f(2a - x)dx , then following cases will occur: 
0 0 0 


2a a 2a 
(a) l f(x)dx =2 J f(x)dx, if f(Qa—x)=f(x) (b) J f(x)dx =0, if fa- x)=- f(x) 


(vi) T feods = nf feodi f) - f(a* x) 


(vii) (a) i f(x)dx=2 [ f(x) dx , if fis an even function, i.e., f(- x) = f(x) 
-a 0 


(b) i f(x)dx = 0, if fis an odd function, i.e., f (~x) = — f(x) 


Selected NCERT Questions 


dx 
1. Find | —-. 
pode 
dx dx 
Sol. I- - 
le TaT 
1 
Let /x -121 => x e 


d 
E aoh 


7o Vz 


dt 
I= 2| 7- = 2logl # |+ C = 2log| /x-1|+C 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


gag 
Find: [z z4x [CBSE (F) 2011] 
ere 
— t 
Put (e™ +e) = t > (2e™ -26°™) dx = dt > (e™ - e? dx = “ 


23 


x e? 





bed d 1 | 
iE dx- |, dt-log|t|*C-5log|e* +e |+C 


e* + e™ 


y tanx 


Find: | —— — — dx 
sinxcosx 




















4tanx /tanx sec?x 
f : dx =f : dx =f dx 
sin x cosx sinx 2 tanx 
.cos^x 
COS X 
Put tan x = t — sec? x dx = dt. 
2 1/2 
1 t 
| dx = | Frat epus dt "125tC7NWt*C- 2/tan x * C 
(x + 1) (x + log:x)? 
Find : | m dx 
(x+1)(x+ log x)” 


J 





dx = i: - ` Je + logx)?^dx - i + E + logx)*dx 


x 


1 
Put (x+logx)=t => (1+ Lea 





1 p 1 
j(i exe logx)*dx -[üdr- 3' C= zat log x)? + C 


x? sin(tan ! x*) 








Find: x 
J 1+x°® 
36 1,4 3 3 
x'sin(tan x^) 4,4 4x x dt 
——.—— dx, putt =t> dx = dt > dx = 
f EF. x, put tan` (x) no ba Um x=7 
86 -1,4 
x'sin(tn x), 1, , ak E! dod 
f TE dx = TJsint dt= (cost) +C = z cos(tan x") + C 


. 4, ¢ COS2x — cos2q 
Bab s (CBSE (AI) 2013) 











Let po oU _ 5 Qeos'x -1) - (2cos?a-1) decl cos?x — cos?a d 
cos x — cos a cosx — cosa cosx — cosa 
cos x — cos Q) (cos x + cosa 
=o! M ) dus oda ens dde 
cos x — cos Q) 
=2/cosxdx+2cosafldx =2sinx+2xcosa+C 
Find : _——— un 


Vx? *2x * 2 
1 1 


1 
gens axe imet 











Putting x - 1-2 t > dx=dt 








1 1 
ler ie gra 
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=log | t+¥f+1 |+C =log | (x* 1) + (x? * 2x 1) * 1 |4 C 
=log | (x t1) * /32*2x *2 | * C 























8. Find:if[—;——— 
9x^ + 6x +5 
1 1 1 
Sol. f ; dx= f di 
Og TORTS 9t xo c5 
xt xto 
- : l 1 l 1 
“9! 2 5 (1V [1 a 7l 12/2 ; dx, putting x +3 = t > dx = dt 
poa Tu 
1 
1 1 11 i 1 deal : N 
=—/ zat ==. tan | +c Sian! | >) itala z jc 
á e«(2) 92" (2/3 6 ; : ; 
3 3 
iiac Ta [CBSE Delhi 2011; (AI) 2010] 
X +4x+ 


Sol. We can express the N' as 5x +3 = A“? +4x+10)+B 


=> 5x+3=A(2x+4)+B > 5x + 3 =2Ax + (4A + B) 
Equating the coefficients, we get 





2A=5 and 4A+B=3 
A=2 => 4x2+B=3 = B=3-10=-7 


5r*3- 2x4) e (-7) 








5 
E ci E - (2x + 4) goat di: 
Vx? + 4x +10 2° fx? + Ax +10 Vx * Ax +10 
5 
Teo det ..(i) 
2x *4 dx 
where I, = | ————— — dx and I, = | ——————— 
1 > x? + 4x +10 2 5 Ux? 44x +10 
N : (2x + 4) 4 
OW, = | — dx 
1 > Ux? +4x +10 
Let 7+4x+10=t > (2x + 4)dx = dt 
dt “4/2 pi2* 
nup Wt di-— —*O -2ft *C, 
ec] 
2 
I, -24x^ * Ax € 104 C, 
Again, lL- ex px 








=f =j 
Vx? +2x.2+2°-4+10 (x+2)2+ (/6)? 
= log| (x +2) + f/x? +4x +10 [+C 


Putting the value of I, and I, in (i), we get 
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ixi * 4x * 10 -7log | (x * 2) tx? * Ax +10 I«(2 C= 7c,) 
= 54 x^ Ax * 10 -7log | (x2) - x^* 4x * 10 | - C 


5 
where C = E 














10. Find: f Tm ee 
1-x? ->x+1 1 1; x-2 x 1 
Sol. [— ——dx-[f|1, 2 dx = —{ dx -—f dx-—-—lL (i 
= Ae - 1 
x(1- 2x) 2* x(1- 2x) 2 2: x(1-2x) 2 2 
x-2 
Now, =! qm" 
xü-2) is a proper rational function 
x-2 A B a 
=—+ 
xü-2x) * '1-2x dn) 
— x-2-2A (1-2x) + Bx => x-2=(-2A+B)x+A 
> A=-2and-2A+B=1 > B=1+2A=1+2(-2)=- 


Putting values of A and B in (ii), we have 
x-2. =2 3 
x(1-2x) x 1-2x 





























x-2 EE 3 
Isa-2g 7l e Ta 
1 1 log | 1- 2x | 
seni ues. ee a — 6 
= 2log | x | * pli 2x |+C, 
Putting the value I, in (i), we have 
1-x? x 1 3 
a-w” > ~ 9 2log] x |*5og | 1- 2x |* C, 
_* 3 C 
= 5 t log | x | -qlog | 1-2x |- 
=~ +loglx| 2j l1-2x|- C, wh pui ER 
cu genie HB , Where C-- 5 
3 
1L Find: [2523 ay 
x^-1 
> 2 
tatl DEL 2x+1 " x j 
sob 0.3 4. ax = xt xdx + dx = + dx + di 
J 4321 J ges =f s: zd 3 Ix Pear 








Putting x? — 1 = t 2 2x dx = dt in second eg we get 





dowd 1 -1 
E "faf yt 2 seeli log => "s 


2 
x 1 
=> *log | x^-1 | + log 








x-1 
a] TG 
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ad 

12. Evaluate: | 475 — dy [CBSE (F) 2014] 
1-x 

J= f xcos x 
y1- x? 

Put cosix-z > - 1 dx=dz = : dx = — dz 


yl=a* y1- x? 


I=- fcos z.z dz =- z.sin z + [sinzdz +C = -z sin z — cos z + C 
I=-cos"x.y1-x°-x+C [. x 2 cosz 2 sinz = y1- x?] 
I--41-x?cos!x-x*C 


1+ sins | 
1+cosx 


Sol. Let dx 








13. Find: f e| 


1+2sin~cos~ 
ics 
1 ina jas jë 2 2 


1+ cosx 





dx 





Sol. Let I= je( 


2% 
2 cos 2 


2sin~cos~ 
ele 1 + 2 2 


2x 2X 
2cos 2 2 cos 2 








dx [e (sec? 2 + tan 5 Jie 


Tes 
= [ "tan dx * sí e” sec? Fax 





I II 
=(tan$Jo"-I(5 sec? 5 Je'dx + Efese? d > I=e*tan~+C 
2 2 2 2 2 2 
14. Evaluate: E (x*— x) dx as limit of sums. [CBSE Delhi 2010; (F) 2011] 


Sol ['(X?-x)dx 


We have to solve it by using limit of sums. 


b-a 4-1 
n n 





Here, a=1,b=4,h 








Le. nh - 3 





Limit of sum for if (x? — x)dx is 
= lim h[f(1) +f(1 +h) +f + 2h) +....+f{1 + (n- 1A} 
Now, f(1)=1-1=0 


flth=(1+hP-(l+h=V +h 
f + 2h) = (1 + 2h)? - (1 + 2h) = 4h? + 2h 


fl -G-0h]s (0 (0-08 - (1+ (n-1)h} = (n 1? k +(n-1)h 
i (x? — x)dx = limh [0 + h? +h +4h? + 2h... (n - 1)? I? + (n-1)h] 


= lim h[h*{1+4+..+(n-1)}+h{1+2+..(2-D}] 
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= = tim npe. (n) (n - Jens 1), QD 
coreg ener? MODOED iae acre Tz 
p lim| ^7 —h)(2nh - h) " nh (nh — 2) 
h—0 6 





= na | 8206-9 + 8-99). (3:96), (333) 5 27 


15. Evaluate: (7| x+2 | dx [CBSE (F) 2010] 


Sol. Here, function is | x + 2| which is defined as 
[x «2| (x «2, if x2-2 
-(x-2) if x«-2 
So, we have 














b C b 
flx*2|dx7 [2-G2)dx* (c 2)dx I, feodx = |; feodx + [, Jd 
a<c<b 
J-E a) agua 
ee res 
2 Fy (5)? (OH ce 
=F 2-2) ^5 +2 x (5) HD *2x(8)- 5 2x (2) 
25 25 
- 244452. 10€ 2 410- 244-29 
2 2 
16. Evaluate: ("^ log(1 + tanx) dx [CBSE (AI) 2011] 
Sol. Let —I-[7log(1- tanx)dx ...(i) 


i= i log[1 * tan(7 E x) ax (By using property i f(x)dx = H f(a- x)dx) 


1+ tan tanx 


n/4 1-tanx 
- + ——— 
b | 1+tanx 





dx 





| n/4 1+ tanx + 1-tanx 
dx= pod | 1+tanx 


I= [logi i dx = pe 


[log2 - log(1 * tanx)]dx ... (ii) 
Adding (i) and (ii), we get 


2I = | ig log2 dx = log 2 fr" 


dx = log 2[x]7/* 


T T 
= 4,1082 > I= g 1082 


17. Evaluate: E xsinzx | dx [CBSE (F) 2010; Central 2016] 
Sol. Cl xsinzx | dx 


As we know 


Integrals 2 6 5 


sin 0 =0 => 0-nnzn,neZ 


sin zx = 0 x —0,.1,2,. 


For -1«x«0,x«0,sinnznx«0 =>  xsinnzx»50 
For 0<x<1 
x» 0,sinnux»0 =>  xsinnux»0 


For 1<x< S x» sin zx «0 => xsintx <0 


E xsinzx | dx = le xsinzx dx + p (- xsinnx) dx 















































= |x. (- cos rx) | i ie 7 TX TE [x — cos rx [^ " p — cos TX a 
T -1 T T 1 
" 1 " 8/2 
- |- costy +—zsinnx| — |- — CosTx + —, sin 1x 
T T - T T 1 
| 1 1 | | 1 1 1 1 1 | 
=/—+0+—-0|-|O-—-—]=|]—+—+—+ 
T T nê T T x g5 T 
Su 4 3. 1+3n 
xc m 
18. Find f e*(cosx - sinx) cosec?x dx. [CBSE 2019(65/5/1)] 
Sol. Let I= f e*(cosx — sinx) cosec?x dx = | e*(cotx . cosecx — cosec x) dx 
= fe*cosecx cotx dx - | a cosecx dx 
= [e*cosecx.cotx — cosecx e* + C + f- cosecxcotx e* dx 
[Using integration by parts for 2nd integral] 
= [e*cosecx.cotx dx — e* cosecx + C - f e* cosecx.cotx dx 
= - e'cosec x + C. 
/3 sinx + cosx 
19. Evaluate: (^ —— —  —dx [CBSE Delhi 2010] 
hus /sin2x 
Sol. We have, 
/3 sinx + cosx 7/3 sin x + cos x 
L= (E? 2— 57 dx = =Í dx 
7/6 /sin2x 75 4/4 — (cos x — sin x)” 
Let t = (cos x — sin x) = dt = — (sin x + cos x) dx 
pe m. 2X m 3-1 
The limits are, when x = 6 => t= cosc -sinc == 
and x= > t=cos=-sin= = 1548 
3 3 3 2 
. qa492 1 
p lisa 1-8 
1-/8 
- - [sin !t] 2 , - -|sin im in S: ale tes tsin^! na 
3-1 
> I=2sin" E [e sin! (x) = - sin! x] 
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20. 


Sol. 


21. 


Sol. 


n/4 sinx + cos x 





Evaluate: [i 94 16sin2x 7* 
1/4 Sinx + cosx 
Let 9+ 16sin2x ^ 


[CBSE (F) 2011, 2013, 2014] 


Here, we express denominator in terms of sin x — cos x which is integral of the numerator. 


We have, (sin x — cos x)? = sin? x + cos? x - 2sin x cos x = 1 — sin 2x 


— sin 2x = 1 - (sin x - cos x)? 





n/4 sinx + cosx 
=i dx 


ONE 94 16(1- (sinx - cosx)?] 


n/4 sinx + cosx 
> I= - zdx 
25 — 16(sinx — cosx) 














Let sin x- cos x = t => (cos x + sin x)dx = dt 
The limits are, when x = 0 = t= sin0- cos0 = -1and x= 7 => t= sin 7 — cosy = 0 
tea 168 
5 0 
1, dt  1;o dt O1 1 radi 
> a a eT 
16 - ( 4 ) a 4 4 da 
2 1/4 1 =) 
> I 40 log -los( $54 | => [= abe -log(5 là 40 -7 log9 
x <xtanx ; 
Evaluate: Ü —— racc cay: [CBSE Delhi 2008, 2010, (AI) 2008, 2017, (F) 2010, 2013, 2014] 
secx t tanx 
_ xtanx f 
Let =h secx + tanx i) 


(1 — x)tan(m - x) 


=f 


=f (m - x)tanx 
secx + tanx 





[- f. feo dx = ff f(a- x)dx] 


sec( T — x) + tan(x — x) 
...(ii) 


By adding equations (7) and (ii), we get 


ity tan x 


2I- mj, 


secx t tanx 
Multiplying and dividing by (sec x - tan x), we get 


tanx(secx - tan x) 





2l = ni dx = ml (secxtanx - tan*x) dx 


sec^x - tan?x 
T T T 
= nh secx tanx dx — tf, sec? x dx e dx 


= n[secx], - 1[tanx]; + n[x]y = 1(-1- 1) -0 * n(1- 0) = (1-2) 


n 
=> 2] = n(n- 2) > I-5(-2) 


Integrals 2 6 7 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. 


10. 












































fxe” dx is equal to [CBSE 2020 (65/5/1)] 
(a) ye" «c 0) ze «c (© Ze" «c (4) ye" +C 
a) 4€ 3* c) 5€ 7e 
x 1 + 
E 055 aedsequalió [CBSE 2020 (65/3/1)] 
cos’ (xe) 
(a) tan(xe*)+C (b) cot(xe*) +C (c) cot(e*)+C (d) tan[e*(1+x)]+C 
[ e* (cos x - sin x) dx is equal to 
(a) e'cosx * C (b) e*sinx * C (c) -e*cosx * C (d) —e*sinx * C 
- js ; is equal to [NCERT Exemplar] 
sin^xcos^x 
(a) tanx+cotx+C (b) (tanx+cotx)?+C (c) tanx-cotx* C (d) (tanx - cotx)? +C 
3e* - 5e? - 
If ETE = ax + blog|4e* + 5e? |+ C then 
-1 -7 -1-7 zel EA al md 
(a) a= 3/278 (b) a g? 3 (c) a gU 8 (d) a go 8 
cos2x -cos20 , , 
| ——— — — dx is equal to [NCERT Exemplar] 
cosx - cos O 
(a) 2(sinx * xcos0) * C (b) 2(sinx - xcos0) - C 
(c) 2(sinx *2xcos0) - C (d) 2(sinx -2xcos0) + C 
dx , 
J aeons) ^ equal to [NCERT Exemplar] 
‘ath i sin(x — b) -— p p i sin (x — a) IE 
(a) sin(b-a)log dnte) (b) cosec(b — a)log sed) 
p i sin(x — b) iE Ay inte i sin(x — a) we 
(c) cosec (b - a)log ate (d) sin(b — a)log ined) 
[ tan! /x dx is equal to [NCERT Exemplar] 
(a) (x*1)tan!/x -/x*C (b) xtan ! /x - /x ^ C 
(c) Vx-xtan!V/x*C (d) /x - (x * 1)tan! /x ^ C 
1-xY 
[e um) dx is equal to [NCERT Exemplar] 
e -e* e* -e* 
ü +C b +C c) ——— d) —— —— 
(a) Ha (b) Tun (c) (ex (d) a+x)? 
. 6 
J 2 dx is equal to 
cos’ x 
6 7 7 
(a) EM. C (b) = E (c) x E ur (4) none of these 
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13. 


14. 


15. 


16. 


ve 


18. 


19. 


20. 


3 
x 
If | ——— dx = a(1+ x)2)?? +by1+x? +C, then [NCERT Exemplar] 
J ¥1+x? P 














(a) aaa bel () a=-3,b=1 (0 a m bel (d) a=3,b=-1 
9 
The integral | art is equal to [NCERT Exemplar] 
1 11* dr cba 
NE" if..." 
(c) Tox +C (d) E » +4) +C 
7/8 
J tan?(2x)dx is equal to [CBSE 2020, (65/4/1)] 
0 
4-1 4n 4-7 4-7 
es 0) ^; () ^j @ ^5 
i f(x) dx is equal to 
(a) ['fe-odx — (b [fic o)dx (c) fj feodx (a) [^ feo)dx 
If f and g are continuous functions in [0, 1] satisfying f (x) = f(a — x) and g(x) + g(a — x) = a, then 
ls f(x).g(x) dx is equal to [NCERT Exemplar] 
a) + (b) Zh flx)ax (c) fj f@)dx (4) af feodx 


p x! *[x|*1 


— — — dx is equal to [NCERT Exemplar] 
3 2 2|x|*1 q P 














(a) log 2 (b) 2log 2 (c) 1log2 (d) 4log 2 
[ia Se pth [is "dti 1t 
0141 a, then |, “+p? is equal to 
e e e e 
(a) a-lty (b) atl-5 (c) a-l1-»y (d) atit, 
2 
[Ixcos zx |dx is equal to [NCERT Exemplar] 
2 
8 4 2 1 
(4) «x (b) = (c) «x (d) = 
7T 
2 t 
The integral value of f z ER m»0,is 
logm m? -m 
a b) lo í ) c) log 3 m d) 0 
O D (b) log( 77 (c) log (d) 
IM x | dx is equal to 
3 5 
(a) 1 (b) y (c) 2 (d) y 
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Answers 


1. (a) 2. (a) 3. (a) 4. (c) 5. (a) 6. (c) 
7. (c) 8. (a) 9. (a) 10. (c) 11. (b) 12. (d) 
13. (a) 14. (b) 15. (D) 16. (b) 17. (b) 18. (a) 
19. (a) 20. (d) 


Solutions of Selected Multiple Choice Questions 


1. We have, I = fxte* dx 











dt 
x21 =>3x dx = dt Sys y 
dt 1 1 
[= [o ue eae t = — t 
Je 3^3 fedt 3* G 
1 3 
-—g + 
3* C 
x 
+ 
2, Let = [$9 
cos" (xe^) 
Letxe'—-t = (xe'*e)dx-dt 
=> (x-1)e'dx = dt 
or dt 
cos?t 
— I= f[sec?tdt = tant + C = tan(xe?) + C 
eked d 
& il dx _ (sin^x + cos^x)dx 
sin?x cos?x sin?x cos?x 
= (sec?xdx + [ cosec?xdx = tan x — cot x + C 
sin(b-a 
7. I=/ dx ~ 1 ( ) ay 








 "sin(x-a)sin(x-b) X sin(b—a)' sin(x- a)sin (x — b) 
1 sin(x -a—x +b) 
f dx 


 sin(b- a)" sin(x—a)sin(x — b) 


1 sin{(x - a) - (x - Dj 


i sin(b—a4)' sin(x- a)sin(x — b) 














B 1 sin(x — a) cos(x — b) - cos (x — a) sin (x — D)) 

~ sin(b- 3! sin (x — a) sin (x — b) i 
=n glote- b) - cot (x - a)] dx 

ETE sin(x - b)| -log| sin (x-a) |] * C 

= cosec(b — a)log ST +C 








1/8 


1/8 
13. | tan?(2x)dx = Í (sec? (2x)- 1)dx 
0 0 
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1/8 











_ [ tan(2x) 
= ES E 
T 
tan, LM 
2 "8 
_i u_4n 
72 8 8 


15. I= Í f().g(@)dv = Í fla-x)g(a—s)dx= | f) a - g(x) ax 


sal (eel se > Dea] fm = 17 2 [ fex 
0 0 0 


0 
j x?-|x|*-1 





16. I= [5 
A x^*2|x|*1 
1 à * qx t [æ+] 
= |—— PIE dc- 02] + i 
a x +2|x|+1 Axel 0 (|x|+1) 


[odd function + even function] 


1 
x+1 


x+1 
(x+1) 





dx = 2|log|x +1 ||% = 21og2. 





1 1 
eal ax 22[ 
0 0 


2 2 
18. Since I= | |xcosmx|dx = 2 | |xcosnx |dx 
E 0 
1 


2 
= 24 f Ix cos nx | dx * 


2 
[xcoszx |dx * f Ixcosnx | dx -8 
0 3 


2 


Fill in the Blanks 


7? sin"x dx 
n foia 


sin”x + cos”x 


NIP le 


?. p cog dem _ —— č —ć—. [NCERT Exemplar] 





& X 
ce I (1 + 1 PE je = 


4. A primitive of |x|, when x < 0 is 


T 
5. The value of | sin?x cos?x dx = 
-T 


Answers 
1. 5 2. e-1 3. xe 5 C A, sec 5.0 


Solutions of Selected Fill in the Blanks 


" 
2. LetL- ri cosx e" "* dx 


Let sin x = t => cos x dx = dt 
When x = 0 > =0 
r= > t=1 


Integrals 2 7 1 


I= li edi = [^]; =e =e-] 





= tan lx T+ 
3. LetI- fe | jid las 





Let tan !x = t => 3 dx = dt 
*X 
Lex Fx 
I= Jem (e 


= fe (1+ tan?t + tant)dx 
= fe'(sec?t + tant)dx = [e'(tant + sec?t)dt 
=e'tant+C 
= m xm C 
T 
5. Let I= | sin?x cos?x dx 
-m 
Let f(x) = sin?x. cos?x => f(-x) = —sin?x cos?x 
> — fex)=-f(x) 


f(x) is an odd function 


T a 
I= jfsin?xcos?x dx =0 s. | f(x)dx = 0, when f(x) is an odd function 


-1 


Very Short Answer Questions 























1. Evaluate: F a [CBSE 2020 (65/3/1)] 
dx 1 dx 1 dx 
Sol. = = 
0. PE 4 LAT ie j 
e? (ate 
1 dx 1.2 24: x 
= i 32 = 4% tan (alte 
(2 
"P 4) 
= gn (4 +C 
2x1 -571 
2. Find: | -—— [CBSE 2020 (65/4/1)] 
gxtl_ 5x 2x*1 5x1 
L. = 
Sol. [^q 4 exa exar 
2*x2 
= meri 4 x2* «Id 
MR NE Se 
= 2f5%dx- 5/2" dx= l5 5 i5 ^ 
2 Weng. 7 4c 





~ log5 5' log2 
od X 4 
~ 5log2/2* log5'5* 





TE 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 














= {(e-1) dx +3 Jd 


x2 
775 -x*3loglx*1|*C 


Evaluate: f sec^(7 - x)dx 








á tan(7 —x) 
[ sec Q-xdx-— q1— *C--tan7-x)*C 
2 
Evaluate: f s dx 
yx 
1 dx 
Let (x=z> dx = dz > = 2dz 
2/x vx 
a. ae = 2{ sec? zdz = 2tanz+C=2tan/x+C 
Evaluate: ae 
x+xlogx 
dx 
Lit x x(1-logx) 


Put 1+logx=z,> la- dz 


d 
1= [^ = loglz|+C= log | 1 logs |+C 











a 
ff n 524, then find the value of a. 
o 1+4? 8 
ü 
We have, [= el 
0 1+4x 8 
= Er dx _T 
49, 1l, 8 
4 
= Mi dx m: 
4 1? 8 
' e» (3) 
1 a] a 
=> 4 %2[tan 2x] 3 
= tan™2a — tan™0 = 7 
z. 2n = T 
=> tan 20-7 => 2a tan, Ji 
yat 
zd 2 


[INCERT Exemplar] 


[CBSE Delhi 2009; (AI) 2010] 


[CBSE (AI) 2009] 


[CBSE (F) 2009] 


[CBSE 2020 (65/4/1)] 


Integrals 2 73 


8 Find the value of p] x-5 | dx 











4 4 
Sol. We have, f|x-5l]dx= J - (x - 5)dx 
1 1 
2 4 
= a _ Te? (1)? 
= E E^ -s| es 79 -9* x4-- 4, *5xl 
16 1 15 
- -[5 -20-5+5|=-|5 -15] 
= 15 
i 2 


dod cM a 


ax" 


Sol. E 


cam] 








Given, li (83x? +2x+k)dx=0 > 


> [x3 +22 +kxh=0 => 


eee 


[CBSE 2020 (65/5/1)] 


[CBSE Delhi 2009] 


> k=-2 


Short Answer Questions-l 


3 
Find (2 * 




















1. s: dx 
cos"x 
Sol. We have, 
sin^x 
3 3 
r= [Pax [ cos x dx 
cos’ x cos’ x 
. 3 
s bj a 
COS" X 
Let cos x = t = —sin x dx = dt 
> sin x dx = — dt 
I [Sin sin x dx _ (1- cost). sin x , 
~ 6 E 6 is 
cos" x cos^x 
- (e - Jaja 
p £6 gp 
py 
- - jt$dt * ft dt== + C 
5 -3 
1 1 1 1 
= Bg ar te 
= : 57 : gren LI- +C 
5(cos x)? 3(cos x) 5cosx 3cos’x 
/1-* sin2x 
2. Find f[e* —— — — dx 
1+cos2x 
, V1+sin 2x , Vsin? x + cos? x + 2 sin x. cosx 
Sol. I= f{e* — —— — dx 7 fe d. 
1+ cos 2x 1+ cos 2x 


. 2 : 
(sin x + cos x) jë sin x t cosx , 


= fe 





[CBSE 2020 (65/2/1)] 


[CBSE Sample Paper 2018] 








x = 


I [e t 


1+ cos 2x cos’ x 


2 cos?x 
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COS X 
E Jes 
cos x 


-i Je” (sec x + sec x . tan x) dx 


= i e*.secx+C [^ fe (fco f'CGo)dx-e* f (x)+C] 


. xe 

3. Find [ je 3 [CBSE 2019 (65/5/1)] 
20 x-1 A , B 

(x-2)x-3) x-2 x- 





Sol. 








where A= 


x-1 _ -1 ,_ 2 
(x-2)(x-3) (x-2) (x-3) 





x-1 E dx dx 
e- D(x) ™ M. s ES --log (x-2) +2 log (x-3)+C 





> J 


(x - 3)? 
(x - 2) 





f kel +C 


G-23-3 7 BK 2) + 10g (x - 3)*+ C= log 


. ? 1-0 tanx 
4. Find J 1-tany T^ [CBSE 2019 (65/5/1)] 
? 1+tanx 9 ( a ) 
————üdx- tan|— +x ldx 
d 1-tanx 2 d 4 


= log sec( +x) : = log sec( 4.) -log sec( 7-7} 
-7/4 4 4 4 
= log(/2) - log (sec (0)) = log(/2) - log1 
= logy2 = Flog 2 

dx 
5 4x — 2x7 
dx si dx 
45-4x-2X* ` 47-2- Ax 2x? 
=j dx |] f dx 
y7-2(1+2x+x°) v2 JZ - ern 


Sol. 





5. Find | [CBSE 2019 (65/4/1)] 





Sol. 











+1 
1 dx m 


MÀ = s | 7 
" Ve) er ” v2 


-1 
6. Evaluate f} = dy. [CBSE Delhi 2011] 
x 








+c Ae (/7 en)«c 








1 
14x? 





Sol. Lett-tan'x = dt= dx 


Also when, x = 0, t = 0 and when x = 1, t4 


Integrals 2 7 5 























T 
1 tan !x 4 
h m dx =|, tdt 
-ET = 1[ x? ale x? 
{2hb 2068 | 32 
7. Evaluate: e, [CBSE (F) 2009] 
42x +3 
Sol. Let — I-[j ms =f) Qx 3) 7" dx 
2x 43) 1/2*1 1 2x +3) 1/2 1 
|f ) |f l ) -51/2312 = /5_/5 
(-5+1)x2 ee | 
Short Answer Questions-Il 
kh. dipdiude l5 [CBSE Delhi 2011] 


SS 
G2 +12 +3) ^. 


Sol. Let x*=z => 2xdx-dz 
2x dz 
dx = 
J (x? + 1)(x? + 3) J (z+ 1) * 3) 











Using partial fraction. 
Let IER RE xdi) 
1 _ A(z +3)+ B(z +1) 
(2+ 1)Z+3) (2+ 1)Z+3) 

zy 12A(z-3)-B(z*1) = 1=(A+B)z+(3A+B) 
Equating the coefficient of z and constant, we get 

A+B=0 m (o) 
and 3A - Bz1 dtt) 


Subtracting (ii) from (iii), we get 


1 1 
2A=1 => A-. and B--y 


Putting the values of A and B in (i), we get 














1 o= 1 1 
(z*1)z*3) 2(z+1) 2(z+3) 
2x dx 7 1 1 _1, dz 1, dz 
PE Mc m ee 


= > log z+1 |- Flog 243 |*C- Flog |x7+1| - Flog | 3343 |+C 

















= Flog d +C Note: log m + logn =logm.n 
x +3 and logm-logn=logm/n 
2 
X cT 
- lo +C 
8 3 
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2 
x 
2. Evaluate: J" [INCERT Exemplar] 
-x 





























1 x 1 x 
x? Ph i E 2 3 
Sol. Let I= dx = dx va — b° = (a + b) (a-b 
tae d (a + b) (a - b)] 
1 1 1 
alt x e 5e x’) sus x?) j (1- x 
= 2 n ax = 2 a dx 7 2 gu 
(1- x2) * x^ (1-xY(-*x^ (0 - xY (19 x) 
1 1 1 1 11 1*x bM, 
ali atal a E Liog| *C,-5tan XC. 
EN I*X| do TUN 
= Tug -3tan x*C [> C=C,+C] 
3. Evaluate: f sin x sin 2x sin 3x dx [CBSE (F) 2010, Delhi 2012, 2019 (65/5/3)] 


Sol. Let I= fsinxsin2xsin3x dx 


= 2 [ 2sinx.sin2x.sin3xdx - if sinx.(2sin2x.sin3x)dx 





- zl sinx.(cosx — cos5x)dx [^ 2sin A sin B = cos (A — B) — cos (A + B)] 
_ 1 : 1 ; a "x "WE 
"sen [2sinx.cosxdx - JxI [2sinx.cos5xdx [-. 2cosAsinB = sin (A + B) - sin (A-B) ] 

= ij sin2xdx — LÍ Ginéx — sin4x)dx 

.  Cos2x , cosóx  cos4x 

~~ 8 24 — 16 € 


£6 # 6 
4. Evaluate; | 2127 Ą0S Y 4, [CBSE Delhi 2014] 


sin?x. cos?x 











: ; (2 A3 2.3 
sin?x + cos?x (sin'x)' + (cos' x) 
Sol. Let Io z dx => Je TU 2 
sin^x.cos^x sin^x.cos^x 
I=] (sin?x + cos?x)(sin*x — sin? x. cos?x + cos*x) 
— = 


sin?x.cos?x 














24. ein? — 

=> is sn x I cos Y Jy = [ tan?xdx - [dx + f cot? xdx 

sin^x.cos^x 
> I7 | (sec*x - 1) dx - x + f (cosec?x - 1) dx 
=> I= { sec?xdx + | cosec*xdx - x -x ^x + C = tanx - cotx — 3x + C 
& dude] 5579 as [CBSE Delhi 2013; (F) 2015] 
sin(x * a) 
sin(x — a) 

Sol. Let I= ao) x 

Letx+a=t > x=t-a => dx=dt 

is sint? — 2a) =f Sii cos = cost. sin 2a di 
sint sint 


= cos 2aJ dt — Í sin2a.cott dt = cos 2a.t - sin2a.log | sint |* C 
- cos2a. (x + a) - sin2a.log |sin (x +a)| +C 


=x cos 2a + a cos 2a - (sin 2a) log |sin (x + 4) | - C 


Integrals 2 7 7 


en 


6. Evaluate: | ——— ——— dx 
(sake =e” 
Sol. Let I- | —— ar 
y5- 4e* -e™ 


Put =t > e” dx = dt, we get 














T ay dt -f dt 
(5-4-2 ` f/-(P+4t-5) ` f-(?+2424+27-9) 
B dt NET II ae 
Romar sin 3 +C=sin m +C 
in4x — 4 
7. Evaluate: Je (A) 


aS md 
Sol. Let I=fe (mat AX 


B je( = Jes 
2sin^2x 
= f e" (cot2x — 2cosec?2x) dx 


Let f(x) = cot2x f' (x) = - 2cosec? 2x 


T= Je*(f(x) +f (x))dx 
=> T=e". f(x) +C=e".cot2x+C 





x2 
8. Evaluate: an 
x+2 


Ta ix 
Vvx°t+5x+6 


Now, we can express as 


Sol. Let I=f 


d 
x+2=A7 (x +5x+6)+B 











zy x+2=A(2x+5)+B > x+2=2Ax + (5A + B) 
Equating coefficients both sides, we get j 5 
2A=1, 5A+B=2 > AS pedes c 
«2-lQ +5 i 
x = 5 (2x \-5 
1 1 
20Qx*9)-y 1, 2x+5 1 
2 2 x 
Hence, [= dx = dx — 
| cen TT, 2! x? +5x+6 
E 1 
I-75.5-51L 
2x t5 dx 
where, I, = | -== dx, L = | -= 
i orar 4 UE rene: 
N Lai 2x +D d 
ow, l2]——————dx 
: / x? 5x t6 
Letx?4 5x 4 6-z > (2x + 5)dx = dz 
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[CBSE Delhi 2009, 2019 (65/5/1)] 


[CBSE Delhi 2010] 


[^ sin2x 22sinx.cosx and cos2x = 1-2 sin? x] 


[- f e (f(x) +f (x) dx = e*f(x) * C] 


[CBSE (AI) 2014] 


as Hes b edd A *5x-6 C, 


d, 
2 1 


dx dx 


Jerem “7 











Again b = 3 


Senec] -246 


dx x dx 
(3-4 Vei- 
ui Am Et A2 
- log | (x5 e 5x6 | C, 


Putting the value of I, and I, in (i), we get 


1 1 5 
= 50 + 5x +6 +C,)— 5 {log(x+ 5) + Vx? +5x +6 +c} 
1 5 1. 1 
= fF + 5x46 - log | (x+5)+ V 45x46 | 550,7 76, 
1 5 11 
= x? +5x +6 -3log |(x+5)+ x? +5x+6|+C [Here, C = 4€, - 5G] 


=| 


























(x? — 3x) 
? E e— a E (F) 201 
9. Evaluate: J (aq) dX [CBSE (F) 2010] 
(x? - 3x) (x? - 3x) 
Sol. Let [= dx = x 
i Dx - 2) s —3x+2 
x!-3x42-2 2dx 
= dx = | dx — | —————_ 
J x?-3x42 J a E 
dx dx 
=%=2/ >. 3. 9 a, ^ 32 uy PUE: 
X-2Lxy*1-3 (-5) -(5) 
x 3 1 
a “979 " dx _ 1 x-a 
x - 2log EN +C Bx 2^ Oy B. 
Tod 
C 
10. Find: J sin", / ATL. [NCERT Exemplar] 
a 
fuu 
Sol. Let I7 fsin aay lt 
Put x =a tan’0 > dx = 2a tan0 sec? 0 d 0 


2 
I= join, / rtan C Orton sect d0 = 2a sin! (zn tan 0. sec? 0400 
a+atan 


= 24 Í sin ! (sin 0) tan 0. sec? 040 = 2a | 6. tan O sec? 040 








= 24 |0. f tan 0. sec? 040 — (5 0. f tan 0. sec” 6 d0) Jao] 
= tan?0 tan?0 
240. 2 =f 2 ao 
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= a0 tan” 6 — a f (sec? 0- 1)40 = a8. tan? 0 — a tan 0 + a0 + C 


=a* tant Z-Z etant / T [c 























11. Find: Í E Y [CBSE Delhi 2012] 
sin x + sin2x 
E 1 
Sol. Here, [= lo US Pane dx 
E 1 1 
5 i nee = : lie) ar 
4 yl ; sinx dx = j=j ; sinx 
sin^x(1-* 2cosx) (1-cos*x) (1 * 2cosx) 


Letcosx=z => -sin vx dx = dz 








"OR I=- dz 


Ri (1-2) (1 +22) = (1 +z) (1-z)(1 +22) 


Here, integrand is proper rational function. Therefore, by the form of partial fraction, we can write 





























1 2 A, 8 C (i) 
(ü*2-23*2:2 lèz iz 1*2z 
1 | A(L-z)(1+2z)+ B(1+z)(1+2z)+C(1 +z)(1-z) 
= (1+z)(1-z)(1+2z) (1+ z)(1—z)(1 + 2z) 
= 1=A(1-z)(1 + 2z) + B(1 + z)(1 + 2z) +C (1 + zY(1-z) ...-(ii) 
Putting the value of z = -1 in (ii), we get 
5 1=-2A+0+0 => A-2-1/2 
Again, putting the value of z = 1 in (ii), we get 
=> 1=0+B2.1+2)+0 = 1=6B > B=% 
Similarly, putting the value of z = — 2 in (ii), we get 
1\/3 3 4 
> 1=0+0+C(5)(5) > 174€ > Ces 
Putting the value of A, B, C in (i), we get 
1 200, 1 , 4 
(1+z)(1-z)(1-2z) 2(1+z) 6(1-z) 3(1-22) 
1 1 4 1 1 4 
=_f|- + + = = - 
I--f-3a«5 * 6dü-3 30422 le |3ü«5 60-53 3ü*25|^ 
1 1 4 
> T= vlog | 1+z|+ Glog | 1-z | -3x151og | 122 |+C 
Putting the value of z, we get 
=> I= Flog | 1*cosx |+ log | 1- cosx | Slog | 1+2cosx |* C 
2 
12. Find: | ers rod [NCERT Exemplar] 
x — x -12 
f x? f x? 
Sol. Let I- dx = dx 
x*-x2-12 x* - Ax? + 3x? - 12 
2 
x*dx 
= 


x(x- 4) + 3(x?- 4) 
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if 
| Q?- 4) (x* 3) j 
t -A , B 
(t-4)(t+3) t-4 t+3 
On comparing the coefficient of t on both sides, we get 
A+B =1 
= 3A - 4B =0 > 3(1 - B)- 4B =0 





[let x7 =t] > t=A(t+3)+B(t-4) 





=> 









































=> 3-3B-4B=0 => 7B =3 = B=3 
-2 3- -1-2-4 
If B=, then A*7 1> A-1-75-775 
2 
Now, 2 - 2 = $ n : 
(x^—-4)(x^*3) 7(x°-4) 7(x +3) 
4 1 3 1 
= dx + dx 
7a y 7) A3. uy 
.4 1 x-e2| 30 ax 
7:55198 x42 “Tag dm E 
1 x-2 /3 -p X 
= 710g x42, * 7; tan a 
x? 
13. Evaluate: | ——— ——— dx [CBSE Delhi 2013; (F) 2015] 
(x + 4)(x" + 9) 
y2 
Sol. Let IS]—— ——— dx 
(x^ + 4)(x* + 9) 
Put x =t, we get 
x E t 
(x? +49) (E+4(+9) 
t A B A(t +9) + B(t +4) 
Now, = + = 
(t+ 4)(t+9) t+4 t+9 (f+ AY(t +9) 
zy t = (A + B)t + (9A + 4B) 
Equating the coefficients, we get 
A+B=1, 9A +4B=0 
Solving above two equations, we get 
pu 
u^ 5 
x E 4 3 9 
(x? +4)(x7 +9) — 5(x* +4) 5(x* +9) 
2 
x^ dx | 4, dx 9. dx 4 1, 4x 9 1l, 4x 
= gaea 5 gar sug 5 25 ote ge ge 
24 te 
=~ 5 tan 7 +5 tan 3 °C 


Integrals 2 8 1 


inO-2 
ik gig (ge [CBSE Delhi 2016] 
5- cos 0 - 4sinO 


Sol. We have 





isj (3sin 0 — 2)cos0 
5 — cos?0 - 4sin 0 
























































Let sin 0 =z > cos 0 d0 = dz 
=Í (3z - 2)dz 
5-(1-z°)- 4z 
(3z —- 2)dz (3z - 2) 3z-2 3z dz 
E 5 =f dz =Í -dz = | zdz- 2| —~, 
5-1+z^ -4z 4-4z*z? (z- 2) (z- 2) (z—- 2) 
Letz-2-t => dz=dt 
| LO (t 2)dt dt _,/tdt dt — dt dto p 
[287 B9. ap raj rej  - 2] sj + 4f F = Slog | £ [Mo +C 
1 
=3log |t|-4.7+C 
Putting value of t in terms of z then z in terms of 0, we get 
. 4 
= 3log| sinü-2|- 179-5 tC 
15. Find: f a [CBSE Delhi 2016] 
/a? — x? 
[| Vx op xde a de 
Sol. We have I gue Le = Te??? 
2 
Ley "2f = ax dx = at => x dx = dt 
_2 dt 1.3/2 1 3 _ 42 
3! [Grae [x92 2 125 t] 
2 ah d MT als 
= 3 sin eo = 3 sin mp TC 
3 
-sint Lec 
ü 
2x - 5) e^* 
16. Find: f ze [CBSE (North) 2016] 
(2x — 3) 
Sol. We have, 
2x — 5)e 2x -3)-2 
pies Je” ee sse 
(2x - 3? (2x - 3) 
1 2 : 1 2 
=e Ie z| = efe”? a= 3 dx 
(2x-3)° Qx-3) (2x-3)° Qx-3) 
Let2x-3=t > 2dx = dt dx = Ë 
3 3 
e 1 2 e 1 
> 1-5 je - a > I= year 


Putting t = 2x -3 
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e 2x -3 1 
2 (x3) 


17. Find: f Qx + 5)/10- 4x - 3x? dx 
Sol. Let, I= { (2x - 5410 - 4x - 3x? dx 


_,4 2 
= AG (10 — 4x - 3x ) + 


ju +C 





Let (2x+5) 


> 2x +5 = A(—4- 6x) + B 
Equating, we get 
-4A+B=5 


(ii) > A=- 


..()) and 


S g|25 
w| BS 


+B=5> B=5- 
11 
3 


Now, from (i 


1 
2x+5=-3(-4-6x)+ 


w| A 


> =o t 
2(2x — 3) 
[CBSE (F) 2016] 
=> 2x+5=-4A-6Ax+B 
-6A=2 ..-(i1) 
11 
3 


1 11 
Now, 1={{-5¢-4-6) +51 10 - 4x - 3x? dx 
1 ;, MH ; 
== k= 62) 10- 4x - 3x dx+=J 10 — 4x — 3x? dx 


. d.d 
I=- 3h + zh 
where 
Now, I, = f(-4-6x)y10- 4x - 3x^ dx 


Let 10-4x-3x =z = 


1 
z2" 





L=fyzd=2 


—+ 
Li 


2 2) 3/2 
= 3 (10-42-32)? C, 


...(íii) 





I, = fC4- 6x) V10 - 4x - 3x2 dxand L7. [ /(10 - 4x — 3x2) dx 


(- 4 - 6x) dx = dz 


(io) 





Again I= [I0 4x - Bx dx = | j- 








{x Ex P 


syah 


10 
a(x t—x- = ax 
2 : 4 


10 
~ 3 
P xm MN 


E NE rr 
- Sr) 10-4x-3x^-* 





ea 
| 


S) e) 





dx 
B HE 
3. E. x7 5. 
2 x g sin J34 +C, ..(v) 


3 


Putting the value of I, and I, in (iii), we get 


2 
pas 00-4:- A 





11 2 18743 3 2 
ayy let 5) 0a - 3x7 + 25 n(x e+d)+c 
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18. Evaluate: E xlog(1 + 2x) dx [INCERT Exemplar] 


I I 
Sol. Let I- f xlog(1 + 2x)dx 


21 1 2 1 42 



































= X. _ xX zd 2 i x 
log (1 + 2x) 5 i TET 5 ax = Ix log (1+ 2x)lo Hex 
1 1 = 1 1 x 
-2[11g3-0]-|][]|x | 2 |dx| = log3- Shxdx+Sh dx 
2 ET 2 2:0 1+2x 
1 
=(2x+1-1) 
..1 1}x 1,12 m l.. i 15 198 | 
72183-5553 5*2*9'^ Qx«r 7" 2589- E e d b paz 








cd 1,1l ua 1 O! 
= 5 log3 — 7+ 4 Ixlo- Glog (1 + 2x) [1p = 71og3 - 








-1 1 log3 => 
= 31083- g 1083 = g 1083 


7T 4x * 
19. Evaluate: | ———.—dx [CBSE (AD) 2014] 
0 1 + cos^x 
z 4 
Sol. Let MR S (i) 
0 1*cos? "d 


7 A(m — x).sin(x — x) 





3 dx 

0 1+cos*(m-x) 
TAT 

= f SUMAR ADS dk iù 
ò 1+cos*x 


Adding (i) and (ii), we get 





20 = | 
0 1+cos?x 
" : 
I- j sinx 


TA(x+m—x)sin x * msinx 
dx => 24[ ——— 
0 bore 


0 1*cos?x 
Letcosx=z => -sinxdx=dz = sinxdx--dz 
The limits are, x=0 => ge] 

k= > z=-1 





- dz 
= 2n [tan ! z]! 
ie [tan z] 


=i T 
= 2n [tan 1 - tan ! (-1)] = 2n|7+ AE 2n X > 
zy Iz m. 
7 
20. Evaluate: | (cos ax - sin bx)? dx [CBSE Delhi 2015] 
-7 
Sol. Here, I = J (cos ax-sin bx)*dx 
> I= [is (cos? ax + sin? bx — 2 cos ax sin bx)dx 
> I= E. cos? ax dx + E. sin?bx dx — E 2 cos ax sin bx dx 
> I-2 M cos? ax dx + 2 b sin? bx dx — 0 [First two integrands are even function while third 


is odd function.] 


284 Xam idea Mathematics-XIl 


21. 


Sol. 


22. 


Sol. 


23; 


Sol. 























2f dx + f cos2 ax dx — f cos 2 bx dx 


[CBSE Delhi 2017, (AI) 2012, CBSE 2020 (65/4/1)] 


= P deos "E dx + ij 2 sin? bx dx => I= fj (1 cos 2ax) dx + |j (1 - cos2bx)dx 
=> I= (f dx + [j cos2ax dx + [j dx- [cos 2bx dx = I= 
A 5,|Sin2ax]" E i 
= r= 2015+ 2a |) | 2b h 
sin2an  sin2bn 
=2n+ 2 
> I=2n 7 2b 
pid . 
Evaluate: jM 
0 lt cosx 
Let aj SEHEN. I ao eae 
? 14 cos?x ? ^ 1*cos?(n- x) 
=f" (r-x)sinxdx ^ s sinxdx 
1-*cos?x ? 1 4 cos?x 
sin x dx . sin x dx 
or 21 = n| ————— RS 
re E 


Put cos x = t so that - sin x dx = dt. 





The limits are, when x = 0, t = 1 and x = q, t = — 1, we get 
-r. dt 
I= =T 
zh per big 


renee 


= n[tan™#]) = n[tan ^ 1 - tan !0] = 











7/4 oOo da 
Find: Í 
0 cos 3x/2 sin 2x 
n/A n/4 
Li I= { dx =f ; i 
0 cos?x/2sin2x 0 cos x42.2sinx.cosx 
_1 m dx _1 pns dx 
~ 9 40 : ~ 9-0 4a. e 
cos’ x A cos?x SOS ay tate 


_ 1 ,n/4sectx dx _ 1 ;n/4 sec? x. sec”x dx 





D: f. fedx-- E f(x) dx and [e f(x)dx - 2f) fx) dx | 


[CBSE (Allahabad) 2015] 



































2" ytan x E 4tanx 
Lettanx=t > sec’xdx=dt, x=0 => t=0 andx- = qe] 
1pn(ü*f)d _ ae puma $ qJ p27 p 
=>h she! £P sl + 
2 ve -1/2*1], 2[3/2*1], 
1 6 
[45/2 
= bépymel «epp -1«i- 5 
/2 
Evaluate: T 08% gy [CBSE (F) 2015] 
-7/2 1+e” 
Let I= pr ae In 1st Integrand 
ad cosx 4 ge COS X d Let x = -t 
i di 0 1+ x dx = -dt 
cost ed f+ Ti cos x j x=-T/2 =t=n7/2 
si 1te ae x=0 =t=0 
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n/2 E 1/2 COSX z/2 e'.cost 1/2 COSX 
— — dt + zx = + ; 
=h bal b 1+e* b 1+e b 1+e* 
/2 e* e”. coOSX 5 /2 cosx b b 
i ML E [By property f, f(x)dx = [; f(t)dt] 
+1 x 
= ee La dx = (7 cosx dx = [sinx]? = sin 7/2 — sin 0 
1+e x 0 0 
=1. 
dx 
24. Evaluate: [77 Loans [CBSE (AI) 2011] 
1/3 
Sol. Let I- [Li D 
D: d à 
= ip - = [By using property i f(x) dx = [! f(a * b — x)dx] ...(i) 
T+ tan(Z 5 -x) 
_ [7/3 dx _ [7/3 dx 
1/6 X 1/6 1 
1+ tan( >- x) 1+ remm 
z/3 vytanx T 
= [5 L————üx (ii) 
7/6 1 tan x 
Adding (i) and (ii), we get 
or = [7 (1+ /tanx) " 
7/6 (1+ytanx) 
- 1/3 /3 T T 7 
= In/6 dx bee 8 & 6 
2] = z or I= > 
3 
25. Evaluate: f [| x-1|*| x-2 |*| x-3 |ldx [CBSE Delhi 2013] 
1 


3 3 3 3 
Sol Let I= {[| x-1|+|x-2|+| x-3]]ix* f/|x-1| dx * | x -2 | de [ |x —3 | dx 
] 1 1 1 


3 2 3 3 

= fix-1|dx*f|[x-2|dx* f|x-2]| dx f|x- 3 | dx 

1 1 2 1 

[By property of definite integral] 

3 2 3 3 

= | (x-1)dx* f -(x-2)dx* f (x-2)dx* | -(x-3)dx 

1 1 2 1 
x-120, if 1<x<3 
xX—-25$0,9 1$x$2 
x-220, if 25x53 
x-350, if 1€x €3 




















202 P 22? _ 927 _ ay2pP 
JJ D |- (x z [+ (x 3 |- (x 2S 
-($-9-(0-3)«(5 -9-(-o- 3)e24 545425 
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xtanx 











26. Evaluate: i ————— dx [CBSE Delhi 2008, 2014; Chennai 2015] 
secx.cosecx 
sinx 
Sol. Let (2 LL MN -Č cos y 
T USE ~ 0 secx.cosecx ^ ^0 1 p 
cosx sinx 


I= Le sin? xdx = f(x - x)sin? (7 — x)dx G h f(x)dx = b f(a- x) dx] 


T 
I= IN zsin?xdx — b xsin?xdx = 2I- zb 2sin^x dx 














Ima Ipm, Tm T, an K[Sin2x[ 
= 5h (1- cos2x)dx = 5h dx 5h cos2xdx z Vo 2L 2 h 
> I= = -0)- 7 (sin2n - sin0) 
2 2 
n n 
> 2] = > -0 > I= 4 
27. Evaluate {— d [CBSE 2019(65/4/2)] 
sin (x — a) cos (x - b) 
B dx B 1 cos (a — b) dx 
Sol. Let T=] sin(x—a)cos(x—b) cos(a—b) J sin (x — a) cos (x — D) 
1 cos (a — x + x — b) 1 cos ((x — b) - (x — a)) 





cos (a — D)" sin (x — a)cos(x — b) ea) sin (x — a) cos (x — b) 


=) 


cos (x — b) cos (x — a) + sin (x — b) sin (x — a) 























cos (a — b) sin(x — a) cos(x — b) 
1 cos(x-4) sin(x- b) 1 cos (x — a) sin(x — b) 
= F = lew x+ J x 
cos(a —b) | sin (x-a)  cos(x- D) cos (a — b) |^ sin (x — a) cos (x — b) 
-— t n-i i= E 
E Em [log | sin (x — a) |- log | cos (x - b) | ]+ C 
B 1 sin (x — a) 
cos (a — b) log cos (x — b) =e 
28. Evaluate: |; cot ^ (1 - x + x")dx [CBSE Delhi 2008; (AI) 2008; (South) 2016] 


Sol. Let I[, cot- (1 -x+ x?) dx 








1 
Exec MELLE 
k dä 1-x(1- x) dd 
+ 
= [is [tan "x+ tan! (1- x)} dx tan (x+y) = ani pL 


- Js tanx dx + b tan ! (1 - x)dx 
= n tan ! xdx + b tan ! (1- (1— x))dx BS f(x)dx = m fa- x)dx] 


= in tan! xdx + bh tan! xdx =2 [x tan! xdx =2 [s 1.tan ! x dx 











[inum T 
0143? 2 





1 
- 2 tan - h 3 xax) Ens [log | 14x? Hr. 


1+x 4 








-5 [log 2 log 11=5 log 2 
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29. Evaluate: |} x?(1- 3)" dx [CBSE (F) 2010, 2019 (65/4/3)] 
Sol. Let I- is x^(1- xy'dx 
1 n ü ü 
=> I-f(0-3'n-a-lZx [I f@ddx - f, fa- x)dx] 
= [i (1- 2x + x2)x" dx = f (x" — 2x" *1 + x" #2) dy 


1 
ttl y"? nts Í 2 1 


29: + = = 
n+1 n+2 n*3| nt+1 nt+2 nt+3 





_ (nt 2n * 3) - 2(n + 1)(n + 3) + (n+ 1)(n + 2) 














(n * 1)(n + 2)(n + 3) 
n*5nt6-2n^-8n-6*n*3n*2 _ 2 
(n * 1)(n + 2)(n + 3) (n+ 1)(n + 2)(n + 3) 
30. Evaluate: p (2x? + 5x)dx as a limit of a sum. [CBSE Delhi 2012] 
Sol. Let fe) = 22 + 5x p B 2 
Herea=1,b=3 a h= ae > nh=2 
n n n 


Also, n >œ% «eh — 0. 
J? feodx = limh fir) + f(a +h) +... + fla + (n - 1)hI] 

BP (2x? + 5x)dx = limh[fQ) +AA +h) +... +f(1 + (- hh] 

= lim A[{2 x 1?+5X1}+{2(1 +h)? +5(1+h)} +... + {2(1+ (n-1)h)? * 5( (n — DAI] 
= limh[Q +5) + {2+4h+2h?+5+5h}+...+{2+4(n—-1)h+2(n-1)7h?+5+5(n-1)h}] 
= limh [7 + {7+ 9h+2h7} +... +{7+9(n-1)h+2(n-1)7h7}] 


= limh[7n + 9h{1+2+...+(n—1)} + 2h? (1? +274... + (n-1)7}] 






































h-0 
ed. -1)nQn-1 

= timl7nk + g2 CTP" + op eDi] 

h—0 2 6 

1 1 1 
9n (1- 5) ana) 
= lim 7 (nh) + 2 + 6 
1 1 1 
36(1-—| 16(1-—|(2-—| 

= lim}14 + 5 n^ a n [ nh 22] 
= lim 14 + 18(1 - : )+ i )(2- L) 

n— oo n 3 n n 

8 16 96-16 112 
HUAI MIND 0 > 3 
2 
31. Evaluate: [|x?^-x | dx [CBSE Delhi 2016; (AI)2012], [CBSE 2019 (65/5/3)] 
-1 
Sol. If x'-x20 
=> x(x" -1) =0 => x=0 or 2-1 
=> x=0 or x41 > x=0,-1,1 
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Hence [-1, 2] is divided into three sub intervals [-1, 0], [0, 1] and [1, 2] such that 


x x on [-1, 0] 
xy-xs0 on [0, 1] 
and p =H > 0 on [1, 2] 


2 0 1 2 
Now, jJ|x3-x|dx- f|x3-x|dx* f|x?-x| dx [|x9- x | dx 
1 -1 0 1 
















































































0 1 2 4 2p 4 2 4 2 
_ 3 E 5 dx xl [x x x x 
le xpd J (x xpd + J (x x)dx 4 91, la 2 ni 4-2| 
1 1 1 1 1 1 
-[o- fu zJ- lenis oJ fa- E ia ah 
= dod ll +2 1,1_3 3,5-1 
"3 tear ae 4 2 2 4 4 
T T 
32. Evaluate | e". sin( F+ x)dx. [CBSE Delhi 2016] 
0 
E T 
Sol. Wehave 17 | P" sin( T x)dx 
0 4 
Integrating by part, we Vm 
e 
T T 
1=|sin (£3) B. cos (7*1). —dx 
= 5 [sin E gn cos (ex )dx 
il e 1 Hd T | zog g^ 
5-4 "P 2 FA sin( T 6x). ds 
2n 2n 
| e*t1 1 5x e 1 T|) irae du 
=" B 7516087475 7 O08] ee sin( ^ +x)dx 
2n 
e^ *1 T E. 5r 1 1, 
I=- - n au X 
2/2 COS 4/2 ~ 4! 
2n 27 2n 2n 2x 4 e + 
BI gl €" d QUEE IER . € L 2+1)= 1 
4 22 4/2 443. 2/2 4/2 1 (42 
2r (1 
"ues 
2 2 
33. Evaluate: | 7 ax [CBSE (North) 2016] 
-2 
2 2 
Sol. Let r=] TTE ...(i) 


2 e+e- 
^23 1450*€2-9 


dx | aes T Ropa 








2 du 2 2 
= [x= j i dx 
21-5" 214.10 
5* 
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2 5X x" 











[= d (Bl 
disse d 
Adding (i) and (ii), we get 
2 (1 + 5*) x? 2 " x? | 
21-2 | ——*—dx = dx =|— 
J 1455 ^ H TUE la 
1 16 8 
— 2I = 4[8 - (7 8)] > I—73x2 ^8 
1 
34. Find: [[log (log x) + doz 3?! dx [CBSE Bhubaneswar 2015, (South) 2016] 
ogx 
1 
Sol. Let I7 J[log(l * d 
o e fI og(logx) (logx)?! X 


Let logx=t > x= > dieci 
1 
I= J [egt s eat 
7 l 2 B 13 l1. 
= ffiogt+ ta jette Hester )e (rna )en 


- e! logt- T +C Ee [FQ +F edx = f(x)e* +C] 














— ,logx log x = 
= e^5^]og (log x) logz est +G [Put t = log x] 
= a T 
35. Find: [55 .55.5* dx [HOTS] 
Sol. Let I= [59 55 .5*dx 
dt 
Putting 5°=t = 5*.log5dx- dt or 5*. dx = Tes 
Therefore, I= [5°".5°°.5*. dx = [59.55 oal st. ap 
2 557 457. Toen Mog J5 
hednpulüng se, Sa 
gain, putting 5'= u, * (oes) 
1 d 1 Br 
Therefore, I= f5". "Z i [5"du = = ee 
(log5)"~ “(log5)  (log5) (log 5). (log 5) 
5" 55 55” 





= ri aes pe aa 
(log 5) (log 5) (log 5) 
8 8 8 


Long Answer Questions 


1. Evaluate the following integral as the limit of sums: | (x?-x) dx [CBSE 2020 65/5/1] 
Sol. Let I= [! (x? - x)dx 


f(x=x*-x, a=1, b=4 


b-a_4-1_3 


h=; n n 





—mnh-3 
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As n>œ, h — 0 
We know that 


[ fax = hu h[f(a) * f (a € h) * ... f (a+ n-in)] 


[! f@dx="™ h = fla+rh) ...(i) 


f(a + rh) = (a+ rh)? — (a + rh) 
> f(lt+rh)=(1+ rh)? -(1 +m) =r? rh 


Using (7), we have 


, n-1 
['G?-xdx2!9^ nd (ben) 


n- oo 
Y 


n-1 n-1 
I= m nfn? Erth n 














r=0 r=0 
= Yee o _ n(n-1)(2n-1) n(n-1) 
= bn fh 5 6 "Be 
1 1 2;2(4 1 
a icu m uz) 
h—0 6 + 5 
(3)°(1-0) (2-0) |, )*-0) 
i 6 2 
9 27 
= Aa 
2. Evaluate: {(/cotx + /tanx)dx [CBSE (AI) 2014; Patna 2015] 


Sol. Let I= f((Vcot x + ytan x) dx 
is Vcosx | /sinx Jax = jocum ds 








Vsinx  /cosx Vsinx.cosx 
Let (sin x - cos x) = t => (cos x + sin x) dx = dt 
; 2 72 2d 2 . _ 2 
Also  (sinx-cosx) -t => sin’ x + cos^ x — 2 sin x . cos x = t 
: 2 1-2 
> 1-2sinx.cosx=t > sinx.cosx = —>— 








dt dt 
Therefore, I= = 2 
Mis EE "ed 
2 


= /2 sint +C = /2sin-! (sin x - cos x) + C 


1 

3. Evaluate: | —,————;- — y dx [CBSE (AI) 2014] 
sin x + sin xcos x +t cos x 

1 


sin?^x + sin?x.cos? x + cos^x 








Sol. Let ro 


Dividing N' and D' by cos* x, we get 
E secx 





tanfx + tan?x +1 
Put z=tanx => dz = sec? x dx 
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1 1 
Again, let z->=t = (1 + ae - dt 
Z 


dt 1 DE 


1 
E ee enl ge cal 





> i=j 


1 " aZe 1 TM (m D. 
mos Per e -4 
Js ^^ (Bz 8 /3tanx 


ee 
7/2 sin x 





4. Evaluate: b ————dx [CBSE Panchkula 2015; (South) 2016] 
sinx + cosx 
oi 
Sol. Let [= ("/?—*"* gy (i) 
sinx + cosx 
. 2/7 
sın EE a a 
I- (77 = G ) dx |: reas - Í fa nes 
inl EN 0 0 
sin( 2 x) + cos( 2 x) 


1/2 2 
cos^x 7 
=f ..-(i1) 


9 cosx+sinx 
Adding (i) and (ii), we get 


7/2 sin?x + cos? x EA dx 


Sad 


I= 


sinx + cosx 9 sinx + cosx 
* dx 7/2 dx 


a 





I 
o ae 


: zc E 
COSX.COS — t sinx.sin — 


(al : cosx + 1 sinx 
EEA Jez SL 
2 n 4 


Le _ we [ux 
= Al "m1 sec(x - Thix [^ cos (A - B) = cos A cos B + sin A sin B] 
0 0 





cos(x -— 
"o —tog[sec( - L Il + tan(x - S [~ f secxdx = log (secx + tanx)] 


= lose + tan 2) - log [sec( - 2) + tan(- ZY 
- ilios logs tan) 


-1 Ere : E /2+1 
= yz llog v2 1) log(/2 1)] EL sz | 


(/241?] 1 E 
= Flog] al L} = Fp log (v2 +1)*= Flog i/2 +1) 





i 
Hence, I = yg log2 +1) 
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7/2 1 
5. Evaluate: | — 557. [CBSE Delhi 2011, 2014; Sample Paper 2017] 
0 


sin^x + cos*x 


7/2 xsinxcosx 
Sol. Let peg xX 
0 


sin^x + cos^x 


























T . (7 T 
pt A AL 
" El (5 x).sin(5 x).cos(5 *) By Property 
" T T a a 
0 sin*(5 - x)+ cos* (5-2) Lb f(x)dx =Í f(a- x) dx 
T ‘ 
n/2 (2-3) COS X. sin X x x 
> I= J 1 m dx E: sin (Z -x)= cos x and cos - x)= sin x| 
0 cos*x + sin*x 2 2 
n% cosx.sinx 7/2 xsinx.cosx 
> I= -A 4. dX — "" n 
20 sin*x+cos*x 0 Sin x-*cos' x 
n"/? cosx.sinx n7/" sinx.cosx 
= I| — piel Sass) =, qx 
26 sin x + cos x 26 sin x + cos’ x 
sin x. COS X , 
n  cosix ý 
7 [Dividing numerator and denominator by cos* x] 
26 tan*x+1 
x 7? 2tanx.sec?x 





2x29 1+(tan?x)? 


Let tan*x=z; 2tanx. sec? x dx = dz 





Eos T 
The limits are, when x = 0, z = 0; x = 7275% 





UT dz R aao Tn ed -1 
2-4] 142^ 4095 2], = 4 (tan oo — tan™ 0) 
2 
T/T T 
21=7(5-0) > IF 
7/2 
6. Evaluate: | 2sinxcosxtan™ (sinx) dx [CBSE Delhi 2011] 
0 


Sol. Let I= ar sinx.cosx.tan ! (sinx)dx 
































Put sinx-z = cos x dx = dz 
T 
The limits are, when x = 0,z = sin0 = 0;x 77 sin 1 
271 2 
= afl zj _ ee S 1 z 
I 2n ztan (z)dz = 2|tan zo) E 2r MEE 
m 1 24 2 z Aal*z-1 T ga 1 dz 
= e e = = = = + — 
7-5-0] ob apa gh etait os 
2A opu aT A EL 
= -iz + Itan 1t] 
x 
7. Evaluate: (" dx [CBSE (AI) 2009; (F) 2014] 
k a? cos?x + b? sin? x 
Sol. L fi x d 
ol. Let I- x me C 
0 a°cos*x + D? sin?x © 
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Sol. 


9: 


Sol. 





pe = de ot | fis] fa-3ag 
0 0 0 


a? cos? (n — x) + b? sin? (x - x) 











i T-X 
I= dx ... (fl 
/ à? cos? x + D?sin?x (a) 
Adding (i) and (ii), we get 
He T Tr dx 
21 = dx 2». I- 
l a? cos?x + b? sin? x 2 / a? cos?x + b^ sin?x 





TT sec?x ios : 2 
I- 2 f [Divide numerator and denominator by cos* x] 
0 


x 
a? + b^ tan?x 


T 
i sec^x 
0 a? + b*tan*x 


2a a 
dx [o J f(x)dx =2 J f(x)dx] 


Putb tan x= t —  bsecxdx-dt 


T 
The limits are, when x = 0, t = 0 and x = pit = 00 
rt d ni «tf 





1T vary an al, 
2 
ge a) ee EN 
l=- (tan oo — tan 0) DD => Í ab 
+ 
Solve: | ur] [NCERT Exemplar] 
(a - x) 
+ 
Let — I2 fJ dx 





ü-x 
Put x =acos 20 
> dx — — a. sin20. 2. dO 


























* 20 1 
I=-2f 2 0008. asin20d0 cos20- — = 20=cos?=~ = 0=—cos?~ 
à —acos20 a a 2 a 
1+cos26 . 2cos?0 . 
= -2af Locos 96 Sin 2040 = -2a | 2sin?0 sin 2040 
0 
= — 2a | cot 0. sin 2040 = -2a Í EN 2sin 0. cos 040 = — 4a cos” 040 = -2a Í (1 + cos 20) 40 
E 2afo+ 28). c EN icc 
- -2a 2 --205€085 4*5 E 
zd 3X x? 
—- a| cos (2)+ P +C 
Evaluate the following: p xcoszx | dx [CBSE (F) 2010; Patna 2015; (Central) 2016] 
pe xcosnx | dx 
As we know,  cosx-0 => x= (Qn-1)5,n€Z 
zs _13 
COS TX = > X= 515 
1 
For 0€ x < 2, x> 0 then cos nx > 0 => x cos mx > 0 


pH 
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1 3 

For 9 SX < z x 70 then cos mx <0 => x cos mx <0 
3 1/2 3/2 , 
D^ | xcostx | dx = i xcosnxdx + fj, (7 xcosnx) dx s(t) 


pee 3/2 Sin Tx 





























- me (71 sinnx , ER 
zt l © " x L £X d 1? m 
T 1/2 3/2 
- | sinz F F o! -|Zsinny =, COSTY 
T T 1/2 
-(z:* ==)-( 3 j- 1 
"lon — q2 4 2x 2m) 20 r 
x 
10. Evaluate: f — [CBSE (F) 2016] 
o 1+sinasinx 
x T-X 
Sol. Let I= = d 
" ü liren em sin(x - x) i 
T T 
= | — a- f ———— 
9 1+sinasinx 9 1+sina.sinx 
T 
I-7mx]7— — -I 
ri sinx 
T T dx 
> 21 - n =z] 
9 1+sina.sinx 0 x 
2tany 
1- sina. 3 
2 
+ — 
1+ tan 2 
x x 
(1 + tan? 5) sec? 2 
= xr dx = dx 
? 1+ tan? 5 *2sina. tan ° tan? 5 *2sina. tan; +1 
x 2X 
Let tan, =t = sec^-dx-2dt; x-0 => t-0andx-^m > t=o0 


anf = 


0 P *2sinat*1 











=x A dt 
0 P * 2sinat + sin?a - sin?a + 1 
Po dt ra dt 
-n| F 2 3.5 =r] : 2 2 
0 (t*sina)* * (1— sin^a) 0 (t+sina)“+cos*a 

















x ; 
ee: | pesar. n _, tan, + sina 
cos a cosa lọ cosa cos a o 
T (Tt 
-1 

=——]— -tan tana) |= (Z-a) 

a ( ) cosa \2 
| n(n- 2a) 

2cosa 
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, 1- yx 
11. Find: | T Je (HOTS) 


1- yx 
1+ /x 


Putting Vx =cos 0, i.e., x 2 cos?0 — 0=cos? yx and dx =—2 cos 0 sin0d0, we get 








Sol. Let I- f dx 


isl 1- cos 0 


Ito" 2sin 0cos0) d0 







0 
2sin? = sinc 

———$ Gin 8 cos 0)40 - - 2f 4 (2sin 2 cos cos 0 ao 
cos > 





Een 


—32 2553 
cos- S 


-2f2sin? 2 cos 040 =- 2/ (1— cos 0)cos040 


-2|(1— cos 0) cos0. 40 = — 2] (cos 0 — cos? 0) . 40 

= -2f cos 0 + | 2cos?0. 40 =- 2sin 0 + f (1 + cos20).40 

sin 20 
2 


*C2-24/1-x * cos! x tx /1-x*C 


- -2sin0 + (1.40 + f cos 20. 40 2 -2sin0 + 0 + 


241 - cos? 0. cos 0 
2 





+C 





= 2241 - cos?0 + 0 + 


x? 

















12. Find: |—— — —7; [HOTS] 
(xsinx * cosx) 
2 
x^dx Xcosx x 
Sol. Let I= [ — sax =f - DE 
(xsinx + cosx) (xsinx + cosx)“ COSX 
x i Xcosx . 
Integrating by parts, taking as the first function and —— — — — —; as the second function, 
cosx (xsinx + cosx) 
we get 
x Xcosx dj x xcosx 
= ; dx - | ( i : ) dx s 
COSX^ (xsinx + cosx) dx Ncosx ^ \ xsinx + cosx 








xcos xdx 
Now, let us first evaluate | 


(xsinx + cosx)? 


Putting (x sin x + cos x) = t, then (sin x + x cos x — sin x)dx = dt i.e., x cos x dx = dt, we get 




















Xcos x decl dt 1 1 
X -— = — = — x 
(xsinx + cosx)? t t (xsinx + cosx) 
x -1 cosx + xsinx -1 
Hence, I= TER — 2 - .dx 
COSX (xsinx + cosx) cos^x (xsinx * cosx) 
x -1 -=x 
= x - + | sec?x. dx = - +tanx+C 
cosx (xsin x+ cos x) cos x(x sin x + cos x) 
_ ox taxsin’x+sin xcosx | | - x (1- sin? x) + sinxcosx 
cos x(x sin x + cos x) cos x (x sin x + cos x) 


. cos x (sin x — x cos x) 


cos x(x sin x + cos x) 





x^dx _ (sinx - xcosx) 
(xsinx + cosx)? (xsinx + cosx) 
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PROFICIENCY EXERCISE 


E Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in each of the following questions. 
9 
x 
i) J —5 —— dx is equal to NCERT Exemplar 
© Jyry” ied plar] 


-5 


(a) Lei +C (b) iL] ce n tayeec (d) e) +C 


(ii) The integral of f a dx is equal to 














(a) 2 P -*4x- logVx*1)|*C (b WE Ie slogiz+1)+C 
(co) yx- me +1)+C (d) None of these 

(iii) J e*[f(x) + f' (x)]dx =e" sinx + C then f(x) is equal to 
(a) sin x (b) -sin x (c) cos x - sin x (d) sin x + cos x 


qv 
(iv) | ——dx is 


ES 








(a) aloga +C (b) 2a*log,a+C (c) 24^logga*C (d) T C 
3cos(log x) 
v) i SEL CRUS di is equal to 
(a) sin s 3) (b) cos (log 3) (c) 1 (d) a 
(vi) ioa dx is equal to 
nm n? 
(a) 1 (b) ae (c) 30 (d) none of these 
2. Fill in the blanks. [1 mark each] 
() Jae [CBSE 2020 (65/4/1)] 
3+4cos*x 
" 2dx 
(i) |= 
1-4x 
(iii) J f(x)dx-0if f(x)isan — — . function. 
pt [CBSE 2020 (65/4/1)] 
6 
(iv) f2[x]dx = , where [x] is the greatest integer function. 
3 
B Very Short Answer Questions: [1 mark each] 
2 
8. If f (e + bx)dx = 4e* + x , find the values of a and b. [CBSE (AI) 2008] 
4. If | 3x?dx =8, write the value of ‘a’. [CBSE (F) 2012, 2014] 
0 
1 
5. If [ (3x2 * 2x ^ K)üx =0, find the value of k. [CBSE Delhi 2009] 
0 
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10. 


11. 


12. 


13. 


14. 


15. 


If f(x) = J tsint dt, then write the value of f ' (x). 
0 


1 
Write the antiderivative of (s Vx ral 
/x 


If f (ax + b)?dx = f(x) * C, find f(x). 


1 
Evaluate: | 


1 
dx 
0 /2x *3 
dx 
xcos?x 





Evaluate: {— 
sin 
n/A4 
Evaluate: f tan x dx 
0 


2 


Evaluate: | cos ! (sinx)dx 


2 








Evaluate: | a 
e. xlogx 
Evaluate: | Et 
l-x 
. dx 
Write the value of f a 
x° +16 


E Short Answer Questions-I: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


275 


Given | e' (tan x + 1) sec x dx =e*f(x) + C 
Write f(x) satisfying the above. 
Evaluate: | (1 - x) /xdx 


i f 


Evaluate : [^ 





x-1 
y 
x xsinx 
—— 4 UR 
1-tcos^x 


Show that Gr? (tanx * /cotx dx) 7 V27. 





ü 


1 
If | ——;dx = Ž find the value of a. 
0 4+x 8 


n/4 (reet) 


Evaluate : 
MEME l 3+sin2x 


x dx 

Find: | ——-————- 

x rarer 
7/2 /5 sinx + 3 cosx 

Evaluate : | (m mts 
0 


+ 3)e* 
jp EP 

(x +5) 
1/2 psinx 
Evaluate : f 
0 


sinx + cosx 


Evaluate : 


sinx 4 5cosx x 
1/2 


Evaluate: | e*(sinx - cosx)dx 
0 
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eas = f(x)e* +C, find the value of f(x). 


[CBSE (AI) 2014] 
[CBSE Delhi 2014] 
[CBSE (F) 2010] 


[CBSE (F) 2009] 


[CBSE (F) 2014] 


[CBSE (F) 2014] 
[CBSE Delhi 2014] 
[CBSE (AI) 2014] 
[CBSE (AD) 2011] 


[CBSE Delhi 2011] 


[2 marks each] 
[CBSE (AI) 2012] 


[CBSE Delhi 2012] 
[CBSE (F) 2012] 
[CBSE Delhi 2008] 
[CBSE (AI) 2008] 


[CBSE (AI) 2014] 


[CBSE (Ajmer) 2014] 


[CBSE Bhubneshwar 2015] 


[CBSE Bhubneshwar 2015] 


[CBSE Punchkula 2015] 


[CBSE Patna 2015] 


[CBSE Delhi 2014] 


cos / x d 














28. E : 
8. Evaluate: | E^ [CBSE (AI) 2009] 
29. Write the value of the following integral | sin?x dx. [CBSE (AI) 2010] 
xsin lx 
30. Evaluate: f Ace dx [CBSE (AI) 2012, (F) 2016] 
=X. 
B Short Answer Questions-II: [3 marks each] 
31. Evaluate: | x sin! x dx [CBSE (AI) 2009; Chennai 2015] 
X. 
32. Evaluate: | ————— [CBSE (AI) 2013] 
J x(x° +3) 
33. Evaluate: f x?.cos ! x dx [CBSE (F) 2009] 
dx 
34. Evaluate: | —; — CBSE (AI) 2013] 
J x(x? +8) | 
8x45 
35. Evaluate: | —— — — dx [CBSE (F) 2011] 
Vx°-8xt+7 
1-x? : 
36. Evaluate: | ———— dx [CBSE Delhi 2010, (F) 2013] 
x(1- 2x) 
3i. Exdlusiei [26 0 9- [CBSE (AI) 2010] 
5 Valuate: | 7—————-ux 
à Kx - 2) - 3) 
T 
38. Evaluate: | ———— [CBSE Delhi 2010] 
0 1+sinx 
4 
39. Evaluate: f (| x |*| x-2 | *| x-4 |) dx [CBSE Delhi 2013] 
0 s 
40. Evaluate the following indefinite integral: | —— z ane dp [CBSE Sample Paper 2016] 
a sin b+2coso+3 
41. Find: [——~;—dx [CBSE (Central) 2016] 
x +x -2 
42. Find: [ (3x * 1/4 - 3x - 2x? dx [CBSE (Central) 2016] 
: 
43. Evaluate: | — dx [CBSE (East) 2016] 
0 1+3cos*x 
2 
xttxtl1 
44. Find: | ——— — — dx [CBSE (North) 2016] 
J (x? - 1)(x * 2) 
45. Find: f(x * 3) 43 - Ax - x? dx [CBSE (North) 2016] 
(x? 4 1) +4) 
46. Find: [2———————- [CBSE (F) 2016] 
J (x? +3)(x7 - 5) 
47. Evaluate the following definite integral : [CBSE Sample Paper 2016] 
T 2x(1- sinx) 
dx 
-n 1+cos*x 
ie. Hees |. s (1-59 a [CBSE Guwahati 2015] 
e Valuate : E e al xi ase x utahatt 
49. Evaluate: (^ log sin x dx [CBSE (AI) 2008] 
2x?*3 
50. Evaluate: f [CBSE (F) 2013] 


— ix 
x°+5x+6 
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51. Evaluate: [ € sin (3x + 1)dx [CBSE (F) 2015] 


1-cosx 

















52. Evaluate: [dx [CBSE Chennai 2015] 
cos x (1 * cos x) 
sin 2x 
53. Find: x [CBSE 2019 (65/3/1)] 
J (sin?x + 1)(sin?x +3) 
m Long Answer Questions: [5 marks each] 
j T dx 
54. E te: —— T BSE Delhi 2014 
valuate Jd TER [CBSE Delhi ] 
3 
55. Evaluate | (&2-?* 3? - 1)dx asa limit of a sum. [CBSE Delhi 2015] 
1 
sin x — x cos x ; 
56. Evaluate: [| — — — —— [CBSE Ajmer 2015] 
x(x+sinx) 
in dx 
57. Find: —— ——— [CBSE Allahabad 2015] 
6 cos*x/2sin2x 
n/2 2 d 
58. Evaluate: | ~~" [CBSE Ajmer 2015] 
0 1+3sin°x 
Answers 
1. (i) (d) (it) (a) (iii) (a) (iv) (d) (v) (a) (vi) (c) 
2 () -itant (T ec (i) smt @x) Gi) oda (io) 24 
. (i) ——tan | 4 ii) sin” (2x iii) o iv 
2/3 4/3 
3. a can't be determined, b = 3 4. 0-2 5.k=-2 6. x sin x 
+b) 
7. 219? € 24 x € C 8. E 9. /5-/3 10. tanx - 1/ tan x +C 
1 mx x za 1 ax 
11. 7 1082 12. 2^2 *C 13. log2 14.sin x+C 15. q fan quU 
2 2 1 — 
16. f(x)=secx 17. ae es e.c 18. f(x)- - 19. 2/3 21.42 
1 i 1 
22. —log3 23. log |cos x +x sinx | +C 24. 27 25. e—a FC 
4 (x +5)? 
26. 7. 27. 1 28. 2sinyx+C 29. 0 30. x - /A- x?sin! x4 C 
2 5 
AX ce T sed 4 x 2 1 X 
m -> +7 V1- oe LOR |e 7 
31 7 sin x- 7sin x +7 1-x°+C 32 15198 aure 
3 3 
E 1 1 1 
38. eos! x--y41-x? a lex Y^ +C 34. —lo +C 
3 3 a 24 8x348 








35. 34x? —8x+7 +17log | (x  4)- 4x? - 8x7 |+C 36. +x +log|x|-Žlog|2x-1|+C 


37. Vx? 5x+6 +S log| x jeg seed 

















| v5 
S 
2 2 
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42. 


43. 


45. 


46. 


47. 


51. 


53. 


55. 





1 23/2 5 | | [ 3 2 205. | 4 z) 
—(4-3x-2x x+ 2 x-x sin | ——| x+> | |+C 
2l ) 4/2 4 2 64/2 V41 4 














2 

Bè 44. Pelri le oee at n est 

9 5 5 5 

1 243/2 x+2 2 7. 4{x+2 
-—(3-4x- + 3-4 + +C 

g x-x^) 2 x-x jm | JE 
2 11 2 17 2 
(10 4x33) +I [ x42 ioc anco + in| [s Jr 
9 23 3 9 J34V 3 

pue n 
n? 48. 2 49. -7 l08 2 50. 2x + 11 log |x - 2| -21 log |x+3|+C 
2e™ sin(3x+1)  3e™.cos(3x +1) x 
13 = 13 +C 52. log|sec x + tan x|- 2 tan5 +C 

Le ee dela E 
z log (sin x+1)- z log (sin x+3)+C 54. D 


b 
32*(65-67) gna Apply J f(x)dx - lim h{ f(a+h)+ f(a- 2h)+...+ f(a+nh)} 
3 =p 


Write je 3x (x? +1)dx = [^ des jG? +1)dx 


1 
Get e jp e 9 dx = PC Dag +1)dx -= 











56. log|x|-log|x + sin x |+ C 

Hint: Write i oy cea E 

x(x+sin x) x(x+sin x) 
4 d. 1 px/4 1p2 dx 
57. E Hint: [" 3 = - = z zi 1 Then put tan x = f 
5 0 eos’ x /25in2e 20 3 [sinx 9 cos x,/tan x 
cos .cos^ x 

58. — 

^6 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (4 x 1-4) 
(i) The value of f= pdx dx is 
zi x? + 26+ P 
-T T 
(a) 0 ) T Carn @) 5 
4 dx ; 
(ii) The value of | ———— is 
J xVx* -1 
(a) Esec"! (x2)+C — (b) sec! (x?) + C (c) sec lx +C (d) tan! (x°) +C 
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2 





y 
22 dt y : 
iii) If x = and = ay, then a is equal to 
s l /1+ 9? ie P i 
(a) 3 (b) 6 (c) 9 (d) 1 


(iv) If fx sin (5x^)dx = E cos (5x^), x #0 then k is equal to 


1 1 
(a) 7 (b) - 7 (c) 7 (d) -7 
2. Fill in the blanks. (2x122) 
l 2 
() J Qog 1) a 


4 
(ii) fIx-2ldx = 
0 


m Solve the following questions. (2x 1=2) 
3. Find the antiderivative of | sin2xdx. 
1 
4. Find: f Js dx 
W Solve the following questions. (4 x 2-8) 
(x -3)e* 


5. Find: | ——— —- dx 
EET 


FIL bow 
6. Evaluate: J x Ga dx 





7. Show that Gr? (/tanx +/cotx dx) = 2m. 
a 1 T g 
8. If f — —5dx = find the value of a. 
0 4+x 8 
m Solve the following questions. (3 x 329) 
* : 
9. Evaluate: I= f ees 
0 1+3cos*x 
10. Find: f -l dx 
x(x*-1) 
n/2 
11. Evaluate: I= f (2log sinx - log sin 2x) dx 
0 


W Solve the following question. (1x 525) 
n/2 
12. Evaluate: | log (sin x) dx 
0 


Answers 
1. (i) (b) (ii) (a) (iii) (c) (iv) (d) 2. (i) + (log x) «C (ii) 4 
1 E i e'(e- 2) 
3. -z cos.2x 4. A -2x t loglx|+C 5. e E ra 
4 
8. a=2 9, By 10. Llog a +C 11. Ztog(5) 12. -5log2 
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Application 
of Integrals 


BASIC 
CONCEPTS 


1. Area of Bounded Regions: Let f (x) be a continuous function defined 
on [a, b], then the area bounded by the curve y = f (x), the x-axis and 
the straight line x = a and x = bis given by 





b b 
f feo dx = | ydx 


Theorem 1. If the curve y = f (x) lies below x-axis, then the area 
bounded by y =f (x), y 0, x = a and x = b will be negative 
and in this situation we take the modulus of the area i.e., 
the area is represented by 


b 
fi fede] 





Theorem 2. If the curve is given in the form x = f(y), then the area of 
curve x = f(x) bounded between x = 0, y = cand y = d is 
given by 


d 
J fody 


Theorem 3. The area bounded between the curves y = f(x) and 
y = g(x) is given by 


f [ftà - gto 


where x = a, x = b are the abscissae of the point of 
intersection of two curves y = f(x) and y = g(x) and 
f(x) > g(x) V x e (a, b) 
Note: If y changes sign in [a, b], obtain the area of each part 
separately and then add after taking their modulus. 
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Selected NCERT Questions 


1. Using integration, find the area lying above x-axis and included between the circle x? + y? = 8x 





and inside the parabola y? = 4x. [CBSE 2019 (65/1/1), CBSE 2020 (65/2/1)] 
Sol. Given equation of curves: 
xy -8: 2 x-8xey!20 => (x-4 +y -(4y idi) 


It is circle with centre (4, 0) and radius 4. 
and given parabola y? = 4x (i) 
On plotting these two curves, we have the required region (shaded) OAB. 
Points of intersection of the curves (i) and (ii) are Y 

O(0, 0) and A(4, 4) in the first quadrant 





A(4,4) y-4x 





4 8 
Area of shaded region | y, dx * J y, dx 
0 4 
4 8 , 
A = J JAxdx * | (A4)? - (x — 4)? dx * 
0 4 
4 8 
2 f yxdx+ | (4)? — (x - 4? dx 
0 4 
8 
ESA fie + e (225) y 


4 





22x Zip 





4 4 ET 
$xs+[5 x0+8sin (1)-0-0| 


32 1 go tq) = 32. n 
3 *8sin (1) = 3 TER 


Required area = | + an) sq. units. 


2. Using integration, find the area of the greatest rectangle that can be inscribed in an ellipse. 
[CBSE 2019 (65/4/1)] 


Sol. Let ABCD is the required rectangle whose area to be 
found. 


Let OB makes angle 0 with positive direction of x-axis. 
Then co-ordinate of the point B is (a cos 0, b sin 0). 


Area of rectangle OPBQ = ab sin 0 cos 0 
So, ar (ABCD) = 4 x ar (CJOPBQ). 
T 


x x 
z ; _4ab?, 
4f ab sin 8 cos 0 d0 = ^5 | 2sin ð cos 0 dO 
0 0 





n T 
z x 
= 24b Í sin20 dd = 2ao| 5529 a 
0 2 0 


T 
= -ab[cos20]* = -ab[cosn - cos0]= — ab(-1 —1) = 2ab. sq. units. 


3. Find the area of the region enclosed between the two circles x^ + y? = 1 and (x - 1)? + y? - 1. 
[CBSE 2013; (AI) 2008, CBSE 2019 (65/3/1)] 
OR 
Find the area of the region enclosed between the two circles: x^ + y^ = 4 and (x - 2)? + y? = 4. 
[CBSE Delhi 2008, 2013] 
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Sol. 


Sol. 


Sol. 


The equations of the given curves are 
xX+y =l ...(i) 
and =i) Y*(y- 0) ...(ii) 
Obviously, curve (i) is a circle - centre at (0, 0) and radius 
1 while curve (ii) are circle having centre at (1, 0) and radius 1. y; 


Shaded region is required region which is symmetrical about 

x-axis. 

Now for intersection points (7) and (ii) are solved as 
(x-1p«1-x-21 





x -2x+1-x=0 => x= 
1 73 A) 
227 
Hence, area of required region = 2 x area of OABO = 2 [area OAEO + area EABE] 
- lf p^ 41-(x-1)? dx b y1- x!dx| 


1/2 


> Anald.o-nvine=97] [rne (E59 Bic ren GJ, 
= a=|[- B s sint- 5) sin] ditm - 2 -s(1) 


d. amd 
2 74775 


So, coordinates of A are (i 








4 2 








_ J/3 TIT, ua, /3 m [2n J/3 2 
> A=- 4 ^6'2'2-4-6^|3- 2 |5qwits. 
à OR 
Solution is similar as above. Ans. om 24/3 sq. units 


3 
Find the area of the region 


(œ, y):0 <y <x +1,0 <y <x+1,0 <x <2} 
Let us first sketch the region whose area is to be found out. This region is the intersection of the 
following regions. 

A, ={(x,y):0<y <x +1)}, A= {(x,y):0<y<x+1}, 
and | A42í((x y):0xxx2] 


The points of intersection of y = x? + 1 and y = x + 1 are points 
P (0, 1) and Q (1, 2). From the fig., the required region is the 
shaded region OPORSTO whose area 


= area of the region OTQPO + area of the region TSROT 
= (on dx- f G1) dx 
1 
(3+1)-0 


nen 


2 
Find the area of smaller region bounded by the ellipse — zi zt =1 and the line = + L- 1. 
a?” 


x 





1 


$ 
[uU 


2 


1 


—- Sq. units 























Je«a-(L«)]-2 


3. 42 
y 
The given curve — + m = 1 represents an ellipse with centre at origin, major axis of length 2a, 
a 


minor axis of length 2b and vertices (+ a, 0) and (0, + D). 


The line of equation is ^ * ; zT 


Application of Integrals 305 


Point of intersection of ellipse and line are A(a, 0) and B(0, b). Y 


Required Area = Area of OACBO - Area of OADBO 
ge y 

= (Area under the curve — + E = 1, x-axis, x = 0 and x =a) 
ü 

































- (area under the line + 7 1, x-axis, x = 0 and x =a) der 5 BU x 
ab a 
= (ae tes eae 
o 4 49 
b[x mr P. x C b EI 
==] = € + = — = 
a2Y4*-X +5 sin 7 pa ax —~5 : y 
b a? j b a? ) 
= — — oin = + = d icm 
zlo» j sin 1}-[0 ol Alc 5 0 
| ab oo (5 1) it 
=r > rao 71) sq units. 


6. Using the method of integration find the area bounded by the curve |x|+|y|=1. 


Sol. The given curve can be redefined in the form of 4 straight 


lines as 
xty=1 
—xty=1 
—x-y=1 
x-y-1 


Required area = 4 x area OABO 


= 4 (area between line AB, x-axis, x = 0 and x =1) 
2 1 


3 
x- =4 
2 | 








ex | iena 
0 








12 
E ES - ol =2 sq. units. 


7. Find the area bounded by curves {(x, y) : y 2 x°, and y = |x|}. 
OR 
Find the area of the region {(x, y):x < y < |x|}. [CBSE (AI) 2013] 
Sol. The required area is bounded between two curves y = x° and y = |x|. Both of these curves are 
symmetric about y-axis and shaded region in the figure shows the region whose area is required. 
Therefore, the required area 
A= 2 x area of the region R; 
Now, to find the point of intersection of the curves y= | x | and y=x*,wesolve them simultaneously. 
Clearly, the region R; is in the first quadrant, where x > 0 
|xj=x > y-x (1) 
and ysx ...(ii) 
Solving these two equations, we get, x = x? 
=> Eitherx=0 or x=1 
The limits are, when x = 0, y= 0 and when x =1,y=1 


So, the points of intersection of the curves are O (0, 0) and A(1, 1,). 





Now, required area = 2 area of the region R, 
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ll 








2 3 
1 2 x x 
= 2f (x-2x°) dx = 2) - 
2 8L 
ze das. cent 
cosy Wr Sm 








8. Find the area of the region {(x, y) : ^ < 4x, 4x” + Ay? < 9}. 


2 [(y of the line y = x) - (y of the parabola y = x°)] dx 


[CBSE Compartment 2017, CBSE 2019 (65/4/1)] 
Sol. Required area is bounded by the circle 43? + 4y* = 9 and the parabola y* = 4x. It is interior to both 


these curves. 

Given circle is 4x? + 4y? =9 (i) 
and the given parabola is y? = 4x .. (ii) 
Now, y^ 2 4x and 4x? + 4j? = 9 meet at x of 
4x°+ 16x = 9, i. e, Ax? + 16x -9 =0 


| -16+ 2564144 -16+20 1 9 


8 8B ^o 2" 2° 
But distance can't be negative, therefore, the two curves meet 





at r55. 


Required area = 2 dn (OACO) + area (ABCA)] 


af vice T [9- = is 





Required area = 





























xia o 32 figs 
=2x2 2 - -x° dx 
snl, 72 V\2 
3 3/2 3/2 
= 3|() =0 £213 n om 
32 p i ux ^u TT 
-8 1. 3 d CP ee | 
7375 5; *20*gsin (1)- 4747990 (1/3) 
242 om /2. 9 ij (1) - 5.2 Psi (1) i 
BE 12^2- 48^ !3]*8 6 48m |3/5q units. 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. The area enclosed by the circle x? + y^ = 2 is equal to 


(a) 4x sq units (b) 2/2n sq units (c) 4i? sq units 


2 2 


2. The area enclosed by the ellipse - * "t = ] is equal to 
a 


(a) nab sq units (b) x ab sq units (c) na? b sq units 


[NCERT Exemplar| 


(d) 21 sq units 


[NCERT Exemplar| 


(d) c ab? sq units 


Application of Integrals 307 


10. 


11. 


12. 


13. 


14. 


15. 


The area of the region bounded by the y-axis, y = cos x and y = sin x, 0 < x < 2 is 


[INCERT Exemplar] 
(a) /2 sq units (b) (/2 +1) sq units (c) (V2 -1) squnit (d) (2/2 -1) sq units 
The area of the region bounded by the curve x? = 4y and the straight line x = 4y - 2 is 
[NCERT Exemplar| 
3 : 5 7 9 : 
(a) g 94 unit (b) g 9d unit (c) g 94 unit (d) g 94 units 


The area of the region bounded by the curve y = /16- x? and x-axisis [NCERT Exemplar] 


(a) 81 sq units (b) 20r sq units (c) 16r sq units (d) 256n sq units 

Area of the region in the first quadrant enclosed by the x-axis, the line y = x and the circle 

x+y? = 32is [NCERT Exemplar] 

(a) 16r sq units (b) 4n sq units (c) 32x sq units (d) 24 sq units 

Area of the region bounded by the curve y = cos x between x -0Oand x 2 xis [NCERT Exemplar] 

(a) 2 sq units (b) 4 sq units (c) 3 sq units (d) 1sq unit 

The area of the region bounded by the curve x = 2y + 3 and the lines y = 1 and y = -1is 
[NCERT Exemplar| 

(a) 4 sq units (b) 3 sq units (c) 6 sq units (d) 8 sq units 

The area of the region bounded by the curve y = x? and the line y = 16 is 

37 64 128 

(a) 3 sq units (b) 3 5q units (c) 3 3d units (d) 73 8d units 

The area of the region bounded by the curve y? = 9x, y = 3x is 

(a) 1squnit (b) i sq unit (c) 4 sq units (d) 14 sq units 

The area of the curve y = sin x between 0 and 7 is 

(a) 2 sq units (b) 4 sq units (c) 12 sq units (d) 14 sq units 


The area of the region bounded by the curve ay? = x’, the y-axis and the lines y = a and 
y -2ais 
(a) 3 sq units (b) ie [2 x 225-1 | sq units 


(c) S422 | sq units (d) 1 sq unit 
The area enclosed by the curve x = 3 cos t, y = 2 sin t is 
(a) 4r sq units (b) 6r sq units (c) 14r sq units (d) 7x sq units 


The area of the region bounded by the curves x = ať and y = 2at between the ordinate 
corresponding to t = 1 and t = 2 is 


3 a’ sq units (c) 5x sq units (d) None of these 


(a) Ta sq units (b) 


The area of a minor segment of the circle x? + y? = a’ cut off by the line x = 2 is 


2 2 
(a) s(n - 3/3) sq units (b) Tan - 3) sq units 


2 
(c) 0m - 4) squnits (d) None of these 
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16. The area of the region bounded by the curve y = x? and y = x + 6 and x = 0 is 
(a) 7 sq units (b) 6 sq units (c) 10 sq units (d) 14 sq units 
17. The area under the curve y = 2/x included between the lines x = 0 and x = 1 is 


(a) 4 sq units (b) 3 sq units (c) 4 sq units (d) None of these 


18. The area under the curve y = /a?^ - x° included between the lines x = 0 and x = a is 
2 2 


(a) T sq units (b) ^ sq units (c) na sq units (d) 4n sq units 
19. The area of the region bounded by the triangle whose vertices are (—1, 1), (0, 5) and (3, 2) is 
(a) E sq units (b) 15 sq units (c) 4 sq units (d) 10 sq units 
20. The area of the region bounded by the line y — 1 = x, the x-axis and the ordinates x = — 2 and 
x=3 is 
(a) i sq units (b) Z sq units (c) Z sq units (d) 1e sq units 
Answers 
1. (d) 2. (b) 3. (c) 4. (d) 5. (a) 6. (b) 
7. (a) 8. (c) 9. (b) 10. (b) 11. (a) 12. (b) 
13. (b) 14. (a) 15. (a) 16. (c) 17. (c) 18. (a) 
19. (a) 20. (c) 


Solutions of Selected Multiple Choice Questions 
ii 
1. Area = 4T 42 - x! dx 
0 


/2 
= (327 x + sin! 75) = 27 sq units 


3. We have, Y-axis i.e., x = 0, y= cos x and y = sin x, where < x € 


; 4 : 
^ Required area = [id (cosx — sin x)dx 


: /4 4 
= [sinx] + [cosx]; 


zOW 0n T 
= (sin - sino) « (cos A - cos 0) 








“aa 
= “1+ Fe 2-1 sq units. 


6. We have, area enclosed by x-axis i.e., y = 0, y = x and the circle x? + y? = 32 in first quadrant. 





Since, xX + (x)? 232 [y=] 


=> 2x? = 32 => x=+4 
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So, the intersection point of circle xX + y = 32 and line y = x are (4, 4) or (- 4, 4). 
and x.y- (4/2)? 

x + (0 =32 [-7y20] 
= X cux 4/2 


So, the circle intersects the x-axis at (£442, 0). 


4 4/2 
Area of shaded region = f xdx+ | y 442)? - x! dx 
0 4 




















4 2 4/2 
E SES z—3, 0/2) a x 
-[|*2V442* -x + z Sin A42 |, 
.. 16 4/2. . 1 (4⁄2) 4 2 B . 1 4 
=- 5 0*16sin aJ» 2 (4/2)? - 16 - 16sin aJ 





8«[16-2 -2-/16 -16-7] = 8 [81 - 8 - An] = 4x sq units. 


ll 


7. Required area enclosed by the curve y = cos x, x 0andx-mis x 


2 
A= ii cosx dx + 





T 
f p COS xdx | 


[sin5 -sin0|+|sin 5 - sinz. 


1+1=2sq units. 


8. Required area, A = ik (2y + 3)dy 


-Br 
12 





+ 3y 


-1 


1 
= [syl 
=[1+3-1 +3] = 6 sq units. 





Fill in the Blanks 


The area of the region bounded by the curve x = y’, y-axis and the line y =3 and y =4is 
The area bounded by the curve y = sin x, x-axis and the ordinates x = 0 and x = n is 


The area of the region bounded by the curve y = x — x” between x = 0 and x = 1 is 


2 2 
4. The area of the region bounded by the ellipse 28 * m =1 is 
Answers 
37 


1. sq. units 2. 2 sq. units 3. laq unit 4. 20r sq. units 


3 
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Solutions of Selected Fill in the Blanks 





1. Required area 


4 
A= [xdy 
3 





=Jy iy =|] - 3 


= EF ST panne 
TUUS a 





T T 
2. Area= f y dx 7 | sinx dx =[-cosx]j 
0 0 


= - [cosz - cos0] = - [-1 -1] 


= 2 sq. units. 


Very Short Answer Questions 


1. Sketch the region {(x, 0): y = y4- x^) and X-axis. Find the area of the region using integration. 








[NCERT Exemplar| 
Sol. Given region is ((x, 0) : y = /4 - x? | and X-axis. 
We have, ys44A-x^ > y!-A-x! > x.4yi-4 
Area of shaded region, A = i y4-x dx = È 42? - x! dx P" 
" " 
zm. 37 adt 
ad |) 2° -—x + 2 sin 2]; 
= 2.0«2.5.«2.0- 2sin ^ (-1) 
n n : Y 
52:7 +25 = 2n sq units. 


2. Determine the area under the curve y = /a^ -x° included between the lines x = 0 and x = a. 
[NCERT Exemplar] 


Sol. Given equation of thecurveis y= ya*-x’. 
Ex P=- yt 


Required area of shaded region, A = [is Ja? -x° dx 


2 a 

x aA . 4X 
a Ier sns] 
0 
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3. Find the area bounded by the curve y = sin x between x = 0 and x = 27. [NCERT Exemplar] 
Sol. Required area = i" sinx dx = b sinx dx * | figi sinx dx | 
= — [cos x] + | [- cosx f" | 
= —[cosm—cos0]+|-[cos 2r - cos7]| 
=-[-1-1]+|-@+0| 
=2+2=4sq units. 


Long Answer Questions 


1. Find the area of the following region using integration {(x, y) : y < |x| + 2, y 2 x°} 





[CBSE 2020 (65/3/1)] 
Sol. We have given regions 
lx y :vs |x| +2,y 2x} 
Now, we have, y< |x| +2 (i) 
and usa ...(ii) 
On plotting inequalities (7) and (ii), we get the required region Y 
(shaded) OABC. 
Now, points of intersection of the curve (i) and (ii), are (-2, 4) 
and (2, 4). 


Here, region is symmetric about y-axis 


' Area of required region OABCO = 2 x area of region OABO 





“ Area = 2 f ((2)- xtd 
0 














-2 T *2x- x [= 2] iaa 2-0 
- 22«4- i 2(6- J 2 sq. units. 
2. Using the method of integration, find the area of the region bounded by the lines 
3x -2y + 1 = 0, 2x + 3y -212 0 and x - 5y +9 = 0. [CBSE Delhi 2012, 2019 (65/4/1)] 
Sol. Given lines are 
3x-2y+1=0 (i) 
2x +3y-21=0 .. (Hi) 
x-5y+9=0 (Hit) 


For intersection of (i) and (ii) 
Applying (i) x 3 + (ii) x 2, we get 
9x - 6y + 3 + Ax + 6y 42-0 


5 13x-39=0 2 x=3 
Putting it in (7), we get 
9-2y+1=0 


=> 2y-10 => y-5 
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Sol. 


Intersection point of (i) and (ii) is (3, 5) 
For intersection of (ii) and (iii) 
Applying (ii) — (iii) x 2, we get 

2x + 3y -21 - 2x + 10y - 18 =0 
=> 13y-39=0 > y=3 
Putting y = 3 in (ii), we get 

2x+9-21=0 
> 2x-12=0 => x=6 
Intersection point of (ii) and (iii) is (6, 3) 
For intersection of (i) and (iii) 
Applying (i) — (iii) x 3, we get 

3x- 2y +1-3x+15y-27=0 
=> 13y-26=0 > y-2 
Putting y = 2 in (i), we get 

3x-4+1=0 > x=1 

Intersection point of (i) and (iii) is (1, 2). 





With the help of point of intersection we draw the graph of lines (i), (ii) and (iii) 


Shaded region is required region. 


3 6 6 
.. Area of required region = | Sila +f DEUM =f 2H dy 
1 3 1 


3? 3 26 6 16 9 6 
= 5 J xdx+ jJ dx- S | xdx*7] dx- g] xdx- .] dx 
1 1 3 3 1 1 





259 276 246 
- [2] ien 315 nei 302] - t 
3 1 2 1 9 
= Oto elec (96«9)*7(63) 34 961) c (5-1) 


-6x1-9«21-2-9-10-2 - 207. 8 
Find the area of the region ((x, y) : x? + y^ < 4, x + y 2 2. [CBSE (AI) 2012] 
Let R = (x, y) : 33 +4 x4,x ey 22) 
> R2 ((x):x «y s4n(xy:x-yz2) 


Lê; R = R, A Ry, where R, = {(x, y): + y < 4} and 
Ry ={(x,y): x+y 22} 





sq units. 


For region R, 

Obviously x? + 1? = 4 is a circle having centre at (0,0) and 
radius 2. 

Since (0,0) satisfy x^ + y? < 4. Therefore region R, is the X 
region lying interior of circle x? + ^ = 4 


For region R, 





Y'! 


Application of Integrals 3 1 3 


x + y = 2 isa straight line passing through (0, 2) and (2, 0). Since (0, 0) does not satisfy x + y 2 2 
therefore R, is that region which does not contain origin (0, 0) i.e., above the line x + y = 2. 
Hence, shaded region is required area. 

Now, area of required region 


| (ae de | caddie 

0 0 

h /A- d + lagi (X f 2 
2xXv4-x z 4sin (D| -221+ 


= 2x5 -4+2=(r-2)squnits. 





x? i 4 
zx Q4. nM. E _ 
2h- [2sin 1-0]- 2[2 o+ o] 





4. Find the area of the region included between the parabolas y^ = 4ax and x” = 4ay, where a > 0. 
[CBSE (AI) 2009; (F) 2013] 


Sol. Given parabolas are y. =4ax ..(i), v= 4ay (ii) 


Obviously, curve (i) is right handed parabola having vertex at (0, 0), while curve (ii) is upward 
parabola having vertex at (0, 0). 


Shaded region is required region. 


For coordinate of intersection point A, (i) and (ii) are solved as 


22 
(5) = 4ax => x= 64a%x 
4a 

=> x(x3- 640°) =0 => x=0 or P-640°=0 
> x=4a and y=4a 


Hence, coordinate of A = (4a, 4a). 





X’ 
Therefore, area of required region 


= area of OCABO - area of ODABO 
2 A/a 3 14 
ET "iA. i a2 X 
= h V4axdx-[) dx > A 3 * ima |, 
A= 4V4 (aa _ (4a)? _ 324? 16a? _ 16a? 
3 


12a 3 3 3 


5. Find the area of the region in the first quadrant enclosed by the x-axis, the line y = x and the 
circle x? + y? = 32. [CBSE Delhi 2014, CBSE 2020 (65/4/1)] 


Sol. The given equations are 
y=x (i) 
and x..-232 (ii) 
Solving (i) and (ii), we find that the line and the circle meet at 
B(4, 4) in the first quadrant. Draw perpendicular BM to the x-axis. 








— sq units. 


Therefore, the required area = area of the region OBMO + area of i 
the region BMAB. 


Now, the area of the region OBMO 





= f ydx= ff xdx= 1x =8sq.units (ii 


Again, the area of the region BMAB 


= e y dx= (7 V2 x dx =| Loa i! e x 32 x sin S 
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_{1 1 ced 4 RS oe 
= (F4y2x0+4%32xsin 1)-($v32=16 + 5 % 32 x sin a 


= 8r — (8 + 47) = 4n - 8. (iv) 
Adding (iii) and (iv), we get the required area = 4r sq units. 


6. Find the area of that part of the circle x? + y’ = 16, which is exterior to the parabola y? = 6x. 
[CBSE (AI) 2008] 


Sol. Given curves are 
xX +y =16 ...(i) 
y. = 6x (ii) 
Obviously curve (i) is a circle having centre at (0, 0) and 
radius 4 unit. While curve (ii) is right handed parabola ,, 


having vertex at (0, 0) and axis along +ve direction of 
x-axis. 


Required part is the shaded region. 
Now, for intersection point of curve (7) & (ii) 

x^ 6x 2 16 => x +6x-16=0 
=> x°+8x-2x-16=0 > x(x + 8)-2(x+8)=0 
> (x + 8) (x-2)=0 





=> x=-8 or2 [^ x =—8 is not possible as y? is +ve] 
x=2and y=+712 =+2/3 
Hence, coordinate of B is (2,243) : 


*" Shaded region i.e., required part is symmetrical about x-axis. 


<. Area of required part= 2 [area OBEDO] 
= 2 [area DEBFD - area OBFO] 


2| 5 16 i2 dx - Vox dx | 
XA uii 


2 


i 2 
— 246. 2 [o7]; 
-4 








(2 x /12 + 16sin i.c 4) x0 + 16sin" (- 1) - 4$ p.43 - o] 





_(8 _ 16 
- (3s) (6-5 
- (21-473) sq units. 


7. Find the area of the region included between the parabola 4y = 3x? and the line 3x - 2y + 12 = 0. 
[CBSE (AI) 2009, (F) 2013] 
3x? 


Sol. Given equation of parabola 4y = 33? — y= E s (i) 


and the line 3x-2y 41220 > 2171. -y ah 





Application of Integrals 3 1 5 


The line intersect the parabola at (—2, 3) and (4, 12). 
Hence, the required area will be the shaded region. 


4 44,2 
Required area = | AC. f Bua 


E E a 
E tor] 


= (12 + 24 - 16) - (8 - 12 +2) 


= 20 + 7 = 27 square units. 








8. Using integration, find the area of the following region: 
(6,3): | x- 1|] y E /5- x) [CBSE Sample Paper 2017; Delhi 2010] 
Sol. We have provided ((x,y):| x-1| Sy S 4/5 - x1] 

Equation of curve is y- /5- x? or y x25, 
which is a circle with centre at (0, 0) and radius > ; 
Equation of line is y = |x - 1 | 
Consider, y-x-1 and y= Jc 
Eliminating y, we get x-1 = J|5-x 








 x41-2x25-x > 2x°-2x-4=0 Y 
=> x-x-2-0 => (x-2)(x-1)= 
=> x=2,-1 


The required area is 


= (iV 5- xHdx- [i (-xt1)dx- ff (x-1dx 






































2 5 1 " 2 
X cd acp gp EE- B2 
2v? x *5sin 5l 2L E a! 
= reet jen Baint - X]- (3a. Le)- (2-2-4+1] 
5f a- 2 ail 1 25 erl 2 il il 4 1 
= (sin a ier 2-55 z sin 5 PECES i-£-H 
5|. 34[4,1 1.5.4 1 
= 1) — 
pu (£41). a 99m 5 








Sr e 
=|% 3) sq units. 


9. Find the area of the circle 4x? + 4j? = 9, which is interior to the parabola x? = 4y. 


[CBSE (AI) 2010] 
Sol. Equation of circle and parabola is 
4x? +4y?=9 => trys (i) 
à 
z$-4 > y ...(ii) 
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10. 


Sol. 


Obviously given circle have centre at (0, 0) and radius i, while 


given parabola is upward parabola having vertex at (0, 0) and 
axis along +ve direction of y-axis. Shaded region is required 
region which is symmetrical along y-axis. 
By putting value of equation (ii) in equation (i), we get 

22 
Ax? + 4t) -9 





4 
=> x* + 16:2 - 36 =0 > (x? + 18) (2 - 2) 20 
=>  xX+18=0, 6-220 > x= 18, x=+,/2 


=> x-2tJ2(- x? = 18 is not possible i.e., intersecting points are (-/2,1/2), (V2, 1/2)) 
Required area = 2 [area of OABCO - area of ODBCO] 


al /2- - x? dx — Xs 


gy (2-2 +2 sn 5] - E 3 


al 
AAs Pint 282 ¥ v2 -(2 + Sint 242) 


4 8 








T 











sq units. 


Using integration, find the area of the triangle ABC, co-ordinates of whose vertices are A(4, 1), 
B(6, 6) and C(8, 4). [CBSE (AI) 2010, 2017] 


Given triangle ABC, coordinates of whose vertices are 
A(4, 1), B(6, 6) and C(8, 4). 


Equation of AB is given by 
_ 6-1 L9 
y-6-6-4(-0690ry-75x-9 
Equation of BC is given by 





-4-6 - 
y-4-g-ge-8)ory--x*D2 


Equation of AC is given by 








y-4- FT (e-8)ory=Sx-2 
Area of AABC = area of trap. DABE + area of trap. EBCF — area of trap. DACF 


- (8 x- 9 jac C x1) dx — NE x- 2) ax 

















6 8 
= Bae & ae g 3|x^ 8 
= 5|5 --oeat-[=] ,* Bbde- 4 2 Mar 
5 1 3 
= 486-16) -9(6 - 4) - 564 - 36) + 12(8 6) - (64-16) +8 
= 2x20- 18-25 + 24-3 x4848 


= 25-18-14+ 24 - 18 + 8 = 7 sq units. 
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11. Using integration find the area of the triangular region whose sides have equations y = 2x + 1, 
y 23x *1andx-4. [CBSE Delhi 2008; 2011] 


Sol. The given lines are 


y=2x+1 ...(1) 
y-3x41 (i) x 
st 14 
x=4 ... (iil) 13 
For intersection point of (i) and (iii) be 
y=2x44+1=9 10 






Coordinates of intersecting point of (i) and (iii) is (4, 9) 
For intersection point of (ii) and (iii) 
y=3x4+1=13 


i.e., coordinates of intersection point of (ii) and (iii) is (4, 13) 


Nwoh O1 O NO 


For intersection point of (7) and (ii) 


K = 


2x+1=3x+1 > x=0 
y=1 
i.e., coordinates of intersection point of (7) and (ii) is (0, 1). 
Shaded region is required triangular region. 


" Required area = area of trapezium OABD - area of trapezium OACD 


* [2 
P VM 


2 
33 +y 2 


2 


0 
= [Q4 + 4)- 0] - [(6 + 4) - 0] = 28 — 20 = 8 sq units. 
12. Find the area of the region bounded by the parabola y? = 2x and the line x — y = 4. [CBSE (F) 2013] 


Sol. Given curves are y. -2x wli) 


= | Gx+1)dx- | (2x+1)dx = 














0 


and x- y= 4 (il) 
Obviously, curve (1) is right handed parabola having vertex 
at (0, 0) and axis along +ve direction of x-axis while curve 


(ii) is a straight line. 














For intersection point of curve (i) and (ii),we get x 
(x - A. = 2x 
> x- 8x +16 = 2x => x-10x+16=0 
> xi-8x-2x-16-0 => x(x-8)-2(x-8)-0 
— (x -8) (x-2) 0 => x=2,8 
> y =-2,4 
Intersection points are (2, —2), (8, 4) 
Therefore, required area = area of shaded region 
= fuda- dy = yea EL 1 
E 2 
1 
= .[64 - 4] - 2 (64+ 8] - 30-2 - 18 sq units. 
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13. Using integration find the area of the region {(x, y) : x" + y? < 2ax, y^ 2 ax, x, y = 0}. 
[CBSE Delhi 2016] 


Sol. Given region R is R = {(x, y) : xb y? < 2ax, l'a > ax, x, y =O}. 
=> R=R AR, AR, where R, = {(x, y) :x? + y < 2ax}, 
R, = {(x, y) : y 2 ax} and R; = {(x, y) :x > 0, 2 0] 
Obviously, x + y =2ax > (x-a + (y - OP =a isa 

circle having centre at (a, 0) and radius r = a. 

Therefore the region R} = {(x, y) : x? + y? < 2ax} is the 
region inside the circle with centre (a, 0) and radius a. 
Also y* = ax is right handed parabola with vertex at 
origin. 

So, region R, = {(x, y) : y? > ax} is the region out side 
parabola. 





Also, R; = {(x, y) : x 2 0, y 2 0] is region in first quadrant. 
Hence, R = Rj A R} A R, is the shaded region shown above in figure. 
Now for co-ordinate of A, we solve y - ax and x? + y’ = 2ax as follows 


x? + ax = 2ax [Putting y? = ax] 
x?-ax-0 > x(x -— a) = 0 > x=0,a 
For x-a,y-a 


Hence, co-ordinate of A is (a, a) 
z. Required area = n y2ax - x? dx - [s Jax dx = n J/- -2ax * à? — a?) dx - val x? dx 


3/2 Y 
= fece das fa] e crate Stn 
0 
i 2 
je a) ya? — (x «Less (* 7) -2 


poetaj 


14. Find the area of the region {(x, y): x? + y! <1< x+y}. [CBSE (F) 2017] [HOTS] 


Sol. The required area is the area between the circle 

















3 4" 3 





2? n, mim s 
-l2^753/ Sq units. 





x+y =l ...(i) 
and line x+y=1 .. (ii) 


Circle (i) has centre (0, 0) and radius 1. Line (ii) meets x-axis at 
A(1, 0) and y-axis at B(0, 1). The circle (i) also passes through A m 
and B. Hence, points of intersection of (i) and (ii) are A(1, 0) and 
B(0, 1). 


Required area = i J1-x*4x- b (1- x)dx 





l= l 
x.y1-x ie 
= |= — +=sin x 


2 2 


\- 











0 


1 [n 1 f 
2-147959 Sq unit. 


1 
72 





T 
2 


Application of Integrals 3 1 9 


15. Using integration find the area of the triangle formed by positive x-axis and tangent and 





normal to the circle x? + y? = 4at (1, /3). [CBSE Delhi 2015] 
Sol. Given circle is x? + y* = 4 
dy 

> 2x + 2x -0 [By differentiating] 
a UM 

dx y 
Now, slope of tangent at (1, y3) = dy = 

dxla ys v3 


-. Slope of normal at (1, /3) = 73 


Therefore, equation of tangent is 


yas 

x-1 B 
= xt+/3y=4 ... (i) 
Again, equation of normal is 

ns 

— eus -y-J32—0. xxi) 











To draw the graph of the triangle formed by the lines x-axis, (i) and (ii), we find the intersecting 
points of these three lines which give vertices of required triangle. Let O, A, B be the intersecting 
points of these lines. 


Obviously, the coordinate of O, A and B are (0, 0), (1, /3 ) and (4, 0) respectively. 


Required area = area of triangle OAB = area of region OAC + area of region CAB 


























- fy dx [y dx [Here in 1st integrand y= /3x and in 2nd y= i 
1 44-x 2f 1 E 
E 3xdx- dx = 43 - 
bv h V3 2h V3l 2 h 
dm. 1 | 9| /3. 9 12 
- - 0- | + = = 2/3 sq units. 
2 fl 2| 2978 2/3 /3 sq uni 


16. Using integration, find the area bounded by the tangent to the curve 4y = x’ at the point (2, 1) 
and the lines whose equations are x = 2y and x = 3y - 3. [CBSE Sample Paper 2016] 
Sol. Obviously 4y = x? is upward parabola having vertex at origin. 
Now 4y = x? 


d d d 
ux 4- >» Bod » S| =-1x2=1 
dx dx 2 dx (2,1) 2 





=> Slope of tangent at (2, 1) to given curve 4y = x? is 1. 





y-1_ 
—5-1 
x- 


Equation of tangent = - 
=> y-1- 


2 > y-x-1 
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17. 


Sol. 

































































































































































































































































































































































































































































































































































































































































































































































































































































2 DA 
5 x2 = 4y x 
- 2) 
NS 
4 $ 
US 203 
B M 
2 YB (6, 3) 
2 
a AQ.) 
EON 
O TR gg S REG 
t M N 
Now, for graph of x = 2y Also for graph of x = 3y - 3 





After plotting the graph, we get shaded region ABC as required region, area of which is to be 
calculated. 

After solving the respective equation, we get 

Coordinate of A = (2, 1); B=(6,3); C=(3, 2) 

Now, the required area - area of shaded region ABC 


= ar(region ALMC) + ar(region CMNB) - ar(region ALNB) 

















3 64 6 
- j æ-Dar+ |*= ax- f Sax 
2 3 2 
| d P os eT 
=|—— -x —|— x| == 
2 5 3|2 b 2|2 " 
9 4 11/36 9 1 
7 [E 3-6 E *3 (5 +18)-(5+9} E A 














3,1 27 3 45 ‘ 
= >+ - -8=—+— -8= . 
2*3 [36 2 | 8 2'6 8 = 1 square unit 


Prove that the curves y? = 4x and x? = 4y divide the area of the square bounded by x = 0, x = 4, 

y = 4 and y = 0 into three equal parts. [CBSE Delhi 2009; (Central) 2016, NCERT Exemplar] 
OR 

Find the area of the region bounded by the curve y? = 4x and x? = 4y. [NCERT Exemplar] 


We plot the curves y? = 4x and x? = 4y and also the various areas of the square. 
To show that area of region I = II = III 


4 4 
Area of region [= f Adx — f 2/x dx 
0 0 
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4 
x? 


4-257 








0 





= 16- k x8 = E square units 


4 4 2 
Area of region II = 2f x dx- Í PL. 
0 0 


4 




















lw ae 
megt 49 
4 64 
=— X8 — 
3 12 j 
128-64 64 © ^ 
12 12 ^ 3 Square units 
4 2 37 
: x 1x | _ 64 1 : 
Area of region IIT = i 4 dx 12] 12 3 9quare units. 


Thus, the curves y? = 4x and x? = 4y divide the area of given square into three equal parts. 


18. Find the area of the region {(x, y) : y? < 6ax and x? + y? x 164^], using method of integration. 
[CBSE (AI) 2013; (South) 2016, NCERT Exemplar] 


Sol. Corresponding curves of given region y 
x, y): v? € 6ax and x? + i? < 168?) are 
U(x, v) y à l y p (2a, 2582) 
x+y? = 16a (i) 
y = 6ax ...(ii) 


Obviously, curve (i) is a circle having centre (0, 0) and x 
radius 4a. While curve (ii) is right handed parabola 
having vertex at (0, 0) and axis along +ve direction of 
x-axis. 








Obviously, shaded region OCAB is area represented by 


y^ € 6ax and x? + y? < 166? Y 
Now, we find intersection point of curve (7) and (ii). 
x? + 6ax = 162? [Putting the value of y^ in (i)] 
> x + 6ax - 16a” = 0 => x4 8ax-2ax- 160? =0 
=> x(x + 8a) -—2a(x+8a)=0 = (x+ 8a) (x-2a)=0 
> x = 2a, — 8a => x=2a [.. x=-8ais not possible as y? is +ve] 


y= 23a 


Since, shaded region is symmetrical about x-axis 
Required area = 2 [area of OABO] 


2a 4a 
Ai Véax dx + | /16a* - x? dx 
0 2a 


=2 








2a 4a 
/6a | Vx dx * | y (4a)? - x? dx 
0 2a 





4a 
1 
$v 1607 -x7 +5 lén sin il 


2 A 
2V6a x zi? +2 l 
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- 4160 (ong — 0] +2 








(0 + 4a? x) -(2v30? +e 


8a? = 2 
- pud 
a „16an 


3 





EO 4/3 = 





19. Sketch the graph y =|x + 1|. Evaluate [lx+ 1|dx. What does this value represent on the 
graph? [HOTS] 


x+1l,ifx+1> 0 ie, x2 -1 


Sol. We have, yeleetie] 
—(x+1),ifx+1< 0 ie, x«-1 


So, we have y = x + 1 forx 2-1andy--x-1forx « - 1. Clearly, 
y =x + 1isa straight line cutting x and y-axes at (-1, 0) and (0, 1) 
respectively. So, y = x + 1, x 2 -1 represents that portion of the 
line which lies on the right side of x = -1. Similarly, y = - x - 1, 
x « - 1 represents that part of the line y = — x - 1 which is on the 
left side of x = -1. A rough sketch of y = |x + 1| is shown in fig. x 





Now, [glx t1ldx = [5 -(x+1)dx+ f] (e+ Dax 


(x+1)?7 7 
2 


(x +1)? 
2 


4 
2 











0- 








T $-o|-4 sq units 














-3 
This value represents the area of the shaded portion shown in figure. 


PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 


(i) The area bounded by the curve y = x |x|, x-axis and the ordinates x = - 1 and x = 1 is given 


b 
c 0 sq. units (b) i sq. unit ee 3 Sq: unit (d) a sq. units 
(ii) The area bounded by the curve y = | sin x |, x-axis and ordinates x = x and x = 107 is equal to 
(a) 8 sq. units (b) 10 sq. units (c) 18 sq. units (d) 20 sq. units 
(iii) ul area of the region bounded by the parabola y’ = x and the straight line 2y = x is 
@) i sq. units (b) 1 sq. unit (c) E sq. unit (d) 1 sq. unit 
(iv) The area of the circle x? + y? = 16 exterior to the parabola y? = 6x is 
(a) n - /3) sq. units (b) $n + /8) sq. units 
(c) (8n - /3) sq. units (d) (ex * 4/3) sq. units 
(v) Area lying in the first quadrant and bounded by the circle x? + y? = 4 and the line x = 0 and 
x-2is 
(a) T sq. units (b) S sq. units (Oi sq. units (d) i sq. units 
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2. Fill in the blanks. 
(i) The area of the region bounded by the curve y = x? + x, x-axis and the line x = 2 and x =5 is 
equal to 
(ii) The area bounded by the curve y = e*, x-axis and ordinates x = 0 and x = 2 is 
(iii) The area bounded by the curves y = |x|, and x 2 - and x = 1 is 

B Very Short Answer Questions: [1 mark each] 
3. Find the area bounded by the curve y = xX, x 2 2, x 2 3 and x-axis. 

4. Calculate the area under the curve y = 2,/x included between the lines x = 0 and x = 1. 
5. Find the area under the curve y = /x —1 between the lines x = 1 and x = 5. 

B Long Answer Questions: [5 marks each] 
6. Find the area bounded by the lines y = 4x + 5, y = 5-x and 4y =x +5. [NCERT Exemplar] 
7. Find the area bounded by the curve x? = 4y and the straight line x = 4y - 2. 

[CBSE Delhi 2010, 2013] 
Using integration, find the area of the region {(x, y)} : 9x? + y^ < 36 and 3x + y > 6. [CBSE (F) 2009] 
Find the area of the region ((x, y) : x° < y < x]. 
10. Find the area of the region bounded by the curve y = Ae and the line 3x — 2y + 12 = 0. 
11. Using integration, find the area of the triangle ABC, where A is (2, 3), B is (4, 7) and C is (6, 2). 
12. Make a rough sketch of the region given below and find its area, using integration: 
{(x, y) :0syszx -3;0syx2x € 3,0«x«3] 
13. Using integration, find the area of the triangle ABC, whose vertices have coordinates 
A (2, 0), B (4, 5) and C (6, 3). [CBSE (F) 2012] 
vus C LM _ XQ 
14. Find the area of the smaller region bounded by the ellipse ud * a 1 and the line $ * $^ 1. 
[CBSE Delhi 2010; (F) 2014] 
15. Using integration, find the area of the triangle formed by negative x-axis and tangent and normal 
to the circle x? + y? = 9 at (-1, 2/2). [CBSE East 2016] 
2 
16. If the area bounded by the parabola y* = 16ax and the line y = 4mx is a sq units, then using 
integration, find the value of m. [CBSE Ajmer 2015] 
17. Using integration, find the area bounded by the curves y =|x-1| and y 2 3-|x |. 
[CBSE Chennai 2015] 
18. Using the method of integration, find the area of the triangular region whose vertices are (2, 2), 
(4, 3) and (1, 2). [CBSE (North) 2016] 
19. Using integration, find the area of the region bounded by the curves y = /4- x?,3? + y? - Ax =0 
and the x-axis. [CBSE (F) 2016] 
20. Find the area of the triangle whose vertices are (-1, 1), (0, 5) and (3, 2), using integration. 
[CBSE 2019 (65/3/1)] 
21. Using integration, find the area of the triangle whose vertices are (2, 3), (3, 5) and (4, 4). 
[CBSE 2019 (65/1/3)] 
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22. Using integration, find the area of the following region: {(x, y) : x? + y? < 16a” and y? < 6ax} 


[CBSE 2019 (65/5/1)] 
23. Using integration find the area of the region bounded between the two circles x^ + y? = 9 and 
(x - 3 +y =9. [CBSE 2020 (65/5/1)] 
Answers 
1. (i) (c) (ii) (c) (iit) (a) (iv) (c) (v) (a) 
2. (i) 2. sq. units (ii) (€ — 1) sq units (iii) 1 sq. unit 


3. 2 sq units 4. t aq. units 5. 16 sq. units 6. Bsq, units 7. $5q units 


8. 3 (n — 2) sq. units 9. Leq unit 10. 27 sq. units 11. 9 sq. units 
50 : , 3n 

12. "sq. units13. 7 sq. units 14. |^5- - 3) sq. units 15. 9/2 16. m -24/2 

17. 4sq. units 18. 5 sq. units 19. (= - /3 | Sq. units 20. 5 Sq. units 21. is units 

22. (an + /3) 23. 2(3x E 953) sq. units 

SELF-ASSESSMENT TEST 
Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (3x123) 


(i) The area of the region bounded by the curve y = 2x - x’ and the line y = x is 
(a) » sq. unit (b) i sq. unit (c) i sq. unit (d) i sq. unit 


(ii) Using integration, the area of the region bounded by the line 2y = 5x + 7, x-axis and the lines 
x-2andx-8is 


(a) 90 sq units (b) 96 sq units (c) 40 sq units (d) 10 sq units 
(iii) The area of the parabola y* = 4ax bounded by its latus rectum is 
2 2 2 2 
(a) = sq units (b) 2 sq units (c) S sq units (d) cx sq units 
2. Fill in the blanks. (2x122) 


(i) The area bounded by x = 4 - y’ and y-axis is 
(ii) The area between x-axis and the curve y = cos x when 0 < x € 21, is 


B Solve the following questions. (2x 1=2) 


3. Ifthe area above x-axis, bounded by curves y = 2e x=Oandx =2is oa , then find the value 
oge 
of k. 


4. Find the area common to parabola y = 2x? and y = x? + 4. 
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B Solve the following questions. (2x 2=4) 
5. Find the area of the region {(x, y):x7+y?<1<xty}. 
6. Find the area bounded by parabola y? = x and straight line 2y = x. 

m Solve the following questions. (3 x 3 =9) 
7. Find the area of the smaller part of the circle x” + y? = a° cut off by the line x = d 


8. Find the area lying above x-axis and included between the circle x^ + i? = 8x and inside of the 


parabola y? = 4x. [CBSE Delhi 2008] 
9. Find the area enclosed by the parabola y? = x and line y + x = 2. [CBSE (AI) 2009] 
m Solve the following question. (2 x 5210) 
10. Using integration, find the area of the triangle ABC with vertices as A(-1, 0), B(1, 3) and C(3, 2). 
[CBSE (F) 2009] 
11. Using integration, find the area of the triangle ABC, where A is (2, 3), B is (4, 7) and C is (6, 2). 
Answers 
1. (i) (a) (i) (b) (iit) (b) 
2. (i) 2 sq. units (ii) 4 sq. units 
3.k=1 4. 4 sq. units 5, ia-1 sq. units 6. a sq. units 
a? 4 9 
7. at — 2) sq. units 8. 3 8 + 3n) sq. units 9. > Sq. units 
10. 4 sq. units 11. 9 sq. units 
Hil 
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Differential 
Equations 





BASIC 





CONCEPTS 


1. Definition: An equation involving the independent variable x (say), dependent variable y (say) 
and the differential coefficients of dependent variable with respect to independent variable i.e., 


2 
dy dy .... , etc. is called a differential equation. 
dx” dx?” 


d Zi d 
eg., E *4y- zy -3 a + 5y = x? are differential equations. 





2. Order and ms of a Differential Equation: The order of a differential equation is the order of 
the highest derivative occurring in the differential equation. 
The degree of a differential equation is the degree of the highest order derivative occurring in the equation, 
when the differential coefficients are made free from radicals, fractions and it is written as a polynomial 
in differential co-efficient. 


Example: Consider three differential equations: 





, ay dv) dv, dos dy y dy. 
(1) d t | d J- dix *y-0 (ii) —>=1+ Em (iii) ct s sin( 4) =0 
Solution: 


(i) In this equation, the highest order derivative is 3 and its power is 1. Therefore, its order is 3 and 
degree 1. 
(ii) In this equation, the differential co-efficient is not free from radical. Therefore, it is made free 
from radical as 
d dj (ay) dy d 
Ey gn LEE a Heg 


[Squaring both sides] 


qs CX Ee d dx 


Hence, order is 2 and degree is 2. 
(iii) In this equation order of highest order derivative is 2 therefore, its order is 2, but this differential 
equation cannot be written in the form of polynomial in differential co-efficient. 
Hence, its degree is not defined. 
[Note : The order and degree of differential equations are always positive integers.] 
3. Classification of Differential Equations: 
(A) Differential equations are classified according to their order: 


(i) First order differential equations: First order differential equations are those in which 
only the first order derivative of the dependent variable occurs. 
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(ii) Higher order differential equations: Differential equations of order two or more are 
referred as higher order differential equations. 
(B) Another classification of differential equations refers to its linearity means linear and non linear 
differential equations: 


Linear and non-linear differential equations: A differential equation, in which the dependent variable 
and its derivatives occur only in the 1st degree and are not multiplied together, is called a linear differential 
equation otherwise it is non linear. 

Note: Every linear differential equation is always of the 1st degree but every differential equation of the 1st 
degree need not be the linear differential equation. 

4. Solution of a differential equation: The solution of a differential equation is a relation between 
dependent and the independent variables which satisfies the given differential equation i.e., when 
this relation is substituted in given differential equation, makes left hand and right hand sides 
identically equal. 

Note: If any relation contains n arbitrary constants, then the differential equation of nth order will be obtained 
after eliminating all the arbitrary constants. 

5. General and particular solutions of differential equations: The general solution of a differential 
equation of nth order is a relation between dependent and independent variables having n arbitrary 
constants. 

The solution obtained from the general solution by giving the particular values to these arbitrary constants is 
called the particular solution. 

6. Forms of the solution of differential equations: The general solution may have more than one 
forms but the arbitrary constants must be same in the number. 

7. Formation of differential equations: By forming a differential equation from a given equation 
representing family of curves, means finding a differential equation whose solution is the given 
equation. If an equation, representing a family of curves contains n arbitrary constants, then 
we differentiate the given equation n times to obtain n equations. Using all these equations, we 
eliminate the arbitrary constants. The equation so obtained is the differential equation of the nth 
order for the family of the given curves. 

(i) If the given equation contains only one arbitrary constant then differentiate only one time and 
eliminate the constant then differential equation of the first order is obtained. 

(ii) If the differential equation contains two arbitrary constant then differentiate only two times and 
eliminate the constants, then the differential equation of the second order is obtained. 

8. Solution of differential equations: In this chapter, we shall only find the solutions of differential 
equations viz. differential equations with variables separable form, homogeneous and linear 
differential equations. 

9. Type 1: 

(A) Variables separable form: If in the given equation, it is possible to get all the terms containing 
x and dx to one side and all the terms containing y and dy to the other, the variables are said to 
be separable. 

Procedure to solve the differential equations with variables separable form: 
Consider the equation a = X.Y where X is a function of x only and Y is a function of y only. 
x 


1 
(i) Put the equation in the form Y: dy = X. dx 
(ii) Integrating both the sides, we get 


d 
f E = f Xdx + C, where C is an arbitrary constant. 


Thus, the required solution is obtained. 
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d 
(B) Equations Reducible to Variables Separable Form: Equations of the form a = f (ax + by * c) 
can be reduced to form in which the variables are separable form. 
Procedure to solve an equation reducible to variables separable form: 


d 
(i) Write the given equation in form Hf e f (ax * by *c). 


dx /— 
is dy 1/dz 
(ii) Put ax + by + c =z, so that rr (= -a). 
s _ ay. 1/ dz — 
(iii) Putting this ar m the given equation, we get n = a) = f(z). This equation is reduced 
d 
in the form : "m = dx. After integrating, we get the required result. 


Type 2: Homogeneous Function and Homogeneous Differential Equation 
Homogeneous function : A function F(x, y) is called homogeneous function of degree n if 


F(Ax, Ay) = 2" F(x, y), where X is non-zero real number. 


d 
A differential equation of the form E - F(x,y) is called homogeneous differential equation, if 


F(x, y) is a homogeneous function of degree zero, i.e., F(Ax, Ay) = F(x, y). 








Example : (x? + xy)dy = (x? + y’)dx 
dy xy, f : . 
> == is homogeneous differential equation because 
dx x xy 
c2 
Here, F(x,y)= Ld 
xt + xy 


A+ 2? 7 A (x+y?) 
x7 + Ax. Ay A(x? xy) 


Hence, F(x, y) is homogeneous function of degree zero. 





F(Ax,Ay) = = 0° F(x,y) 


d 24 2 
Therefore, Lc y 
dx x2 + xy 





is a homogeneous differential equation. 


To solve this type of equation we proceed as follows: 
' dy _ dv 
(i) Suppose y = vx and so We te ae 


d d 
(ii) The value y = vx and x -Utx E is substituted in given equation. The equation reduces to 
variable separable form, which can be solved by integrating both sides. 


(iii) Finally, v is replaced by - to get the required solution. 


d 
[Note : If the homogeneous differential equation is in the form zm = F(x,y) then we substitute x = vy and 
dx do 
— z= ay — 
so dy uty dy and proceed as above.] 
Type 3: Linear Differential Equations Form: A linear differential equation is that in which the 
dependent variable and its differential co-efficient occur in the first degree and not multiplied 


together. 
Thus, the standard form of a linear differential equation of the first order is 
2 


Fx Py = Q, where P and Q are functions of x or constants. 
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Now, we find a function F of x, by which we can multiply both sides of the given equation so that 
the LHS becomes a complete differential. Such a function F is called the integrating factor (IF) 


In this case IF = e/"* and solution is given by y el Pax = f (Q el? de) de c 


10. Sometimes the Equation can be Made Linear Differential as Follows: 


d. 
T +Px= Q inwhich x is treated as dependent variable while y is treated as independent variable 


dy 
and P, Q are function of y or constant. 
In this case IF =e?” and solution is given by, 


xe P% =(Q (el PY) dy+C 


Selected NCERT Questions 


Verify that the given function is a solution of the corresponding differential equation (Q. 1 & 2): 
2 





1. xy=logy+C:y' = (xy #1). 


1-xy 
Sol. The given function is xy = log y + C. Now, 
dy _ lidy 1 dy _ dy _ y 
uS ydx X (ox) Bey B dx 1-xy 


which is given differential equation. 


2 








Thus, xy = log y + C is a solution of the given differential equation. 
2. y-cosy =x: (y sin y + cos y + x) y' = y. 


Sol. The given function is y - cos y = x. 


dy | dy _ dy_ 1 
Now, tsiny Gal => dk IFD 


Putting values of y' and x in given differential equation, we have 


LHS = (y sin y + cos y + y — cos y). - y (1 * sin y). =y = RHS 


1 1 

(1 * sin y) (1 * sin y) 
Thus, y — cos y = x is a solution of the given differential equation. 

3. Form the differential equation of the family of circles touching the x-axis at origin. [HOTS] 


Sol. Let C denote the family of circles touching x-axis at origin. Let 


Y 
(0, a) be the coordinates of the centre of any member of the 
family (shown in fig.). Therefore, equation of family C is 
xb (y - a} =@ or x+ y = 2ay (i) 
where, a is an arbitrary constant. 
Differentiating both sides of equation (i) with respect to x, we get 
2x 2y 4 = 29 A so ag i P * 
Yge Cg © Va "ax 
Y 
d 
iu 
or a= dy ..-(i1) 
dx 
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Substituting the value of a from equation (ii) in equation (i), we get 











dy 
xty 
E dx dy dy E 
lal i g 0€ pa E a 
dx 


This is the required differential equation of the given family of circles. 
4. Form the differential equation of the family of hyperbolas having foci on x-axis and centre at 
origin. 
Sol. We know that the differential equation of the family of hyperbolas having foci on x-axis and 
centre at origin is 
2 42 2 
È Poy aZ wa, ve 
a? b? a? b? dx x dx a? 
Again differentiating both sides w.r.t. x, we have 
yf. 
2 2 2 
A E rma NER sey H) y dy _ 
x dx? dx E x? dx 








x dx? x\dx 








d'y, (dy\ (dy 
rur R2 
which is the required differential equation. 


5. Write the solution of the differential equation 
(e* + e*) dy =(e*—e™)dx 


Sol. Wehave, dy- oe z -dx 
e 





Integrating b pen sides, we get 


y= E 


6. Find the mde solution of the following differential equation: 
e'tany dx + (1- e) se? y dy = 0 [CBSE Delhi 2011] 


Sol. Given differential equation, 





reige he [AEC 











e tan y dx + (1—e") se? y dy = 0 => & tan y dx = - (1- e“) sec? y dy 
x 2 x 
d E Ed Jy 2 secydy | E Jy 
e —1 secy tany e'-1 


Integrating both sides, we get 


sec*y dy 
J tany le zt 





= log | tany | = log | e* -1|-*logC 


> log engine -1)C| 
tan y = (e*-1) C 


d 
7. For the differential equation y = (x + 2) (y + 2), find the solution curve passing through the 
point (1, —1). 

















Sol Th ti Moggy = ay a 
ol. The given equation is xy. -(x*2)(y*2) y*2 gy € 
x+2 2 2 
= Ja p Jas Bi [i-re Fa 
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=> y-2log|y+2|=x+2log|x|+C 

=> y=x+2log|x|+2log|y+2|+C 

=> y=x+2log|x(y+2)|+C 

Since the line passes through the point (1, -1). So, putting x =1, y = -1. 
We have, -1=1+2log |1(-1 +2) | +C 2 C=-2 


y =x + 2log | x (y + 2) | - 2, which is the required equation of the curve. 


8. Show that the differential equation 2ye™” dx + (y — 2xe™) dy = 0 is homogeneous and find its 
particular solution, given that x = 0 when y = 1. [CBSE (North) 2016; (South) 2016; (F) 2017] 


Sol. Given: 2y. e” dx + (y—2xe™) dy =0 

















dx | y—2xe*/¥ dx 2x" —y 
=> -- - > = 
dy 2y.e dy 2y. 
2x.e" Y- y 
Let Poxy)9)-——— a 
(y) 2y.e/¥ 
2rx.e/Y — ry 2x.e" -y 
"FAx, Ay) = E zAP.F(x, 
( y) 2ry.e*/ W 2ye” y ey) 
Hence, given differential equation is homogeneous. 
dx | 2xe"— y 
Now, = =— ial 
dy 2ye ( ) 
Let x= B ey te 
et x=vy > E v Yay 
oy 
do  2oye" — 
O > ^ sey RU 
y 2y.e y 
dv _ y(2ve’-1) dv _ 2v.e°-1 
> y. du m =0 => VET = m0 
y 2y.e y 2e 
= nera >  Q2ye'dv =-d 
eL —- e"do = 
y dy 29° y y 
: dy , u 
=> 2fe ae e's => 2e°=-logy+C => 2e%+logy=C 


When x=0, y=1 
28 -log12 C or C=2 
Hence, the required solution is 
2e + log y=2 


9. Show that the given differential equation is homogeneous and solve it. 


bres (1) + y sin (| ya =fy sin (£) - cos (hs ay 


Sol. The given differential equation can be expressed as 
dy [cos (2) + y sin (“hy feos ( y ) y sin ( y ) y 


^ ha seite [femi pet] os 
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10. 


Sol. 


11. 


Sol. 





es) (e (SIC 
(RE) sin ($2) eos (2) 


Therefore, f (x, y) is a homogeneous function of degree zero. So, the given differential equation 





Now f (Ax, Ay) = = d°F(x,y) 


is a homogeneous differential equation. 


Put y= hat pa 
ut y= vx so that 7 =o tx 7 


d 
Putting values of E and y in the given equation, we have 


do _ {x cos v + vx sin v} ox dv _ (cos v+ vsin v)v 




















+ = = 
PTX Tx {vx sin v — x cos v} x mt Y dx v sin v — cos v 
dv  vcosv*v?sinvo - v? sin v * vcoso do 2v cos o 

> x = : > xq--—— 

dx v sin ? — cos v dx  vsinv-coso 
inv— 2 1 2 
ee dv = —dx => (tan v-—)do= “de 
v COS V x v "E 

1 1 
= | tano - -.)do = 2 d = log|secv |-logv-21log x * log C 
log |secv|-log|v|-logx^-loggC = log sec? =logC 
Ux 
:) 
se? 
y 
= PE > —4'=¢ = sec (2) = czy 
Ux y 2 x 
FL 


which is the required solution. 


Form the differential equation representing the family of ellipses foci on x-axis and centre at 


the origin. [CBSE (F) 2010] 
2 2 
The family of ellipses having foci on x-axis and centre at the origin, is given by x m - =1 
a 


Differentiating with respect to x, we get 


FA x E E 
2 b? 


a dx p dx E 
x (=) 5 XS 
20 Eei ABS Se a 


Again by differentiating with respect to x, we get 
2 


y 











M He) 
x? " 


E (sr) LUNA 
e required equation is xy p urn 





Form the differential equation of the family of parabolas having vertex at the origin and axis 
along positive y-axis. [CBSE Delhi 2011] 


The equation of parabola having vertex at origin and axis along +ve y-axis is 


x'-4ay —...(i, where a is parameter. 
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Differentiating w.r.t. x we get, y 


UC MEE , - 2L 
2x = 42. 3. Le, x-2ay => a= 2j where y = dx 
. NT 
Putting a= ay in (i), we get 
2 x f 2y , , X 
= — = = — = O 
x sY > y=% c y 2y = xy-2y-0 
It is required differential equation. 
d 
12. Solve: x^ +y—x+xy cot x= O(x #0) [CBSE (East) 2016] 
d 
Sol. The given differential equation x *ty-x*xy cot x - 0(x £0) 
dy 1 M AT ; ; 
=> ae (cotx + Br =1 (Dividing both sides by x) a(i) 
1 
This is a linear differential equation of the form E + Py = Q, where P = cotx + ES and Q - 1. 
So, IF = eet s = elosl sinx|+log| x | 
= gle "l= | ysinx|= xsinx (x sin x is always +ve for any x) 


Multiplying both sides by IF in equation (7), we get 


MW 1 À 
xsinx>— + xsinx cota y = xsinx 


dx 


d d 
> xsinx A. *(xcosxtsinx)y-xsinx => qx V xsinx) - xsinx [By product rule] 


On integrating both sides, we get 
y(xsinx) = f xsinxdx +C ...(i1) 
Let I = [xsinxdx = xx(-cosx)- [1.(-cosx)dx (Using by parts) 


I=-xcosx+sinx 
Putting the value of I in (ii), we get 


y (x sin x) = — x cos x + sin x + C => y (xsinx) = sin x -x cos x + C 
1 C , : 
Hence, y = — - cotx + — — is the required solution. 
x xsinx 


13. Find the particular solution of the differential equation 








(1 + e™)dy + (1 + y?) e dx = 0 given that y = 1 when x = 0. [CBSE (F) 2011] 
Sol. We have, (1 €?) dy + (1+ y’) e' dx = 0 and given that y = 1, when x = 0 
dy (1+ y")e* dy e* dx 
B x za 2 = 2x 
dx 14e? -(1+y?) 1+e 


Integrating both sides, we get 





dy e*dx 4 e*dx 
= = => —tan = | —————_ 
ly Hie d Hey 
dt 
=> -tanly- mer: [Putting e* = t = e*dx = dt] 
> -tan y = tan! (t) + C => -tan y= tan" (e) +C ...(i) 


Put x = 0, y = 1 in (i), we get 
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14. 


Sol. 


15. 


Sol. 


Hip pata TT "E: 

-tan 1-tan (e)+C > 1 475 => C 2 
Putting the value of C in (i), we get 

-tany = tan ! (e?) - 7 => s = tan ! (e?) + tan !y 

T 
Hence, tan™(e”) + tan! y = E is the required solution. 
Show that the differential equation is homogeneous and solve it. 
x x x 
(a +ey Jds * ey(1- 7 )dv =0 

We have, (1 eee (a hiy =0 > (1+e*/’)dx = 





dx 3p 7 v _ (2) 


dy = (Lx e?) y st) 





» «t d 
€ T 
Wi 





Here, RHS of differential equation is of the form (=) , So itis a homogeneous function of degree 
Zero. í 
Now, we put x = vy and a d 

dy dy 
From (i), we get v+ md 215 c 

dy Le 
do  -e'(1-v -(v + e" Le? d 

K Ydy n Ee c 2 ele 


On integrating both sides, we get 
-log |v+e’|+log C=log|y| => log C=log|y|+log|v+e°| 


> log C= log | y(v* e?) |= log (ey 


> Beg t) or C=x+yer/Y 


x/y = 


Hence, x + ye C is the required solution. 


Solve the following differential equation: 


d T 
ot 2y tanx = sin x, given that y = 0, whenx = * 
à; i : o W . 
Given differential equation is IxT 2tanx.y = sin x. 
d 
Comparing it with E + Py = Q, we get P = 2tanx, Q = sinx 


ody " 2. 
IF = el 2tanxdx E ezlogsecx — elogsec x. sec?x [.:elo87 = z] 


Hence, general solution is y.sec^x = f sinx.sec^xdx * C. 


y.sec^x = J sec x. tan x dx + C > y.sec’x=secext+C > 
T x T 
Putting y=Oand x= 3, we get 0 = cos + C.cos* 5 
1.C 
> genug => C--2 


Required solution is y = cos x - 2 cos? x. 


[CBSE (F) 2011, 2014] 


y = cos x + C cos x 
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; : . dy y’ty+ti_ 
16. Show that the general solution of the differential equation +=; = 0 is given by 

dx x^-x-41 
(x+y +1)  A-x- y -2xy), where A is a parameter. 


d ?ry41 
Sol. The given equation is P + ee =0 




















dy —— -dx dy | dx 
y tytl xtxtl y +y+1 x"txtl1 
d dx d dx 
=| " --[ : = J 7 =_j 


eve) Serta (QNOD (PAD 



















































































1 "m. 1 c 
tan!|* 2 |=- tan!|^ 2 |*C 
nm an m /872 an 7A 
2 a d 2. m Z A y Res B 
> ao [27 Tg et B C > 3 | tan 3B + tan B =C 
2y+1 2x+1 
a m 4 J/3 /3 ae = 2 E (3 (2yt1+2x+1 B 
a ae a" |3-Qy+hex+)| 
V3 A ¥3 
=> tan! 2/9 (x+y +1) mido > 249 (x+y +1) =tan(“c) 
2(1-x-y -2xy) 2 2(1-x-y -2xy) 2 
x+y+1 | 1 (2 )- - 
E 1-x-y-2zx 3 2 CjJ-A => (x*ty*1-A(1-x-y-2xy). 


17. Solve the differential equation ye" dx = (xe™ + y?) dy (y £ 0). 
Sol. The given equation is ye*/Y dx =(xe*/! + y?) dy. 


dx — xe"! y? 








——- ,isa homogeneous differential equation. ...(i) 
dy yer!Y 
dx do 
Put x = vy so that aco 
v 2 v v 
oe py |. uu VE 
dy ye” dy ye” dye” 
dv  ve^ty-ve do y 
> = > y= => e'do-d 
d dy e? 1 dy ge? i 
> fe’dv=Jdy > e=ytC => e/¥=ytC 


18. Find the particular solution of the differential equation: 


d 
P *ycotx = 4xcosec x(x # 0), given that y = 0 when x = 5 [CBSE (AI) 2012; (F) 2009, 2011] 
. . . . Ay 
Sol. Given differential equation is qx TYCO = 4xcosecx . 
dy 
It is of the type de Py = Q, where P = cotx, Q = 4xcosec x. 


IF = e! Pax - el cotxdx - eleglsinx| =sinx 
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Its solution is given by 


sinx.y = | Axcosecx.sinxdx 


4 2 
=> ysinx = [4xdx = —+C ES ysinx = 2x? 4 C ... (2) 
Now, put y = 0 when x =5 in (i), we get 
2 2 
n T 
0-2x -*C > aes 


2 


T 
Hence, the particular solution of given differential equation is ysin x = 2x? - r3 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. 


10. 








d? d 3 
The degree of the differential equation x^ —- dd a= =(x L v) is [CBSE 2020 (65/3/1)] 
x 
(a) 1 (b) 2 (c) 3 (d) 6 
; oy dyY d'y). 
The degree of the differential equation dd *3 de] ^ * ^log de is [NCERT Exemplar] 
x 
(a) 1 (b) 2 (c) 3 (d) Not defined 
! , , dy og y 
The order and degree of differential equation |1+ (2) gri respectively, are 
(a) 1,2 (b) 2,2 (c) 2,1 (d) 4,2 
The order of the differential equation of all circles of given radius a is 
(a) 1 (b) 2 (c) 3 (d) 4 
d 
The solution of the differential equation w -y 7 3 represents a family of 
(a) straight lines (b) circles (c) parabolas (d) ellipses 
dy 
The integrating factor of the differential equation T log x) +y =2logx is 
[INCERT Exemplar] 
(a) e* (b) log x (c) log(log x) (d) x 
. ] : . dy Y vl. 
A solution of the differential equation ae) ae tar 0 is [NCERT Exemplar] 
(a) y=2 (b) y = 2x (c) y »2x-4 (d) y 22x -4 
Which of the following is not a homogeneous function of x and y? 
(a) x^*2xy (b) 2x - y (c) cos? (Z) t - (d) sin x — cos y 
dx d 
Solution of the differential equation + T - 0 is 
1.1 
(a) riu aL (b) log x. log y=c (c) xy» c (d) x+y=c 
d 
The solution of the differential equation x +2y =x? is 
2 2 4 4 

x EC x XFCE KEC 

G) y=" 0) ye C i ye a D y= 
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d^y ] dy Y dy 
11. The degree of the differential equation | —7| +|——] 7 xsin| 7— ] is 
dx? dx dx 
(a) 1 (b) 2 (c) 3 (d) Not defined 
12. The degree of the differential equation |1 + (2) | = as is 
x 
(a) 4 (b) M (c) Not defined (d) 2 
d'y (dy 5 X 
13. The order and degree of a differential equation pv. * (2) * x? = 0, respectively, are 
x 
(a) 2 and not defined (b) 2and 2 (c) 2and 3 (d) 3and 3 
14. If y - e" (Acosx * Bsinx), then it is a solution of 
d'y, dy d'y d'y 
82 0 b -2 *2y-70 
(e) dx? dx (b) dx? dx? Y 
Py dy d*y = 
(c) FLU E 0 (d) PUN m 
15. Differential equation which has solution of the form y = Acosax + Bsin ox, where A and B 
are arbitrary constants is 
dy a d'y d^y d^y 
—7,-a^y-0 b) —--*ay-0 —, tay =0 d) —;-ay =0 
a oY NC ID Era OM Wh d d 
d 
16. Integrating factor of XE -y = x'- 3x is 
1 
(a) x (b) log x (c) pa (d) -x 
d 
17. Solution of de -y 21, y(0) - 1 is given by 
(a) xy =-e* (b) xy =-e~* (c) xy 2 -1 (d) y 22€ -1 
: dy _ytl 
18. The number of solution of —— = —— when y(1) = 2 is 
dx x-1 
(a) none (b) one (c) two (d) infinite 
19. Which of the following is a second order differential equation? 
(a) Q)*xoy (b) y"+y=sinx () y"*(y*y-0 (d) y-y 
d 
20. Integrating factor of the differential equation (1- x) -xy-71is 
x 2 1 aM 
(a) =x O ae (c) v1-x (d) log(1-x) 
Answers 
1. (a) 2. (d) 3. (c) 4. (c) 5. (c) 6. (b) 
7. (c) 8. (d) 9. (c) 10. (d) 11. (d) 12. (d) 
13. (a) 14. (c) 15. (b) 16. (c) 17. (d) 18. (b) 
19. (b) 20. (c) 
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Solutions of Selected Multiple Choice Questions 


2. The given differential equation is not a polynomial equation in terms of its derivatives, so its 
degree is not defined. 


4. Let the equation of given family be (x — h)? + (y - K}? = a’. It has three arbitrary constants h, k and a. 
Therefore, the order of the given differential equation will be 3. 








f zd 21 logx? — „2 — 2 2 x4 : x!-C 
10. IF= e x^ = e^98* = e°8¥ = x^ Therefore, the solutionis y . x =| x .xdx = +k, ie, y= z) 
where C = 4k. 4x 
15. Given, y = Acosax + B sin ax 
d 
> S —Q.A sin ax + a B cos ax 
dx 
Again, differentiating both sides w.r.t. x, we get 
a HE 
m --Aa?^cosax-o?Bsinax => 2r = -a° (A cos ax + B sin ax) 
dx dx 
d^y 2 d^y 2 
z» —- =- > — >t+a7y=0 
de dà 57 
dy /—— 
17. Given that, cy 1 
d d 
> Y lie y > tig 
dx 1+ y 


On integrating both sides, we get log (1+ y) =x+C 
When x = 0 and y = 1, then 
log2=0+C> C=log2 
The required solution is log (1 + y) =x + log 2 
ivy. lty 3 
— log( +4) =X > =e 


= 1+ y= 2e => y=2e-1 





d 
20. Given that, (1- x) -xy-1 








dy x 1 PE ; ; : 
> ear y= —-—À which is a linear differential equation. 
-x 2 dt 
IF = e | ——; dx, Let 1-x =t > -2xdx-dt —-xdx--—— 
1-x 2 
pis ML [1 ~ x? 


Fill in the Blanks 


d 
1. The integrating factor of the differential equation yah + 2y =x? is 


S [CBSE 2020 (65/5/1)] 

2. The number of arbitrary constants in the general solution of a differential equation of order 
three is ; 

3. The solution of differential equation cot y dx = x dy is : [NCERT Exemplar] 
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d 2 
4. The degree of the differential equation 1 + (22) =y is . [CBSE 2020 (65/5/1)] 


d? 3 
5. The order of the differential equation bs - (54) + 2y =0 is 
x 
Answers 
1x 2.3 3.x=Csecy 4 2 5. 2 


Solutions of Selected Fill in the Blanks 


1. Given differential equation is 


dy 
ray dy =x 
dy 2 
=> a K y-x 


2 
Integrating factor, IF = gree ge 


2 
= e2108x = elesx = x? 


3. Wehave, cotydx-xdy 


dx _ dy 
X  coty 





> 


> [2 - [tany dy => log|x| =log|secy| *log|C| 


=> log|x|=log|Csec y| 
=> x=Csecy 


Very Short Answer Questions 


d 
1. Find the general solution of the differential equation e”~* x =1. 


Sol. ate 1 > on. 1 
= aye dx 
On integrating we have 

feldx=fe*dx > P=e+C 

=> y-log(e' 4C) 
2. Find the order and degree of differential equation: 
o s sin( £4) =0 [NCERT Exemplar] 

Sol. Order is 4 but degree is not defined because given differential equation cannot be written in the 

form of polynomial in differential co-efficient. 


3. Find the differential equation representing the curve y = cx +c’. [CBSE Patna 2015] 
Sol. Given y=cxt c (i) 
dy dy 
> a 0 > a [Differentiating with respect to x] 
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Sol. 


Sol. 


Sol. 


Putting the value of c in eq” (i), we get 
_ ay wy (2j dy 
yes dx i cin n 


Find the differential equation representing the curve y 2 e* *t ax * b, where a and b are 





arbitrary constants. [CBSE Guwahati 2015] 
Givencurveis y=e°+ax+b. 

dy . PE 
> m -e**a [Differentiating with respect to x] 

x 
d'y EE 

> ae =e* [Differentiating again with respect to x] 

x 


Find the differential equation representing the family of curves v = = + B, where A and B are 
arbitrary constants. [CBSE Delhi 2015] 


Given family of curve is v = = +B. 


r2 = = [Differentiating with respect to r] 
dv 2A do 2A 
= => — = Again differentiating with respect tor 
dr? r d? "pg [Ag i: E | 
Koli(d fol gd Po gt 

= d?) rV dr Ua c dr = ar dr | 


Write the sum of the order and degree of the following differential equation: 








3 
£z | =0 [CBSE Allahabad 2015] 
dx |\ dx 
Given differential equation is 
3 d 2 d? 
EE Nes 0 => x2 . n 0 
dx |\ dx dx] dx? 
ie., order = 2, degree = 1 - Required sum = 24 1 - 3. 


Short Answer Questions-! 


1. 


Sol. 


For a differential equation representing the faimily of curves y = A sin x, by eliminating the 
arbitrary constant. [CBSE 2019 (65/4/3)] 
We have, y = A sin x 
=> 2 =A 

sinx 
Differentiating with respect to x, we get 





. dy 
sın x dx — y cos X 





sin?x 
d 
sin x4. - y cos x - 0 
T 
> sin xy = y cos x 
d 
> © = y cot x 
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2. Find the differential equation of the family of curves represented by y^ = a(b? — x’). 
[CBSE 2019 (65/5/3)] 


Sol. We have, y? = a(b? — x°) = ab? — ax? 
Differentiating with respect to x, we get 


d 
2y% = -24x 


_ ydy __ " 
=-ax . (1) > nde d -.. (ii) 


dy 
7 dx 
Again differentiating (i) with respect to x, we get 
2 2 
fy. (=) - 
dx? dx 
Using (ii), we get 


dy (dyY y dy dy [dyf dy. 
v ~ x dx > we) - v2 "i 


> 








3. Find the general solution of y^dx + (x? - xy + y’) dy = 0. [NCERT Exemplar] 


Sol. Given, differential equation is y^dx + (x? - xy + y?)dy = 0. 


dx 
3 ydx = ae xy + y’) dy > v dy - at = xy + y’) 


dx x? x . 
> TS-E 1) ai) 


Which is a homogeneous differential equation. 
Put = vorx=0 > = v+ id 
u — z= — — = —— 
y , dy ° Ydy 
On substituting these values in equation (i), we get 
do 2 do 2 
+y—— =-[v* -v+ qo -7-tv-1- 
oty dy [o^ - o * 1] > y dy v^ *to-1-ov 


do dy 


vet) n y 


On integrating both sides, we get 





d 
> Va =~-1l= 


tan ! (o)  -logy * C 








> tan ! (=) *logy-C 


d 
4. Solve the differential equation (y * I =x. [CBSE 2019 (65/5/2)] 


Sol (y+3x°)\dx=xdy = ydx+3x°dx = xdy 
=>  3x°dx = xdy — ydx 
dy — yd 

3dx =— ae =a(4) 


x 





=> 


Integrating, we get 
y 


=> 3r= SFC => 3x? = y + Cx => y-3x + Cx=0. 
x 
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5. Write the integrating factor of the following differential equation: 


d 
(1+ y?) + Qxy - cot n =0 [CBSE Allahabad 2015] 


2 dy 
Sol (1*y)*Qxy- coty) 3- =0 











dy 2 dy 1+y? 
> (2xy - coty) 5 =-(1+y°) 2 dx — 2xy-coty 
E dx _ aa) %4 dx + ay 7x = eu 
dy 14y dy l*y 1*y 


Itis in the form Fa + Px = Q, where P and Q are function of y. 


2y 2 
> IF = eP% = el 1, p” = los lity l=1+y? 


Short Answer Questions-Il 


1. Solve the following differential equation: (1+ e!*)dy +e” (1 = P jas =0,(x £0). 
[CBSE 2020 (65/2/1)] 


Sol. Given differential equation 
(1e eyay eer (s - ax c o 


2 (GQeefhay (E La jeras 
dy (2 m i^ 


dx /— (1 +e”) 


It is a homogeneous differential equation 

















Put y=vx and D osa 
We have, 
94,0, 97D s. UE - e" 
dx 1+e? 1t+e 
= yf = wen e’ vel eve! 
dx 1+e° 1+e? 
dv | (ute) 
> ae 1+e° 
> pe go 
vote x 


On integrating both sides, we have 
1*e", dx 
Szat] x 
=> log|v+e’| =-log|x| +log|C| 





=> log|v+e’| +log|x| =log|C| 
=> log|x(v+e")| =log|C| 
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> xvte)=C > (L402) = C 
> y+xe*=C 
d 
2. Find the particular solution of the differential equation log (2) = 3x + 4y , given that y = 0 
when x = 0. [CBSE AI 2014] 


d 
Sol. Given differential equation is log (2) = 3x + 4y 





> dy ae — dy ax uy 

dx dx 

d ; 
=> z eg dx => e™ dy = e* dx 

e 
Integrating both sides, we get 

je" dy = f e dx 

e V e* P á 

"€ X 

> -773 +G > -3e ? = 4e* + 12C, 
=> 4e* + 3e4¥ =-12C, > 4e* + 36 Y= C ... (i) 


It is general solution. 

Now for particular solution we put x = 0 and y = 0 in (i), we get 
4+3=C >C=7 

Putting C = 7 in (i), we get 
4e? + 3e = 7 

It is required particular solution. 


3. Solve the following differential equation: 








d 
2x? -2xy+y?=0 [CBSE Delhi 2012] 
d 
Sol. Given nec -2xy*y^ =0 
dy dy 2xy-y : 
ou NN NU. ud ee E. 
=> 2x dx 2xy — y = r "m (0) 
It is homogeneous differential equation. 
B we s Beye 
et y-ox 2 UT EL 
Equation (i) becomes 
$ dv 2xox-v^x 
vtr T T 
2 
2 v 
: 7 2x (v = z) E do E v? 
> te T mo Og 
do v _, des Mo 
> Mie 2 x v 


Integrating both sides, we get 


dx do 
> a ge 
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Sol. 


Sol. 


-2+1 





1 
=> log |x |+C=-2 => log | x |+C=2.7 


-2+1 
t y 2x 

Putting v - 7, we get ee oe, 

Find the particular solution of the differential equation: 
x(x- 92 =1; y=0;when x=2 [CBSE (AI) 2012] 


Given differential equation is, 
dy dx dx 
2 
-1I)—=1 > dy=——- > dy-2—————— 
x(x ae y PD y x(x -1 x1) 


Integrating both Lm we get, 


Jày- | 








Tm NOE ud eal DEEST a) 


1 A B C 








Lel x(x-1)(x+1) x "Tg Tue 
1 _ A(x -1)(x+1)+ Bx(x+1)+Cx(x-1) 
x(x - 1)(x-* 1) x(x —1)(x+1) 
=> 1=A(x-1)(x + 1) + Bx(x + 1) + Cx(x- 1) 
Putting x=1, we get 1=0+8B.1.2+0 > B= 
Putting x = -1, we get 1 = 0 + 0 + C .-1).(-2) => c=5 


Putting x = 0, we get 1=A(-1).1 => A--1 
1 =l 1 1 
=—+ + 
x(x—1)(x+1) x 2x-1) 2(x+1) 
-— 1 1 1 
From (1) "Irsa 


dx 1. dx  l, dx 1 1 
=- == — -1|*— -1|-* 
> y E o Ra Den — y logx +5 log | x-1 | 7 log | x 1 |+logC, 





Hence, 























1 si 
=> y= 2log~ + log | x2-1 |+ 2logC, = 2y=log (j= at logC? (ii) 
When x = 2, y = 0 
4-1 3 
=> 0=log| |+ logC? => logC? - logy 
3 
Putting log C? = -log,y in (ii), we get 
E x-1 3 1 e 1, 3 
=log| ^ | - logy => y = log | 2 |- 5 los] 
d - 
Solve the differential equation (1+ 23 eyes, [CBSE (AI) 2014] 
Given differential equation is : 
dy E dy 1 QUE . 
14x) y-g0 * - "i 
( dr" y =e = dx 1+! 1+x @ 
Equation (i) is of the form 
A 
dy E = 1 E gen x 
g t5 Q, where P = Te 2 123 
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li E 
IF= el Pax = e'i 2 = e? x 


Therefore, general solution of required differential equation is 











ni i 2tan lx 
e ly tan Ls tan x DE 
dx * C = e = | ——~dx+C . (il 
=fe n y J il (ii) 
1 
Let tan! x = z 5 Tue = dz 
x 
(ii) becomes 
tan lx 2z tanx e” 
y.e ={e*dz+C => y.e seg FE 
4 e2tan x 
=> ye *= ; *€ [Putting z = tan’! x] 
NINE 4 -1 
> y=; t Cer [Dividing both sides by e"? *] 


It is the required solution. 
. . . . . . x 2 V FED . 
6. Find the particular solution of the differential equation e^/1- y dx* E dy 70 given that 
y = 1 when x= O0. [CBSE Delhi 2014] 


Sol. Wehave, e*J1- y? dx + Lay =0 





x 2 = y x = 
=> eyl-y dx = - “zdy => xedx-- qi 
— [xe'dx = -| A — d 
TIL y1- Y 
x X 1 dt 2 : 
=> x =e dx= >) gp where t= 1-y (Using ILATE on LHS) 


1/2 
1/2 
=> xe” -e= 4/1- y7 +C, is the general solution. 
Putting y = 1 and x = 0, we get 


0e? =e = y1-1? +C > C=-1 


Therefore, required particular solution is xe'- e* = y1- y? -1. 
7. Solve the differential equation: [CBSE (AI) 2013; Delhi 2015] 
(tan! y - x) dy = (1 + y?) dx 


> xe-e- Hie Jee => xe*—e*=,/t+C 


Sol. The given differential equation can be written as 
dx ee tan ly 
dy 1+y? 1+y? 





(i) 


tan ! y 





d 1 
Now, (i) is of the form y Px =Q, where P- —— and Q= 
dy 1+ y? T3 y? 
Therefore, IF = e, T. jy = ptan'y 
Thus, the solution of the given differential equation is 


yen y - (CE 


tan ly 


tan ly T 
2 F L) dy +C (ii) 
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Sol. 


Sol. 


tan !y ian dy 
= an d 
Let I i «y? le y 





Substituting tan ! y = t so that g = dt, we get 


1+ y? 
I= fte'dt= tet- |1.edt = te -e =e(t-1) 

or I= eV (tany =1) 

Substituting the value of I in equation (ii), we get 
xen y - e" "(tan ty -1)*C 

or x= (tan !y - 1)4 C e"! is the required solution. 


Solve the following differential equation: 




















e?* y |ax 
-——|——21, 0 CBSE (F) 2012 
u^ rg [ (F) 2012] 
e?! Lys 
LS KL 
Given = s y ,x#0 
dy _ e? y dy 1 7 e? 
To M e ~ we ue uh 








dy 
1c 1 + = = = 
It is in the form dx Py = Q, where P Ta’ Q E 


aq 
x2 





1 1 
1 =a 
= D gu — +1 
* IF el Pax el PL el* dx _ e 2 an eave 








Therefore general solution is 





-2/x 
ye =/QxIFdx+C => ye =f T e?" dx C 


la 
E 


d 
=> pa => ye = 





TC 
x 

->+ 

2 1 


> ye 2 2/x 4C 


d 2 
Solve the differential equation (x? — ge + 2xy = t where x € (- œ,- 1)U (1, œ). 
X -— 
[CBSE Delhi 2014; (AI) 2010; (F) 2009, 2011] 





d 
The given differential equation is (x? - 1 e +2xy = 





x -1 
dy 2x 2 . 
> + = e(t 
dx 3-1 (x* -1)? 9 
T. dy 2x 2 
This is a linear differential equation of the form de” Py = Q, where P = aa and Q = COEM 
le (x^ -1) 


IF = el Pax = el 2x/(x?-L)dx = elogix?- 1 = x2 -1 





d 
Multiplying both sides of (i) by IF = 3? - 1, we get (x? - ye +2xy = — i 
x — 
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Integrating both sides, we get 




















2 
yQ? -1) 2 [45 : dx *C [Using:y (IF) = f Q.(IF)dx + C] 
x — 
2 xX- x-1 
2 Ee 2_4)= 
> yx =1)= 7 log ve e y(x^ -1) = log vere 
This is the required solution. P 
10. Find the particular solution of the differential equation 2 =1+x+y+xy given that y = 0 
when x = 1. i [CBSE (AI) 2014] 
Sol. Given differential equation is Ps =1+x+y+xy 
dy dy dy 
=> Ae 4*9*yü +x) => Ae 4*0) => Dy OR 
Integrating both sides, we get log | 1 +y |= f (1 + x)dx 
2 
> log|1+y|=x+ B * C is the general solution. 
Putting x = 1, y = 0, we get 
l jair eg => jen — pa 
MEE. E "ug 
x 8 
Hence, particular solution is log | 1+y | =x+ 275 
: : , dy D 
11. Solve the differential equation xlogx y +y= 108: [CBSE (F) 2014] 


d 2 
Sol. Given differential equation is xlogx A oy = z 108x 


2 «( 1 y= 
x.logx A 





> (Divide each term by x log x) 








dx 
nie erau — ae OS 
is in the form zy y = Q, where = lone an Q= T 
dx 
j IF = el P = el ziogx 
d 1 
Putlog x=z => B dz = elz” = 8 =z logx 


General solution is 











2 l 
y.logx = J legs dx +C > ylogx = 2] os" dx+C 
x x 
1 
Let logx 2z 2 cdx = dz also log x=z > x-e 
<. ylogx = 2 [dz +C =>  ylogx-2[ze 'dz*C 
e 
=> ylogx =2 2 - [Spaz +C =>  ylogx-2[ze ** [e *dz| * C 
=> ylogx=-2ze*-2e7+C => ylogx--2logxe 99*—-2g*8* + C 
E = 2 ..g-logx — og t 
> ylogx--2logx.-- —*C |: n E 
2 
=> ylogx =- (1 + logx) +C 
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d 
12. Show that the differential equation C sin(#) +x-y sin(7) = 0is homogeneous. Find the 
particular solution of this differential equation, given that x = 1 when y = 2 [CBSE Delhi 2013] 
d 
Sol. Given differential equation is x sin? TX ysin =0 
Dividing both sides by xsin , we get 
d d 
H jesse! eq => "M mi. eost ...(1) 
dx X. X dx x x 
m y 
Let F(x,y)- Q^ Coser 
-W AY _ x0[Y y |. x0 
F(Ax, Ny) EB ^ . qecr|- A F(x,y) 
Hence, differential equation (i) is homogeneous. 
7 dy _ do 
Let y-ox > ue 
Now, equation (i) becomes 
do vx ox 
v+x.7— = — - cosec— 
dx Xx x 
do do 
U-tX..—-—0-cOosec0 =  X.—-- -coseco 
dx dx 
> sna => ene) = 
x x 
=> cosv= log | x |+C => cos = log | x |* C (ii) 
Putting y = 3: x =1 in (ii), we get 
cos = log1+C => 0=0+C > C=0 
Hence, particular solution is 
y y 
cos + log|x|*0 ie, cos T log | x | 
13. Solve the differential equation: 
d 
Jat e y ty! xy e [CBSE (AI) 2010; (F) 2015] 





dy 
dx 
By simplifying the equation, we get 


Sol. Given qi +x’ +y’ + xy + xy =0 








wA =- fT Pee sie ea 








> ay% =- faea0ry)=-Vae Vary) 


14x? 
phy ty Ds 
ty 


x 
Integrating both sides, we get 
V(1 +x? 
f dy = f VQ +x") dx 


TES : (i) 
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Let 1+y°=t=> 2ydy-dt and 1«4x'-m^ => 2xdx-2mdm => xdx=mdm 

















Fed m 
i) => dt -- md 
(1) 2! i |. ndm 
1 $97? m? m?-1-1 
=> 21/3543 am =0 > ana net 
1 m-1 
— (re 3 rim = 0 => me 5108 | 11 9 
m= — 


Now, substituting these value of t and m, we get 


1 -1 
2 2 - 
ylity IRE SE 7 log, | WU |+C=0 
14. (x? +y’) dy = xy dx. If y(1) = 1and y (xy) = e, then find the value of x». 
[CBSE Bhubneshwar 2015] 





Sol. Given differential equation is (x° + y*)dy = xy dx 
It is also written as 
dy — Xy 
dx 24 y 





5d 


Now, to solve let y = ox. [^ (i) is a homogeneous equation] 
Differentiating y = vx with respect to x, we get 
dy xdy 
dx Ct dx 
Putting y = vx and dy =v "m in (i), we get 
dx dx 


do _ xx 











o4 x. = => v Lis ox 
dx x*+y7x? dx — x 04) 
= do v E dv _ v-v o? 
dx (142?) dx — (1*2?) 
dv _ Bo E ( * v*)d EN dx 
dx / (19?) o? ü 


Integrating both sides, we get 





(ehe pdx 


vo? A. 
1 
= J^ © = log | x |*C >  -yitbglei--lg|x|*C 
2 2 
x y x 
= -——--*1log|--|-2-log|x|*C > ———. lo -log | x | =-log |x |+C 
2? gll |x| 2? g | y | -log |x | g | x | 
2 
= -»*leg|y|*C (ii) 
2y 


Given, x=1,y=1 


= 





1 1 
—ox thos lilac => -75C [.:1og1 7 0] 
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15. 


Sol. 


16. 


Sol. 


Now (ii) becomes 











x 1 xX 1 ay 
== lo nix = lo SS X e» de = {lil 
ay glyl-7-5 glvl ay 2 glvl ye (iii) 
Putting x = xy and y = e in (iii), we get 
E -e » -e TW" " 
log |e |= => 1= => x,-e°=2e 
glel 2e* 2e* 
= xê = 3e? => xy7 /3e 
Find the particular solution of the differential equation. [CBSE Bhubneshwar 2015] 
d 
Aa y tanx = 3x? + x? tanx, x £ = given that y =0 when x= = 
dx 2 3 
d 
Given, « t ytanx = 3x? + x?tan x 
— M date = 8x? * x?tanx 
dx Y 


d 
This is of the form » + Py = Q, where P = tanx,Q = 3x? + x?tanx. 


IF = el tanx dx = glogsecx — soc x 


Therefore, general solution is given by 
y.secx = f (8x? + x? tanx).secx dx + C 
=>  ysecx = [ 3x?secx dx + | x? tanx. secx dx +C 
=> ysecx = | 3x*secx dx+x°.secx — | 3x*.sec x dx + C 


=> ysecx =x°secx+C = y =x° + Ccosx 


Now x= $70 


3 3 3 
_(= T T od Eu f 
0=(5) +Ceos(3) - ez S 
2 3 
Hence, required particular solution is y = x? - > cosx. 


27 
d 
Show that the differential equation (x - "ae =x+2y is homogeneous and solve it. 
[CBSE (AI) 2010, 2017; (F) 2013; Ajmer 2015] 
dy 
Given, (x- ua =x+2y 


By simplifying the above equation, we get 





dy xt+2y . 
x E ...(1) 
2Qx*2y 
Let F(x,y)= —-— 


Ax*2Ny  A(x*2y) 

Ax-^y — A(x- y) 
F(x, y) is homogeneous function and hence given differential equation is homogeneous. 
dy do 


dv ° gy 





then. F(Ax,Ay) = = °F (x,y) 


Now, let y=vx => 


Differential Equations 351 


Substituting these values in equation (i), we get 
du _x+2vx 














Oa x- Ux 
r polii _1+2v0-vtv" Itoro 
dx 1-v 1-v 1-v 
l-v _ dx 
1*o-v? EE 


By integrating both sides, we get 





1-o dx » 
SERE ge ... (ii) 
1-v 
LHS = |=; 
ER 


Let 1-v = A(2v +1) + B = 2Av + (A + B) 


Comparing coefficients of both sides, we get 




















1 3 
2A=-1,A+B=1 or Hoy BIS 
1 3 
1-9 -3Qvt*1)*7 
S NO = cd 
pers 9 guger ^ 
1, 2v*1 3 do 
== + 
2 cue i 2 gon 
1, 2v*1 3 do 
m + 
2 cud i a m L3 
? 2 4 
pa 
_ i 2 3 2 EI 2 
=—5log | v POTEET o o tan B 
2 
Now, substituting it in equation (ti), we get 
1 2v+1 
-5log | eos [+ V3tan (777^) = loge +C 
2y 
= 24 Lan + /3t Eas eee 
-51og x an A = logx 
1 1 a|2y+x 
=> Flog | Peay ty? pog ta Jax }=tog+c 
1 2y + 
dy : 
17. Solve d. ^ 095 (x +y) + sin(x * y). [NCERT Exemplar] 
: dy . 
Sol. Given, dx ~ Cos(x ty) * sin(x +y) 
Put = 1:9 de 
u X+Y=Z > he 
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On substituting these values in equation (i), we get 




















dz . dz . dz 
——-1]=cosz+sinz => ——=(coszt+sinz+1) > : - dx 
dx dx cosz+sinz+1 
On integrating both sides, we get 
dz 
————— = }ld 
los m Tax 
d 
= J 2 7 = fdx 
1-tan^z/2 2 2tanz/2 
1+ tan?z/2 1+ tan?z/2 
d 
zy f 7 Z 5 =| dx 
1-tan^z/2 * 2tanz/2 * 1 * tan^z/2 
(1+ tan? z/2) 
(1 tan? z/2)dz sec? z/2 dz 
m J 2+ 2tanz/2 J x Its tano) J 
1 
Put 1 + tan z/2 =t > (sec? z/2 dz - dt 
dt 
> J = Ide => log|t|=x+C 
- (ety) |_ 
> log | 1+tanz/2|=x+C =  log|1+tan 2 -x*C 





18. Find the equation of the curve through the point (1, 0), if the slope of the tangent to the curve 





























at any point (x, y) is UR [NCERT Exemplar] 
x 
Sol. Itis given that, slope of tangent to the curve at any point (x, y) is zs . 
x +x 
te 
AX I(x, yx? +x 
dy y-l dy dx 
E de x^g = y-1 xr +x 
dy dx 
On integrating both sides, we get | —— = J 5 
y-1 X^ ex 
dy _ dx dy _ í 1 1 ) 
> gr am = lya a x+1 ad 
= log(y - 1) = log x - log (x + 1) + log C 
log(y - 1) -1 ae ) 
= og(y -1) = log( 7; 
Since, the given curve passes through point (1, 0). 
1c 
0-1- "mS = C=-2 
The particular solutionis y-1 = E > (y-1)x*1)-—x => (y-D(x*1)0-2x-0. 


19. Find the particular solution of the differential equation: 
(1 - 7) + log x) dx + 2xy dy = 0 given that y = 0 when x= 1 [CBSE Delhi 2016] 
Sol. Wehave (1-3))(1 + log x) dx + 2xy dy =0 
2ydy | (1*logx)dx 
1- y? x 





=> 2xy dy =-(1- yy + log x) dx => 
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Integrating both sides, we get 


2y 
= [dy [e 


(1 us 


1 
= -log|1-5^|-2-fzdz |let1+logx=z = VU = dz 


g 
=> log tay 1°76 
Putting x = 1 and y = 0, we get 


(1 +log1)? 
2 


= logl= +C 


1+1 
= a er Pee 9 108%) i 
1+ log x)? 
=> beji p e 282 +C 


1 1 
=> 0=5+C => C--3 


(1 +logx)” 1 


Hence, particular solution is log | 1- y? |> -— 49 -> 


2 2° 


20. Find the general solution of the following differential equation: 


2 za andy, AY _ 
Atyre TO 


= gny) AY = 0 


We have (1 vy?) «(x Fm 


Sol. 
ay d 
=> (x-e™ urs =-(1+y?) 


1+y? 
> 4. (15 | > 
x 





[CBSE Delhi 2016] 





dx B x- gen y 
dy 1+y’ 





dx _ gen y 
m dx Xo, gen y dx " 1 etary 
— —<- x -— 
. . dx 1 gen y 
It is in the form -, + Px =Q, where P = — —ando-- ——- 
dy 1+y 1+y 


1 24 
IF = Y= eTa dy — tan y 


-1 
Therefore, general solution is x.e®™ Y= f 


-1 
=> xe Y= [e7.e7dz+C 


= 
= ge Y= fe”dz+C 


e7 


E 
— x. en ak PC 


1 E E, 
— xcyem Vc gun y 


21. Find the particular solution of differential equation: =- 





x=0. 
Sol. We have 
dy | x+y cos x 
dx — 1-sinx 
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tan! y 














e tan !yg +C 
T 7 .e y . 
Lettan!y2z > 1 dy = dz 
y 1+y? y 
-1 
=> x eny = gu y +C 
` 2 
dy x+y cosx , 
= : given that y = 1 when 
dx 1+sinx 


[CBSE (North) 2016] 


22. 


Sol. 


23. 


Sol. 


dy x y cos x dy cos x x 

















=> =- = => + E 
dx 1*sinx 1+sinx dx 1-sinx" 1+sinx 
e dy E || cosx E x 
Itis in the form zm *Py-Q, where P= item zoe ; 
cosx : 
Now IF =e! Trsinx® = els 1*sin3] — 1 + gin x 
Therefore, general solution is 
y(1 + sinx) = [- 1. (1+ sinx)dx + C =-{xdx+C 
se 
=> y(1+sinx) = -5 FC 
1(1+sin0)=0+C => cl [Given y = 1 and x = 0] 
Hence, particular solution is 
1 + oj ) = X + 1 => = ee 
LN. Y 9(1+sinx) 
Solve the following differential equation : 
(cot y + x)dy = (1+ y) dx [CBSE (F) 2016] 
We have (cot! y+x)dy=(1+ y’)dx 
This can be written as 
dx cot 'y+x cot!y x dx 1 cot ly 
d "EH 2 2 S qoem 2 
y 1t+y 1t+y 1t+y Y ity 1+y 
d -1 £^ 
Itis of the form “+ Px = Q, whererl--— .andQg- em J ; 
dy 1*y 1*y 
=. — _ „cot! y 
IF=e 1+y =e 
Therefore, required solution of differential equation is 
-1 
xet = peg / e gy +C => xe 'Y=T4+C .. (i) 
1*y 
£^ : 
Here, I= poe cot tyg 
1ty 
F 1 1 
Let cot y=t > ———;dy-di => -——dy--dt 
1+y 1+y 
= I=-ftedt=-[te'-fedt]=-teé+e = e1- t) = e01- cot ! y) 
: : : cot ty - cot ty -1 : s 
Hence, required solution is x." "^ — e *"(1-cot y) * C. [From equation (i)] 


=> x-(1-cotly)* Cer 


Form the differential equation of the family of circles in the second quadrant and touching the 
coordinate axes. [CBSE (AI) 2012; (Central) 2016] 


Let C denotes the family of circles in the second quadrant and touching the coordinate axes. Let 


(74, a) be the coordinate of the centre of any member of this family (see figure). 


Equation representing the family C is 
(xay -(y-ay sc (i) 


or x? + y? + 2ax — 2ay + a’ =0 (ii) 
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Differentiating equation (ii) with respect to x, we get Y 





























LOC E 
2x + 2y gy 122-283 = => ry d dx l 
_ xt yy’ (- m4 
or a= yel Y =i x x 
Substituting the value of a in equation (i), we get 
,xtw'] x*w' | [x*wT 
Š y -1 "y-1| [y-1 


=> [x'-x-x +yy +[yy’-y-x- yy T =[x+ yy 


D 


or (x + yy 


+(x+yPa(Qx+yyyY => (x+y? ly) + 1 = [x+ yy, is the required differential 


equation representing the given family of circles. 
24. Find the general solution of the following differential equation: [CBSE Delhi 2017 (C)] 


xcos( 49 - y cos(* 


es 


dy 


Sol. Given differential equation is xcos(#) > =ycos (2) *X 


dy _ ycos(y/x)*x 
dx x cos (y/ x) 





dx 


It is homogeneous differential equation. 





dy do 
= = =0tx — 
Let y = ox > du o+x de 
i dv vxcosv+x 
@ > vtx z= 
dx X.coso 
dv  vcosvo*1 
= x= = + 
dx cosv 
dv __1 
> Xa ~ cosv 
Integrating both sides 


=> sinv=log|x|+C 


dv _ vcosu+1—vcosv 





dx cosv 
dx 
> cos vdv=— 
x 
> sin 2 =log |x| +C is the required solution. 


Long Answer Questions 


1. Solve the following differential equation: 


Sol. 
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83e" tan y dx + (2 — e”) sec? y dy = 0, given that when x = 0, y = = [CBSE (F) 2012] 
y y dy =0,8 "inim 


Given, 3e* tan y dx + (2 - €") se? y dy = 0 


=> (2- €) sec’ y dy =- 3e" tan y dx 


sey |  -3e& 


tany y ale 





dx 





2 x 
sec yd —e dx 
[e aa[ 

y 2-e 


=> log |tany|=3 log |2- &'| + log C 


=> log |tany|=log|C.(2-e)| =>  tany-CQ-e»y 


T 
Putting x = 0, y = gwe get 


=> tana = CQ - e» 


=> 1-2CQ-1)? => 1=C 


Therefore, particular solution is tan y = (2 - e). 


Xam idea Mathematics-XIl 


2, 


Sol. 


Sol. 


Solve: x dy - y dx = y x? + y^ dx [CBSE (AI) 2011] 


The given differential equation can be written as 


dy x ty ty 
- ,x #0 
dx x 

Clearly, it is a homogeneous differential equation. 





Putti = qc + d it t 
utting y = ox an dy 2 tY ge n we ge 


do Vx v o?x) + vx do 
otx - — otx -41*0)*v 








dx x dx 

do j do dx 

->s + m 
— x /1*o — Bel 


Integrating both sides, we get 
1 


1 
meg duds => log|v+V1+to7 |=log | x |*logC 


2 
=> |v+y1+0 |=| Cx] => B h+% 
X 


=> {yt/x?+ yt = C7, [Squaring both sides] 
Hence, {y+ /x? + y? V 2 C^x? gives the required solution. 


Show that the differential equation (xe! + y) dx = x dy is homogeneous. Find the particular 








=| Cx | [-v =y/x] 





solution of this differential equation, given that x = 1 when y = 1. [CBSE Delhi 2013] 
y 
ES d gt 
Given differential equation is (x07 + yi = xdy => a = — wa 
ï w y 
xex +y Axer + Ay net +y 

Let F(x,y)= a => F(Ax, Ay) = T =N APF(x,y) 
Hence, given differential equation (i) is homogeneous. 
L = dy = + do 

et y=0x > oux lti i 


Now, given differential equation (i) would become 


vX 


do x.e* +ux dU -y dv, 
Utx.-————— = vtx.7=et+t0 => X... =e 
dx x dx dx 
do dx dv e” 
———— => dv = | — => —--logx-* 
ra” jJ e?do v 4 L8* C 
E. 1 EA EA 
=> -e *=logx+C = --—yp-logr*C = ef Jdogx+Ce*+1=0 
x 


e 
Putting x = 1, y = 1, we get 
1 
n elog1+Ce+1=0 > Cacr 
The required particular solution is 


y y y Yi 
e*.loggx- 7e* *1-0 or e*logx-e* +1=0 
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4. Show that the differential equation [x sin? (2) - yJdx *xdy =0 is homogeneous. Find the 


particular solution of this differential equation, given that y = = when x = 1. [CBSE (AI) 2013] 

















PE 
Sol. Given differential equation is [xsin?(*)-yļax+xdy=0 = Ld cse (i) 
ol. Given differential equation is |xs x) y y d " m 
y - xsin? (4) 
Let F(x,y) = —. 
A 
hy - Asin? y- xsin? = a 

Then = F(Ax,Ay) = T =À s =) F(x,y) 
Hence, differential equation (7) is homogeneous. 

do 
Now, lety-ox => ug 0 ae 
Putting these value in (7), we get 

cD! Ox 
do VASTASI IU dv x{v-—sin*v} 
v+x——= => vtx—= 
dx x dx x 
do 22 do 2 do dx 
=> Utx,--0-Ssino => X,---smnov => i -— 
dx dx sin?o x 
Integrating both sides, we get 
1 
=>  [cosec?vdo =- [dx = -cotv--logx*C => logx- cot(#) =C .. (ii) 
Putting y = 7 and x = 1 in (ii), we get 
log1- cot =C > 0-1=C => C=-1 
Hence, particular solution is 
Yy fua 
logx - cot(.)- -1 => logx - cot() «1 0 


5. Find the differential equation of the family of curves (x — h)? + (y - k)? =r’, where h and k are 





arbitrary constants. [CBSE Ajmer 2015] 
Sol. Given family of curve is (x - h)? + (y - k}? =r’. ...(i) 
Differentiating with respect to x, we get 
d d 2 
=> 26-1) +2(y-K).-=0 TEE cn (i) 


dx — y-k 
Differentiating again with respect to x, we get 

















2 dy E. EC x-h 

fy g-b-6-Mar|. [UBM yg penu 

dx (y-k)? (y-k? 

dy |(y-k?+(e-h)? p " 
=> de =~ (y - 19? ^ (-5* [From ()] ... (iil) 


From (ii) [2 - (=) 
dy% _ (œ-h)? 
Gs)  (y-B? 
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Sol. 


Sol. 


Adding 1 both the sides, we get 
2 —h)? — h)? + — k)? 
wr LUV 
dx (y—k) (y—k) 


Putting exponent (power) M both sides, we get 























3 3 
- Fees ae 
dx (y-9*| y- 
3 
dy P r d^y T 
——| +1| =r. =-r Using (iii 
(2) | Gop e [Using (ii) 
= Eu PES -0 
dx dx 











dy | x(2 log x*1) 











Find the particular solution of the differential equation : given that 
dx sin y+y cos y 

y= T when x - 1. [CBSE Delhi 2014] [HOTS] 

-— dy _ x(2 log x1) 
Given differential equation is = 

X sin yt+y cosy 
=> (siny + y cos y) dy =x (2 log x + 1)dx 
=> fsinydy+fycosydy =2/xlogxdx+ | xdx 
R 7 : x? 1x 

—  ([sinydy *[ysiny - f siny dy] = 2 logx^5 - Jy + fxdx 
= fsinydy+ysiny -[sinydy =x*logx—|xdxt+fxdxt+C 
=>  ysiny=x logx +C, is general solution. es (2 


T 
For particular solution, we put y = 3 when x = 1 


Daas ee Ta = 2 
z sing = 1.log1 +C > 3 [- 1og1=0] 


Putting the value of C in (i), we get the required particular solution 


(7) becomes 


ysiny = x*logx + E 


Show that the family of curves for which the slope of the tangent at any point (x, y) on it is 
2 2 
A CCP 








m is given by x? - y? = Cx. [CBSE Delhi 2017] [HOTS] 
d 
We know that the slope of the tangent at any point on a curve is ES : 
Z 
y 

1+-> 

dy xy dy e 

Therefore, ae zu => ae 3y sh) 

x 


Clearly, equation (i) is a homogeneous differential equation. To solve it we make substitution. 


d 
y = 0x => du o ae 
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d 
Putting the value of y and P in equation (i), we get 

















dx 
Fe Sk 
PEX ae 20 “ax 2v 
2 2 
2 w=- => = do - 9 
1-v x v^—1 x 
Integrating both sides, we get 
Hoo do = [5 ax => log | v?^-1 |=-log | x | *log | C, | 
= log |@-1)@)|=log|C;| > W-1)x=+C, 


Replacing v by a we get 


2 
(5 1)e- «6 => (y -x)-xGx > x-y =Cx (where + C, =C) 


x? 


PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 
dy? [d'yV 
(i) The degree of the differential equation (1 + z - (£2) is [NCERT Exemplar] 
(a) 1 (b) 2 (c) 3 (d) 4 
, ! 20 d'y dy Y 
(ii) The order and degree of the differential equation p -ytt'g.) are respectively 
x 
(a) 4,1 (b) 4,2 (c) 2,2 (d) 2,4 
d 
(iii) The integrating factor of the differential equation I —y = 2x" is 
(a) e? (b) e? () i (d) x 
(iv) The differential equation of the family of lines passing through the origin is 
ay ay a S. 
a) Ge =x (b) cy (c) XG, ~¥ =0 (d) xtg 0 
d 
(v) Solution of the differential equation XT *ty-xe* is 
(a) xy =e*(1-x)+C (b) xy se (x+1)+C 
(c) xy =e” (y-1) 4 C (d) xy =e" (x-1) « C 
(vi) The general solution of the differential equation e* dy + (y e” + 2x) dx = 0 is 
(a) xe! «x3 2C (b) xe! «y? 2 C (o) ye +x°=C (d) ye +x 2C 


2. Fill in the blanks. 


(i) The number of arbitrary constant (s) in a particular solution of the differential equation 


tan x dx + tan y dy = 0 is 


d 
(ii) The solution of the differential equation x *2y =x? is 


2 


d 
(iii) The general solution of the differential equation a = 2 is 
y 
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g2 
(iv) The degree of the differential equation = + ctv = 0 is 
Es 








B Very Short Answer Questions: [1 mark each] 
3. Whatis the degree of the following differential equation: 
5 (a. a -6y -logx? CBSE Delhi 2010 
XU de y = logx ? [ elhi ] 
4. Write the degree of the following differential equation: 
diy" dud 
il a (2) =0 [CBSE Delhi 2013] 
dx? dx 
5. Write the sum of the order and degree of the following differential equation: 
dy\ [dy 
y + z) 2x20 [CBSE (F) 2015] 
dx? dx 
dyV (a). ! 
6. Find the product of the order and degree x PE * dx *y^-0. [CBSE Chennai 2015] 
x 
7. Write the differential equation formed from the equation y = mx + c, where m and c are arbitrary 
constants. [CBSE (F) 2013] 
d 
8. Write the integrating factor of "e Grlogx) *y-2logx. [CBSE Punchkula 2015] 
9. Solve: e% = y? 


10. State whether y = e "(x + a) is the solution of differential equation: 








dy 
—— +y= x 
dx YF 
d +1 
11. Solve: cc es petu -0 
dx x 
B Short Answer Questions-I: [2 marks each] 
d 
12. Wirite the general solution of the differential equation a = - : 
. . . dy 1*y 
13. Write the integrating factor of m ym 


d 
14. Given that m =e Y and y = 0 when x — 5. Find the value of x when y = 3. 


d 
15. Find the general solution of the differential equation A x n 


16. Find the differential equation of the family of curves y = A e^ + B e?x. 


B Short Answer Questions-II: [3 marks each] 
17. Solve the following differential equation: 
cost +y=tan x [CBSE Delhi 2008, 2011; (AI) 2009] 
18. Solve the differential equation: 
(x? + 92 + 2xy =x? +4 [CBSE (Al) 2010] 


d 
19. Solve: (1+x2) P 


oY ey = tan x [CBSE (AI) 2014] 
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d 
20. Solve: (32-1) + 2xy = [CBSE (AI) 2010] 
dx a ed 
dy dy 
21. Solve the differential equation: y + El YT Yx [CBSE (Central) 2016] 
22. Solve the differential equation: 
(x? + 3xy + y°)dx — x/dy = 0 given that y = 0, when x=1 [CBSE (East) 2016] 
d : 
23. Solve the differential equation : (x * st -y =e (x 1) [CBSE (South) 2016] 
24. Solve the following differential equation : 
y dx + (xX - xy + y)dy = 0 [CBSE (F) 2016] 
25. Find the particular solution of the differential equation: [CBSE (F) 2011] 
(1+e*)dy+(1+y’)e*dx =0, given that y = 1, when x = 0 
d 
26. Find the particular solution of this differential equation x? — -xy=1+ cos( 1), x #0. Find the 
particular solution of this differential equation, given that when x = 1, y = a [CBSE (F) 2013] 
dy — X 
27. Find the particular solution of the differential equation de lak given that y = 1, when x = 0. 
ES 
[CBSE Delhi 2015] 
28. Solve the following differential equation: 
02-1) aos - 2 [CBSE (AI) 2009] 
dx d ^e] 
_ dy ; n 
29. Solve the differential equation dy Yt 2 cos x, given that y = 0, when x = > 
[CBSE (F) 2014] 
30. Solve the following differential equation: 
d 
(1+ A +y = tanx [CBSE Delhi 2009, (AI) 2008, 2009] 
31. Solve the differential equation (x° — yx?) dy + (y* + x’y’) dx = 0, given that y = 1, when x = 1. 
[CBSE (F) 2014] 
32. Solve the differential equation: 
dy x+y 
ae ey [CBSE 2019 (65/3/1)] 
33. Solve the differential equation: 
(1 5 x2) dy + 2xy dx = cotxdx [CBSE 2019 (65/3/1)] 
34. Find the general solution of the differential equation x^y dx - (x? y?) dy=0. [CBSE 2020 (65/3/1)] 
B Long Answer Questions: [5 marks each] 
35. Solve the following differential equation, given that y = 0, when x = i : 
d 
sin 2x -y-tanx [CBSE Chennai 2015] 
36. Find the differential equation for all the straight lines, which are at a unit distance from the 


origin. [CBSE Patna 2015] 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 





Solve the following differential equation: 
y E orent 
y-xeos( 4) yeos( 4) 2x sin( 4) 


Find the particular solution of the differential equation (1 + x 


dy + dx =0 [CBSE (F) 2015] 














ü 3 
2) (qnem y) given that y = 1, 


when x = 0. [CBSE Panchkula 2015] 
Find the particular solution of the following differential equation: 
d 

xy = (x +2)(y +2); y» -1when x=1 [CBSE Delhi 2012] 
Find the particular solution of the differential equation 

~ xcoty = 2y * y? cot y, (y # 0) given that x = 0 when y = > i [CBSE (AI) 2013] 
Find the particular solution of the differential equation x(1 + y^)dx - y(1 + x?)dy = 0 given that 
y =1 whenx =0. [CBSE (AI) 2014] 
Find the particular solution of the differential equation satisfying the given conditions 

x! dy + (xy +’) dx = 0; y 21 when x - 1. [CBSE Delhi 2010] 


(x? + y’) dy = xy dx. If y(1) = 1 and y(x) = e, then find the value of xọ [CBSE Bhubaneswar 2015] 











44. Find the particular solution of the differential equation (y — sinx)dx + (tan x)dy = 0 satisfying the 
condition that y = 0 when x = 0. [CBSE Guwahati 2015] 
Answers 
1. (i) (b) (ii) (a) (iii) (c) (iv) (c) (v) (d) (vi) (c) 
2 
2. (i) zero (ii) y= T +C x” (iii) x? -y? - C (iv) not defined 
d^y 
3.1 4. 2 5. 4 6. 4 | —:70 8. logx 
dx 
9. y -2(xlogx-x)* C 10. Yes 11. y=xč*0 12y=Cx 13. ES 
6+9 y 
14, = 15. 2°-2%=C 16 —--4y-0 17. y 2tanx-1« Ce "n* 
2 dx? 
18. (x?+1)y= s *4 *2log|x * /x?*4| 19. y e? * = (tan!x -1)e" *+C 
2 = £-1 2 2 72 .. Xloglxl 
20. y(x^- 1) = log cabe 21. y +2xy- x" =C 22. y 7 1i-legixi 
23 y = ipe = 4¢ 24 =Cet ay 25 tan! LE cd 
xu (x 3 9 ey etan j y+ ta 2 
y 1,3 x 1 x-1 C 
. Salo a e. pc - . y= l 
26 tan(2-. "DES 2 ay! log|y|=0 28. y ae Og| X1 Rm 
29. 2y sin x = - (1 + cos 2x) 30. y = (tan !x-1)« Ce * 31. logly|e zo pred 





afY\_1 249 P ME ; C dE 
32. tan 1 ]7 log ty) *C 33. y n uda z 34. logly| ztC 
x 


1+x 3y 


85. y= tanx - /tanx 36. y-xy t4(y)^ *1 37, y -2*es[ ]-c 
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(m-*1)tan!x 2 


m- 39. x «2log|x| -2 40. xsiny = y^siny - 7- 


E + 
mti mti 





38. y gent 


41. y! 2222 +1 42. 3x*y=yt2x 43. x7 3e 44. y= Fsinx 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 


1. Choose and write the correct option in the following questions. (4x1=4) 


(i) The order and degree of the differential equation p - f * (2 | , respectively are 
be 


dx 

a) $2 (b) 2,2 (c) 2,3 (d) 3,4 
(ii) The general solution of e* cos y dx — e* sin y dy = 0 is 

(a) e“ cosy =k (b) e“ siny =k (c) e = k cos y (d) e 2ksiny 
(iii) The differential equation of family of curves y? = 4a (x+a) is 

@ y= s + 2) (b) y2 = 44 

2 2 2 

(c) ew) =0 (d) e) -y=0 
(iv) The integrating factor of e * ysecx = tanx is 

(a) sec x + tan x (b) log | sec x + tan x | (c) e*** (d) secx 

2. Fill in the blanks. (2x122) 


(i) The solution of the differential equation y dx + (x + xy) dy = 0 is 


d 
(ii) The general solution of the differential equation E: + E -]is 


m Solve the following questions. (8x123) 
8. Solve: e =x? 
d *1 
& wer 2 Ma. 
dx x 


d 
5. Write the integrating factor of a(x logx)+y = 2logx. 


B Solve the following questions. (2x 2=4) 
6. Write the order of the differential equation representing the family of parabola y? = 4ax. 
d 
7. Given that r3 =e Y and y = 0 when x — 5. Find the value of x when y = 3. 


B Solve the following questions. (4 x 3212) 


d 
8. Solve: (1+ 2 +y = tanx 
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T 
9. Find the equation of a curve passing through (1, 


4 
na 
point P(x, y) is "E er 


Ji if the slope of the tangent to the curve at any 


10. Solve: y * Ei) = x(sinx + log x) 


; : ; dy dy 
11. Solve the differential equation: y + Xa Va. 
m Solve the following question. (1x 525) 
T Mm cl int = -T 
12. Solve: xA sin(2)+ x-ysin- = 0, y(1)= 2 
Answers 


1. (i) (b) (ii) (a) (iit) (d) (iv) (a) 


" 
2. (i) xy = Ce " (ii) xy 3 tc 





eri 
3. y = 2(x log x- x) + C 4. y=xe*+C_ 5. logx 6.1 7. =s 
x). 
8. yes - (tan !x - 1) QE e 9. xem "d 
i l 
10. y=-cosx+ Senn + M e t - 5 + Cx” 11. y? + 2xy -xX 2 C? 
€ 


12. log | x | cos( | 0 


x 
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BASIC 


Vector 





CONCEPTS 
1. 


. Scalar: Those physical quantities which have only magnitude 


. Position vector : Let (x, y, z) be a point in space with respect to 


. Direction cosines : If r: = ai + bj + ck makes angle a, B, y with 





Vector : Those physical quantities, which are defined by z axis 
both magnitude and direction are called vector e.g., velocity, 


acceleration, force, etc. 


are called scalar, e.g., area, volume, mass, etc. 


the origin O (0, 0, 0). The vector OP having O as initial and P 


as terminal point is called position vector of P. 





Here, position vector of P = OP =xi+ yj + zk 


Z axis 
+ve direction of x-axis, y-axis and z-axis respectively, then 


cos a, cos f and cos y are the direction cosines of r and are 
denoted by l, m and n where 


ü b 
l = cosa = ——————,m-cosp =- 
Va +b +e? Va +b +c? 
c 
n = cos Y =o 
Va +b +c? 


Direction ratios : If numbers a, b, c are proportional to direction 





y axis 


— — 
cosine l, m and n respectively of r , then a, b, c are called direction ratios of r . 


Vector joining two points: If A (x, y, z;) and B (xp, Yz Z2) are uw 






two points, then the vector joining A and B is the vector AB es 


given by 

AB = (x) - x) i + (y - 9j * G5 - Ak. AES 
Proof: AB=AO+OB [By addition of vectors] x axis 
AB = OB -OA= (xi + yf + z k) —(x,i tuj +z k) 


= (x - x) i * (5 yj + 5 - z)Á veris 
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10. 


11. 


12. 


13. 


14. 


15. 


Components of a vector: If r= xi + yj +zk then x, y, z are called scalar components of r and 


xi, yj, zk are called vector components of r . 


— 


If a andb are the position vectors of two points A and B, then AB-b-a. 
If a=aitbjrek then | a | = ya, +b? P. 


=> > 
If a is any given vector then unit vector in directiona , i.e., a= 


P 


ay 


(i) Collinearity of three points: Three points with position vectors a, b ; € are collinear, iff there 


> 


> > > 
exist scalars x, y, z not all zero such that xat+yb+zc=0,wherex+y+z=0. 


(ii) Coplanarity of three vectors: Let a and b. be two given non-zero non-collinear, vectors. Then 
any vector r , coplanar with a and b can be uniquely expressed as r - xa-*yb for some 
scalars x and y. 

Section formula: 


(i) For internal division: The position vector of a point C, which divides , 


m C n B 
——————_*# 
internally the line-segment joining two points A and B with position 7 Di 


> > 
vectors a and b in the ratio m : n (as figure given alongside) is given by 





position vector of C = cea 
m+n 
(ii) For external division: The position vector of a point C, which divides ~ m > 
A B. n—C 
externally the line-segment joining two points A and B with position E T 


vectors a and b in the ratio m : n (as figure given alongside) is given by 


p: ix ud 
- mb -na 
position vector of C= — Zp 


Two vectors are said to be orthogonal if they are perpendicular to each other. 


The dot product (scalar product) of two vectors à and b is given by a.b- la || b [cos 0, where 0 is 


the angle between a and b. 

Properties of dot product of vectors: 
(i) 

(iii) 


(o) If a =a,i+a,j+a,k and b =b,i+b,j+b,k, then a .b =a b, +a,b, + a,b, 


> > > 


(Ab) = (\a).b= A(a .b), Ais a scalar 


Sy 


b=6.a (commutativity) (ii) 


> > 


a 
a. (b+ c) =a.b+a.c (Distributive property) (iv a.b=0 6 a= 0,b =0 or alb 


> > 
> a.b 


(vi) Projection of a onb = 





> > a > 
and projection vector of a on b = | | .b 





= ess 
|b | Ib | 
" j 2 e > p R b x : > dip a . b M 
(vii) Projection of b ona = i and projection vector of b on a = [| a 
a a 
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16. 


17. 


18. 


19. 


20. 


2. 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


29, 


id-].]-k k918ndi.] =]. .£ 2 0, where i,j and Å are unit vectors along x-axis, y-axis 
and z-axis respectively. 


If 0 is the angle between two vectors a= a i + aj + ask and b= bi + yj + bk, then 
: a a,b, + a,b, + a,b, 
cos 0 = — 
Palla "Weed dte 








If a Lb, then a.b- 0 >a,a,+b,b, + c,c, = 0, where a= aii * bj * ek and b- a,i + b,j + ck 


The cross product or vector product of two vectors a and b is given by a x b =| a || b | sin 05, where 
0 is the angle between 4 and b and a is a unit vector perpendicular to the plane of 4 and b and 


+ ve for a right handed rotation from a tob. 


la xb | 
la |b 


Properties of cross product of vectors: 





la xb |=|a||b | sind and sin0 = , Where 0 is the angle between à and b. 











(i) axb=-bxa (ii) axa=bxb=cxc=ixi=jxjekxk=0 
(iii) ixj=k,jxk=i and kxi=j (iv) ixj=—+xi,jxk=-kxjandkxi=-ixk 
(v) Ifaxb=0 © a =0,b=0 or a || b 

i jk 
(vi) If a=a,i +a,j+a,k and b = b,i+b,j+b,k then a xb — | a, 4, 

b, b, b, 


Area of a parallelogram, whose sides are represented by a, p is la xb |. 
a xb 


Unit vector perpendicular to a and b is p 
üx 


Area of parallelogram, whose diagonals are represented by a and D is i| axb |. 


Area of triangle, whose two sides are represented by a and D is given by TEST : 


If F isa force applied at a point A, then moment of force about the point P is given by | AP x F |. 


Cosine formulae : If a, b, c are lengths of the opposite sides respectively to the angles A, B and C of 


a triangle ABC, then 
; b’ +e? -a " eta? -b i a+b- e? 
(i) cosA = ~ (ii) cos B = Fm (iii) cosC = ——o»ab - 
Projection formulae : If a, b, c are lengths of the sides opposite respectively to the angles A, B, C of 
a triangle ABC, then 








(i) a =b cos C + c cos B (ii) b = c cos A +a cos C (iii) c =a cos B + b cos A 
L identity : |; xB vg ab 
agrange's identi axb|-€mg >> 
ue a.b b.b 
+>, > 2) 2 
or (2. b)? (a x b)? - |a | |b | 
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30. 


31. 


For any two vectors a and p ,we have 
: > > 2 > 2 > 2 >> 2 > 2 —2 232 p a. 
G |a b] -lal +[b | *2la llb | G) |a -b] =|a| *Ib | -2la|lb| 
> 942 > 2 e -- : > > > > > 2 > 2 
Gi) la+] +a -8i =2||77 «I8 | (v) @+b).@-5)=la[ - [b]. 
Scalar triple product of vectors: 


The scalar triple product of three vectors a, b andc denoted by [a b c] is equal to the dot product 


of the first vector by the cross product of remaining two in order. 
Lez [a b c] =a.(bxc) = b.(cxa) =c.(axb) 
The scalar triple product is a pseudoscalar (i.e., it reverses sign under inversion). 


Since, the cross product of two vectors is calculated by using a determinant as 


T: 
bxc= b, b, b, 
E cy ds 
i j Kk 
4.(6xc) = (ai +a j tak). 0, by b, 
E E ds 
ue Ag 
This gives [a b c] - 4. (bxc) =|b, b, b, 
C, C, C 


HG 


2 


wo 


where a= ai + a,j + ask; b= bi F b,j * bk andc- ci * p * cu k 
Properties of scalar triple product: 


(i) The scalar triple product of vectors does not change if the order of its factors are circularly 
rotated, but it changes its sign if they are transposed. 


ie., [a b c]=[b ca]=[cab] 
(ii) If any vector out of three is equal to any other vector with multiplication of a scalar quantity 
then the value of scalar triple product is zero. 


e.g., let a= ai + a,j + ak; b= Nai * a,j + Mak =a andc= ai * cj * cyk 


ous |a & 5 a a, d 
[a b c]=|M, ^a, `a, |= Ala, a, a| =0 
Q C) G C C5 €; 


[Note: The value of determinant is zero if any two rows/columns are same.] 
Geometrical interpretation of scalar triple product: 
Let i, b and c be non-zero, non parallel vectors. A 
parallelopiped is constructed in which three adjacent sides 
OA, OB and CC are represented by a ; b and € respectively 
in magnitude and direction. 


Normal of base 


Let normal of base OBDC of parallelopiped makes angle 0 
with a . (0) 
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ZOAM = 6, where AM = height of parallelopiped. 
Volume of parallelopiped = area of base OBDC x height 


= |bxc | .AM 
= | bxc | .OA cos 0 E In AOAM, cos 6 = M > AM = OA cos 6] 
| bxc a] cos 8 = |a | - bxc | cos 0 


=a. (bxc) = [a b c] = Scalar triple product of a, b, c 
[Note: Base OBDC is parallelogram and thus area is lb x c| . Also normal vector of base OBDC is 
p xc]. 
Coplanarity: Three vectors a, b, "i are coplanar, if the scalar triple product of these three vector is 
zero, i.e., the volume of parallelopiped so formed is zero and thus it would be flat. 


. > > > > > > > > > 
i.e., [a b c]=a.(bxc)=0 €» a,b,c are coplanar. 


Selected NCERT Questions 


1. Find the scalar components of the vector AB with initial point AQ, 1) and terminal point B(-5, 7). 
[CBSE (AI) 2012] 


Sol Let AB = (-5-2)i+(7-1)j = -Zi * G 
Hence, scalar components are —7, 6. 
[Note: If 7 = xi + yj + zk then x, y, z are called scalar components and xi, yj, zk are called vector 


components.] 
2. Find a vector in the direction of vector 5i -f + 2k which has a magnitude of 8 units. 


Sol. l'a|2 46) * C3)? - @? = /25*1«4 = 30 


5 
The unit vector in the direction of vector a is 





> 


a 1 E ^ 
-> = ee (81 - j + 2k) 
uL s? 
Now, vector in the direction of a having magnitude 8 units is 
8 os 40. 8 ; 16 
gaz È (ni P T É 
47 o /30' 30!” /30 


3. Find the position vector of a point R which divides the line joining two points P and Q whose 


position vectors are i+ 2; -k and -í + j + K respectively, in the ratio 2:1 


—j +2k)= 








(i) internally (ii) externally 


Sol. (i) Let R be the point which divides the line joining the point P and Q internally in the ratio 2 : 1. 


2(-i-j-k)e1(02j-À 1; 4, 1, 
241 m d uf 





The position vector of point R = 


(ii) Let R be the point which divides the line joining the points P and Q externally in the ratio 2 : 1 


2Ccisjek)-1(42j-k) -2+2 +2k -i 2j +k 


2-1 1 =—31 *3k 
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Sol. 


Sol. 


Sol. 


Sol. 





Find |x | , if for a unit vector a, (x —a).(x * 4)- 12. 


Here |a|=land(x —a).(x +a)=12 


> oie 


Now, (x-a).(x+a)=12 =x.x+x.a-a.x-a.a=12 





>2 > > > > > 2 x2 > 2 > 2 2 
> Ix| +x.a-x.a-la[=12 > Ix| -la| *32 > |x| -QY=12 
> R 21241 > |xl=/13 
Using vectors, prove that the points (2, —1, 3), (3, —5, 1) and (-1, 11, 9) are collinear. 


[CBSE 2019 (65/5/3)] 
Let A (2, - 1, 3), B (3, -5, 1) and C (-1, 11, 9) are three points. 


To show that A, B, C are collinear. 





AB = (3-2)5 * (-5* 1j +(1-3)k =f - 4j -2k = I + (4)? + (2)? = 01 





BC = (-1-3)i+(11+5)j + (9-1)k =- 4i +16 + 8h = / C4)? + 09)? * (8? = 4/21 





AC = (-1-2)2 + (11 +1) + (9- 3)£ - -8i +12) + 6k = /(-3)? + (12 + (6? - 3421 





[AC | + | AB | =|BC | 
=> A, B, C are collinear. 
Find ^ and p if (2i + 6f +27k)x@+Aj + pk) =0. 


Here (21+ 6 + 27k) x(i +A + ph) -0 


i j Kk 
2 6 27|-0 
1 A yp 


=> (61. — 27A)i - (2p -27) + QA -6)k = 0 


> 64.-27A=0, 2-27=Oand 2A-6=0 


27 
> Ba andà =3 
Find a unit vector perpendicular to each of the vectors a+b anda -b , Where a= 3i+ 2j + 2k 
and b=i+2j-2k. [CBSE Delhi 2011] 


Given, 473i *2j*2k and b=i+2)-2k 
db - 4i * 4j and a - b - 2i 4f 


> 


Now, vector perpendicular to (a * b) and a- b) is 


(a+b) x(a—-b) = = (16 - 0) i- (16 - 0)j + (0 - 8) Å = 16i - 16j - 8k 


N A “s 
O. KMS 
A O >> 


Unit vector perpendicular to (a + b) and (a -p ) is given by 
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(a+b)x(a —b) - 16i-16j-8 ^ 8Qi2j-R 
"| @+b)x@—b)| x18 -(19?-C89? — s/2 +27 +1? 








_ 2 -2j-k_ (2; 25 k\ ,2;4,25,1, 
NE (37-374) ttt ait gk 


8. The two adjacent sides of a parallelogram are 2i — 4j + 5k and f- 2j — 3k . Find the unit vector 
parallel to one of its diagonals. Also, find its area. [CBSE (F) 2012] 








Sol. Let two adjacent sides AB and AC of a parallelogram ABDC be represented by 2i — 4j + 5k and 


i -2j - 3k in magnitude and direction respectively. 





C D 
ie,  AB=2i-4j+5kand AC =i - 2j - 3k 
By parallelogram law of addition 
AD=AB+BD > AD=AB+AC [-BD-AC] / 


AD = (2i - 4j + 5k) + (1 - 2j - 3k) - 3i 6j + 2k 


|AD |-|3i - ej + 2k| =,/32+ (C6)? « 22 = /0*36 «4 /49 - 7 


Therefore, unit vector parallel to diagonal AD = 1 AD 


[AD | 


Wm 26 

-lgi- 6j + 2k) = 3i-Sj4 ok 

— > j 

Again, AB xAC=|2 -4 
1 


AB x AC - (12 10) -(-6 5)j + (C4 * f = 22i +11) 





|AB x AC |» | 227+ 13j | = /22? +11? = /484 € 121 = /605 = 11/5 
Now the area of parallelogram ABDC whose adjacent sides are AB and AC 


=|AB xAC |= 11/75 sq units. 


9. Leta=it 4j + 2k, b-3i- 2j * 7k and c-2i- j + 4k . Find a vector d which is perpendicular 
to both a and b and c.d = 15. [CBSE Ajmer 2015] 


Sol. The vector d is perpendicular to both a and b. , so we have d = Max b) ; 


ij k 
Now xb=|1 4 2/=32i-j-14k 
3 7 


So,  d=32N-N-140k 
Wehave c .d =15 > (2i-j+4k).(32M -N - 14A = 
a GAth- > Shee = he Zed 


zx B ou " 
Required vector d = 3 2i - j - 14K) 
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> bu Mb 5. 160. 5. 70. 

Or d =32xz i-z j-14x k= 3 i-3j- qk. 
10. The scalar product of the vector i+ jtk with the unit vector along the sum of vectors 
2i + 4j -5k and Ai + 2j * 3k is equal to one. Find the value of A. [CBSE (AI) 2009, 2014] 





Sol. Letsum of vectors 2i + 4j — 5k and M + 2j + 3K equal to a then a=(2+d)i+6j -2X 
O > ` a | Q*Xi*6j -2k 
The unit vector in the direction of a =â =-5~ = 5 
lal V(2+d)?+36+4 
H («b ^ CroD (2+ A)i + 6j — 2k 
ere, (i .â=(i ] = 
! ! VQ * X)? * 40 
=> (2*23)*6-2-2 (2 * A)? * 40 => (A+6)?=(2+A)*+40 
> A? +36+12A=4+A°+4A+40 = 8A=8 > A-1. 








11. If with reference to the right handed system of mutually perpendicular unit vectors 
i, j and k, a =3i - j, B =o) tj — 3k, then express B in the form B = B. + Bo, where Bi is 
parallel to Q and B; is perpendicular to a. 


Sol. Let B, - Ad, Aisa scalar, i.e., B, =3N -Aj 
and B, = B -B, = Q- 339£ +(1+A)j - 3k 


Now, since B, is to be perpendicular to a, we should have a .B; = 0 i.e., 


1 
32-323)-(0142)20— Ne 
a 3. 1, a 1; 3, ^ 
Therefore, Burt) and B= i ta) 8k 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. The vectors 3i — j + 2k, 2i tj 3k and i+ N- k are coplanar if [CBSE 2020 (65/2/1)] 
(a) -2 (b) 0 (c) 2 (d) Any real number 

2. The area of a triangle formed by vertices O, A, B where OA =i+ 2j* 3k and OB = -3i - 2j + k 
is [CBSE 2020 (65/2/1)] 
(a) 3/5 sq. units (b) 5/5 sq. units (c) 6/5 sq. units (d) 4 sq. units 

3. The value of i.(jxk) + j.(ixk) + Kk. (xj) is 
(a) 0 (b) -1 (c) 1 (d) 3 

4. If0 is the angle between any two vectors a and b then la -b |= la +b |, where 0 is equal to 

T T 

(a) 0 0) pu (@) x 

5. The vector of the direction of the vector i — 2j + 2k that has magnitude 9 is[NCERT Exemplar] 

^ * ^ i = 2j "m 2k ^ ^ i A ^ f. 

(a) 1-2) *2k (b) —— — (c) 3(i — 2j + 2k) (d) 9(i - 2j + 2k) 


3 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Tu 


18. 


19. 


The position vector of the point which divides the join of point 2a —3banda +b in the ratio 

















3:1is [NCERT Exemplar] 
3a -2b 7a -8b 3a 5a 
a — - B — ~ (c) a (d) ^ 4- 
The vector having initial and terminal points as (2, 5, 0) and (-3, 7, 4) respectively is 
(a) —i-12j +4k (b) 5i * 2j - 4k (c) -5i * 2j + 4k (d) it+j+k 
The angle between two vectors a and b with magnitudes /3 and 4 respectively and 
a.b- 2/3 is [NCERT Exemplar] 
T T T 5n 
a c (b) = (c) > d > 
Find the value of à such that the vectors a = 2i + Aj +k and b=i+ 2j + 3k are orthogonal 
3 5 
(a) 0 (b) 1 () 5 (a) -5 
The value of à for which the vectors 3i — 6j + k and 2i — 4j + AK are parallel is 
2 3 5 2 
(a) X (D > (c) y (d) = 
The vector from origin to the points A and B are a -2i- 3j * 2k and b=2i+ 3j + k, respectively 
then the area of triangle OAB is [NCERT Exemplar] 
1 
(a) 340 (b) (25 (c) /229 (d) 5229 
— > Pres > XN -> ANA 
For any vector a, the value of (a xi) + (a x j) * (a xk) is equal to [NCERT Exemplar] 
2 s2 s2 >2 
(a) a (b) 3a (c) 4a (d) 2a 
If la |=10,|b |= 2anda.b= 12, then value of |a xb lis 
(a) 5 (b) 10 (c) 14 (d) 16 
The vector Ai + j + 2k,i + Aj - k and 2i - j + Ak are coplanar if 
(a) X=-2 (b A=0 (c) X21 (d) X 2-1 
If a, b, Ü are unit vectors such that a t b t c= 0, then the value of a i b t b. c + i a is 
(a) 1 (b) 3 (c) -2 (d) None of these 
Projection vector of a onb is [INCERT Exemplar] 
la .b|\ > a.b a.b a.b. 
(a) | > 2 |b (b) 7> (o) 7> (d) | >z |b 
le | |b | |a | Ib | 
If a,b and c are three vectors such that at+b+c= 0 and |a | =2,| b |= 8,| cl —5, then value 
of a .b t b.c c.a is 
(a) 0 (b) 1 (c) - 19 (d) 38 
If la | = 4 and -3 < A = 2, then the range of |A a | is [NCERT Exemplar] 
(a) [0, 8] (b) [- 12, 8] (c) [0, 12] (d) [8, 12] 


The number of vectors of unit length perpendicular to the vectors a=2i+ j+2k and b= jtkis 
(a) one (b) two (c) three (d) infinite 
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20. The position vector of the point which divides the join of points with position vectors a +b 


and 2a - b in the ratio 1:2 is 








@ = () 3 o 9 (d 
Answers 
1. (a) 2. (a) 3. (b) 4. (c) 5. (c) 
7. (c) 8. (b) 9. (d) 10. (a) 11. (d) 
13. (d) 14. (a) 15. (c) 16. (a) 17. (c) 
19. (b) 20. (d) 


Solutions of Selected Multiple Choice Questions 


1. Given vectors are coplanar if 


3-12 
21 3-20 
1 à -1 
> 3(-1-3A) + 1(-2 -3) 2 (2A - 1) = 0 
> -5A -10=0 2 5dA=-10 > A=-2 
2. We have, 
MEN i jk . 
OAXOB-!1 2 3|-8i-10j * 4k 
321 








|OA x OB |= ¥(8)2 + (-10)2 + (4? = /64 + 100 + 16 = /180 = 6/5 


Area of A OAB = LOZ x OB |= 5x 6/5 -3/5 sq. units. 





8. Here, l2|- /8,|P |- 4anda .b=2,/3 
We know that, a.b - |a ||P |cos 0 > 2/3 = /3.4.cos0 
= eee > 9=— 
4/3 2 3 
2 L a= xi + yj +2k a| =y? 
. Let a=xityj+zk > la| =x? +y?+z 
iy k 
axi=|x y z|-i()-jcx)*key = zj - yk 
100 
( xi)? = aj - yk) @j- yk) =P «7 
ET. Be ao 
Similarly, (a xj) -x *z and (a xk) =x? +y? 


[NCERT Exemplar] 
4a+b 
3 





6. (d) 
12. (d) 
18. (c) 


> "3 > ^ > ^ 2 
(a xif-*(axjf*(axk-y vez +z ey -2054y42)-2]|s4| 














> > > -2 > 2 
15. We have, a* b* c- 0and|a| =1,|b | 2 1,|c| =1 
(a+b+c\atb+c)=0 
>2 >> >> > > >2 >> >> >> ml 
> la| *a.b *a.c*b.a*|b | +b.c+catc.bt|c] =0 
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> 2 > 2 m] >> >> >> 
> la| +lb[ +lc| +2(a.b +b.c+c.a)=0 [v 











a. 
>> >> >> >> >> >> 3 
=> 1+1+1+2(@.b+bctca)=0 > ab+bctca=~~ 
ee ee > 2 > 2 > 2 
17. Here, a*b* c- 0 and|a | =4, |b| =9,|c| =25 
(@+0+2)(¢@+0+e)=6 
>22 >> >> >> >22 >> >> >> 2 
=> la| *a.b +a.ctb.at|b| +b.c+c.at+c.b+|c| =0 
> 2 > 2 2. >> >> >> ——— 
=> la| *|b| +|c| *2(a.b +b.c+c.a)=0 [v a.b - b.a] 
> 4+9+25+2(4.b+bc+ca)=0 
> a.b+b.ctc .a=--=-19 


Fill in the Blanks 


[CBSE 2020 (65/4/1)] 


1. The projection of the vector i — j on the vector i +] is 


2. If xg aig = 144 and |; |= 4, then lo | is equal to 


3. If a is a non-zero vector, then (a : Di *(a S+ la Ok equals 


4. If la |=1and axi- j , then angle between à andi is 


[NCERT Exemplar] 


5. The area of the triangle whose adjacent sides are a=it 4j - k and b=i+t j +2k is 


sq. units. 
Answers 
1.0 2.3 3. à E 
Solutions of Selected Fill in the Blanks 
1. Let a=i-jandb=i+j 
Projection of a onb=a. b Eie e 
H Jaya 
1-1 0 


2. Wehave, 

Ixe | [a B = 144 

(I2 || |sin 0) (| |E cos) = 144 
(4E |sin0) --(4|5 cos0) = 144 


-2 . 2 2 
16|b | (sin?0 + cos?0) = 144 


U U Uy V 


> 2 > 2 
16|b| =144 => |b] =9 
> |b|=3 
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5. 24 Sq. units. 


[CBSE 2020 (65/4/1] 


5: 


We have, 


ay 


> > 
üxb- 


-1|= 97 - 3j - 3k 


E ERA 
PR, 
N 





la xB |= (9) + C3)? + 3)? = V81 +9 +9 = 99 
=3/11 
b |= 4n Sq. units. 


> 
x 


Area of triangle = 1 la 


Very Short Answer Questions 


1. 
Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Find a vector in the direction of vector a =i — 2j that has magnitude 7 units. [CBSE (AI) 2008] 


The unit vector in the direction of the given vector a is 

TREET -2) = hi -4j 

lal" vs 45/7 s 

Therefore, the vector having magnitude equal to 7 and in the direction of a is 

7a =7( 1; 2 J T. Hi 

v5 v5) /5 5 

Write the number of vectors of unit length perpendicular to both the vectors a=2i+ j+2k 
and b=j +k. [CBSE Central 2016] 








Number of vectors of unit length perpendicular to both vectors = 2 


Write the value of p for which a= 3it 2j * 9k and b=it pj +3k are parallel vector. 
[CBSE Delhi 2009] 


Since a || D , therefore a= AD => 3i +2) + 9k = Ai + pj + 3k) 
> AÀ23,222p9-3». or A=3, p= i [By comparing the coefficients] 
Write a vector of magnitude 15 units in the direction of vector f -2j «2k. [CBSE Delhi 2010] 


Let a 7 i - 2j + 2Å 
i -2j + 2k 
(1)? + (-2)? + (2)? 








Unit vector in the direction of a is Â= J = 1 ü- 2j + 2k) 


> i — 2f + 2k 
Vector of magnitude 15 units in the direction of a 2154 - 15 Qt 


- 15; ~ 305, 0% = 5i — 10) + 10k 


What is the cosine of the angle, which the vector /21 +j+k makes with y-axis? 
[CBSE Delhi 2010] 


We will consider @ = V2it+j+k 








E 2i*i-k 2i-i«k f2it+jr+k 
Unit vector in the direction of a is â= = J 5 z= y2i J = y2i = 
vv2)? +4)? +) v4 
V2 1; 





eo le E Te de 
= ai Ne a aa 
The cosine of the angle which the vector 42 í +f +k makes with y-axis is (5) : 
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Sol. 


Sol. 


Sol. 


Sol. 


10. 


Sol. 


11. 


Sol. 


If la |=4, lo | =3anda.b= 6/3, then the value of la x p |. [CBSE East 2016] 
We have, 


a.b -643 = |æ? |cos0- 6/3 
> 4x3cos0=6y73 > cos9 = £43 = 98 6-- 
Now, ax |=|a'|.|5 |sin® =4x3sin C 4x3x 5 — 6 
Write the value of the area of the parallelogram determined by the vectors 2i and 3j . 
[CBSE (F) 2012] 


Required area of parallelogram = |2/ x3j | =6 | î xĵ |=6| Ê | =6 sq units. 
[Note: Area of parallelogram whose sides are represented by à and b is | axb |] 
Write the value of (i x f). k + ( x k) 4 [CBSE (F) 2012] 
(i xj).k+ (jxk). i =k k+i. =1+1=2 
[Note: 45 - | a | . | P |cos6. Also| £ |- | j | - | £| 2 1] 
For what value of ‘a’ the vectors 2i — 3j + 4k and ai + 6j - 8k are collinear? [CBSE Delhi 2011] 
-3j + 4k and ai + 6j - 8k are collinear 


. 2 -8 4 - _ 2x6 _ 2x(- 8) mad 
a 6 -8 """-3 97774 7 

[Note: If a and b arecollinear vectors then the respective components of à and b. areproportional.] 
Write the direction cosines of the vector - 2 + j — 5k. [CBSE Delhi 2011] 


Direction cosines of vector - 2i tj — 5k are 
-2 1 -5 | -2 1  -5 
/cC2)«1?«(-5?' JoCQ2)«1?«(05)" V/c2)«1?«(-5)? w30' V/30' V/30 


Note: If l, m, n are direction cosine of ai + bj t ck then 








z a es b T e 
, rd 
Jal i c Ja b c Ja +b c 











If vectors a and b are such that la la Lv |s Jg and lax |= githen find |a. | 





[CBSE South 2016] 
We have, E > lal sin On| = 7 
> la | IF [sind =~ [e Dis angle between a and p] 
> E ct din => UC, 
205 B 22 
= snes > 6 = 30? 


2 
Now, |a.b |=|a| |b |cos0 


E MES TER a 
Ta" pee ag 7 
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42 


12. Let a and b be two vectors such that la [23 and |b [= 3 anda xb is a unit vector. What is 


the angle between a and b ? 


Sol. We have, \2|=3,| ji 





3 
Now, laxb|=|a||b|sin® 
la xb | 1 1 
> sin 8 = ————-—- = > 0 = 45° 
la| |b | T V2 


13. Give an example of vectors a and D such that | a | = lb | but a+ b. [CBSE Sample Paper 2018] 
Sol. Leta-xi + yj; b= yi + xj 
[a | = /x*+y", | b | -4y^*x? Hence, azb but la |=|5| 


14. Find the unit vector in the direction of sum of vectors a 7 2i — j + k and b = 2j + k. 
[NCERT Exemplar] 
Sol. Let c denote the sum of 4 and b 
We have, c=a+b =2-j+k+2j+k=2î+} 2k 
Too PER FED tj oE 


-. Unit vector in the direction of c = == = 
lc| (22412422 V9 3 


Short Answer Questions-l 


1. Show that for any two non-zero vectors a and b, la +b |= la -b iff à and D are perpendicular 
vectors. [CBSE 2020 (65/3/1)] 


Sol. We have, 





> > > > 
atbl|=|a—b| 





e IBI - la -b5 i (Squaring both sides) 
> 2 > 2 >> > 2 > 2 E 

& Jal ler *2lal[b]cos0 =|a | *|b | -2ļa ||b [cos 8 
(Where 0 is the angle between vectors à and b ) 

e 4a ||b |cos0 = 0 

e cos = 0 = cos 5 

dE 
e 075 
e a andb are perpendicular vectors. 


2. The x-coordinate of a point on the line joining the point P(2, 2, 1) and Q(5, 1, —2) is 4. Find its 
z-coordinate. [CBSE (AD 2017] 
Sol. Let required point be R(4, y,, z4) which divides PQ in ratio k : 1. 











By section formula (4s z)) 
5k+2 k R 1 
= 4k+4=5k+2 
kel 7 P(2, 2,1) Q(5, 1, -2) 
> k=2 
_2x(-2)+1x1 441-3 1 
2s wd ^ B RS 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


Find ^À' when the projection of a-M +j * 4k on b=2i+ 6j * 3k is 4 units. [CBSE Delhi 2012] 


We know that projection of à onb = i => 4=4 B a(i) 


|b | D | 
Now, 4.b=2A\+6+12=2A+18 also |b |= /22462 «33 = (443649 - 7 


Putting in (i), we get 





4" 25718 24228-18 = n= Das 


What are the direction cosines of a line, which makes equal angles with the co-ordinate axes? 
[CBSE (F) 2011] 





Let a be the angle made by line with coordinate axes. 
= Direction cosines of line are cos a, cos a, cos a. 
= cos*at+cos*a+cos?a=1 
2 2 1 B 
=> 3cossa=1 > cosa-— = cosa=+t 
3 J3 


Hence, the direction cosines of the line equally inclined to the coordinate axes are 
1 1 


1 
+ + + 
3" V3' V3 


[Note: If l, m, n are direction cosines of line then P+m?+n7=1] 


For what value of p, is a +j +k) p aunit vector? [CBSE (F) 2010] 





Let, a=p(itj+h 
Magnitude of a =| a | = y(p)?+ (p^ * (p)? =#V3p 
As a isa unit vector, la [71 
T 
=> +/3p=1 => pow 


X and Y are two points with position vectors 3a +b anda - 3b respectively. Write the position 
vector of a point Z which divides the line segment XY in the ratio 2 : 1 externally. 











[CBSE 2019 (65/4/1)] 
We have OX =3a +b, OY =a -3b, OZ =? 
—,. 24 =3b)-1G0 SE) -Z-Ę > > 
OZ - 2—1 EM --g4 -7b 
OZ --a-7b 
Write the position vector of the mid-point of the vector joining the points P(2, 3, 4) and 
Q(4, 1, -2). [CBSE (F) 2011] 
Let a, b be position vector of points P(2, 3, 4) and Q(4, 1, —2) respectively. 
a - 21 * 3j 4k and b= 4b +] - 2k 
s E a+b  Git+4j+2k o a 
Position vector of mid point of P and Q = —5— = 2 SILE Ek 
If | al = a, then find the value of the following : [CBSE Bhubneshwar 2015] 


— xum — aie => m 
la xi| +\a x j| +la xk] 
Let a makes angle a, B, y with x, y and z axis. 


> T OA , TU u$ s 
- |a |.1.sin a 7 asino similarly |a xj |=asinB and |axk |=asiny 





jax 
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2 laxi P +| axj P +| axk ^ =a’ sin? a+ d sin f +a’ sin? y = e? [sin? a + sin? B + sin? y] 
- d? [1 - cos? a + 1 - cos? B + 1 — cos? y] 
= d? [3 - (cos? a + cos? p + cos? y)] 
“Pt+m +n? =1 


2 
=a (3-1 
( ) 5 cos?a + cos? B + cos? y = 1 
= 28 
9. The vectors a =3i + xj and p =2i+ j * yk are mutually perpendicular. If |a|= |5], then find 
the value of y. [CBSE Bhubneshwar 2015] 
Sol. ~ aandb are mutually perpendicular. 


a.b=0 > (31 + xj).(2i * j + yk) =0 => 6+x+0.y=0 


=> 6+x=0 x=-6 


Again, |a] = |b] 

=> V3 tx? otis y! => 9+36=/5+y [-x=- 
3 (45 = (5+? > y=45-5 

= y =+/40 =+ 210 





10. Find the value of a.b if| a|=10,|b|=2and]| a xb|- 16. [CBSE Guwahati 2015] 
Sol = laxb|-16 = |a] |P|sin0- 16 
16 4 
=> 10x2sin0=16 Fes 
16 3 
=>  cos0-/1- sin? -55 “to 


> 


> => — 3 
a.b -|a||b| cosÜ -£10x2x c -t12 
11. Find the vector of magnitude 6, which is perpendicular to both the vectors 2i — j + 2k and 
4i - j +3k. [NCERT Exemplar] 
Sol Let a =2i-j+2kandb =4i - j € 3k 


So, any vector perpendicular to both the vectors 7 and D is given by 


^ 





Pj k 
axb=|2 -1 2| =i(-3+2)-j(6-8)+k(2+4) =-2+2+2k=7 [say] 
4-13 
A vector of magnitude 6 in the direction of r 
T -i «2j +2k -6; 12. 
=735,-6= 65 n =< - 2i + 4j + 4k 
Ip Vee Bt 3! diio 





12. Leta=it 2j —3K and b - 3i - j + 2k be two vectors. Show that the vectors (a. t b) and (a - b) 
are perpendicular to each other. [CBSE 2019 (65/4/1)] 


Sol. We have a =i +2) -3k and p =3i -j + 2Å. 
Then, at+b=4i+j-kh and a -b = -2 + 3j -5h 
(a +b).(a-b)=-8+3+5=0 
=> (a b) L(a - b) 
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€ = > > »2 2 = P 
13. For any two vectors a and b , prove that (a x b)? =a b -(a.b) [CBSE 2019 (65/5/3)] 





Sol - (axb)= la ||b | sin0 â and a.b = |a ||» |cos0 


"a i eode NS Da 5 9 
RHS - (a. pel BP -lelie cos? 
-izf I5 [ (1 cos?0) =|7/ nae sin?0 


> e 2 
-(a xb) =LHS Hence proved. 


Short Answer Questions-II 


1. The scalar product of the vector aci j* k with a unit vector along the sum of the vectors 
b =2i+ 4j - 5k and c =Ai+ 2j + 3k is equal to 1. Find the value of X and hence find the unit 
vector along b*c. [CBSE 2019 (65/2/1)] 

Sol. Wehave, b +c =(2 + 4j - 5K) + (Ni +2) + 3) 
=> b +c =(2t+Ni +6 - 
> b+c — QXNÍ*6j- 


Unit vector of b * c = a 5 
lo+c| V(2+A)7+36+4 








> bee > ((2+A)i *6j- X) € 
Now, a.s—> = 1 => itjtk = 
Ib «c ATEA IET 


=> 243A4*6-2-24(Q-M)*40 > A+6=/(2+A)7+ 40 


Squaring both sides, we have 
AŽ +12A + 36=(2+A)*+40=44A74 4A +40 
8 
= 8A = 44-36=8 = A-g71 = Ac 


3.,.6. 2 
By putting the value of A = 1, unit vector of b+e = z7i*tgi-7 


7 k 


2. Let a, b and c be three vectors such that la |= 1|b |=2 and lc |7 3. If the projection of b 


along a is equal to the projection of c along a ; and b,c are perpendicular to each other, 


then find |3a - 2b + 2c |. [CBSE 2019 (65/3/1)] 
Sol. Given projection of b along a is equal to the projection of c along a. 

Da ca 
> TS T 

la| lal 

b.a=c.a (i) 
Also in ble ab. ii) 

2 > > > > 

Now, aaa 995 a d pn. P-8b.c*124.c 





= 9x(1)?-4x()?*«4x(3?-12a.b -8x0*12a.b 
= 9+4x4+4x9=9+4+16+36=61 
=> |3¢-2b+2¢|=/61 
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3. Prove that, for any three vectors a,b,c 


[a+b b+c c*a] -2[a b c] [CBSE Delhi 2014] 
Sol LHS  -[a*b b+c cta]=(atb).{(b+c)x(c+a)} 
- (a+ b). (bxc + bxa t Cxc^ cxa} = (a+ b). (b xetb xate x a} i cxe = 0] 


-a.(b xc) +a.(b xa) +a.(c xa) * b.(b xc) +b.(b xa)+b.(c xa) 
=[a b c]-[a b a] [a c a] * [D bc]+[bbal+[bca] 
=[a b c] £04 0*0 0 [D c a] [By property of scalar triple product] 


> 


= [a b c] + [D c a] - [a b c] + [a b c] [By property of circularly rotation] 
=2[a b c]- RHS 
4. Find the value of x such that the points A(3, 2, 1), B(4, x, 5), C(4, 2, 22) and D(6, 5, —1) are coplanar. 


[CBSE (AI) 2017] 
Sol. We have A(3, 2, 1), B(4, x, 5), C(4, 2, 22) and D(6, 5, -1) points. 


AB -i*(x-2)j * 4& AC =i «0j - 3k; AD = 8i 3j - 2k 
^ Points A, B, C and D are coplanar > AB, Ac. AD are coplanar => [ AB AC AD ]=0 


1 x-2 4 
=> 1 0 -3/=0 

3 3 -2 
= 1(0 + 9) — (x - 2)(-2 + 9) + 4(3 -0) =0 > 9-7x+14+12=0 
=> Tx = 35 > x=5 


5. Show that the vectors a,b,c are coplanar, iff a+b,b+c andc+a are coplanar. 


[CBSE (F) 2014, Delhi 2016] 
Sol. If part: Let a,b,c are coplanar 


> Scalar triple product of a. y b and c is zero. 

> [1 b c]-0 =  a.(bxc)=b.(cxa)=c.(axb)=0 

Now, [a+b b+c c+a]=(atb).{(b+c)x(c+a)} 
= (@+b).{bxe+ bxa * cxc * exa] = (a b). [bxc + bxa * cxa} [^ exc = 0] 
= a.(bxc) * a.(bxa) * a-(cxa) * b. (bxc) +b. (bxa) + b.(cxa) 
= [a b c] +0+0+0+0+ [b c a] [By property of scalar triple product] 
= [a b c]+[a b c]=2[a b c] =2x0=0 [a 5 c] - 0] 


> > > > > > 
Hence, a+b,b+c andc+a are coplanar. 


Only if part: Let a+b,b+c,c+a are coplanar. 


> [a+bb+cc+a]=0 > (atb).A(b+c)x(c+a)} =0 
> (a-b)(bxctbxa*tcxctexa)]-0 = (atb).{bxc+bxatcxa}=0 [exc 0] 


— a. (bxc) * a. (Dxa) +a.(cxa) * b.(bxc) + b.(bxa) + b.(cxa) = 0 
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> [abc]+0+0+0+0+[bcal=0 = 2[abc]=0 [e[abcl=[bc all 
=> [abc]=0 
Hence, a j b, c are coplanar. 
6. Let a =i+jtk,b =iandc=c,itc,j+c,k then 
(a) Let c4 = 1 and c; = 2, find c, which makes a,b ande coplanar. 


(b) If c; 2 -1 and c, = 1, show that no value of c, can make a, b ande coplanar. 


[CBSE Delhi 2017] 
Sol. Given az=itjtk; b=iandc=c,i i tae te k 
(a) Since a b and c vectors are coplanar 
> [a b c]-0 
1l i 1 L 1 J 
> 1 0 0/=0 > 1 0 Oj=0 [Given that c, = 1 and c; = 2] 
Q C) Cy 1 2 & 
> 1(0 — 0) -1(c3 - 0) + 12-0) 20 
> = C3 + 2 = 0 > C3 = 2 
(b) To make a bande coplanar. 
111 1 1 1 
— 100/20 > 1 0 0|290 [Given that c, = -1 and c4 = 1] 


= 1(0-0)-1(1-0) + 1(-1-0)=0 => -1-1=0 
> -2 = 0, which is never possible. 


> > > 
Hence, if c; = -1 and c4 = 1, there is no value of c; which can make a ,b and c coplanar. 


7. If a,b,c are mutually perpencieue vecos of equal magnitudes, show that the vector 


a + p 3 +c is equally inclined to a, b ande . Also, find the angle which a+b +c makes 
with a orb orc. [CBSE Delhi 2017] 
Sol. Let | al =| bi = | c |= x (say) 


> > > 


Since a,b,c are mutually perpendicular vectors. 


> > > > > > > > > > > > 
a .c 


Therefore, a .b =b .c =c .a =0=b .a =c .b 
=(a+b+c).(a+b+c) 

ILE a.c*tb.a*b bob. 
=x +0+0+0+x+0+0+0+x= 


> |atb+c|=V3x 








Now, la* bc] 


> > 


Let 0,, 8, and 0; be the angles made by (a+ b+ c) with a,b and c respectively. 





0 a.(a * bc) ere x*+0+0 1 
cos => > > > = = = 
t jals (a+b+e] x. 8x Be 3 
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Sol. 


Sol. 


10. 


Sol. 


8. = -1 Fa. imilarly 0. = Ux) dð, = -1 (5) 
> r enar Us ees | ie ane 0. c Bod 3B 
Le; (a e c) is equally inclined with a, b ande 


If a=itjt+k and b = j-k, then find a vector c such that axc =b and a.c - 3. 


[CBSE Delhi 2008, 2013] 
Let c= Gi F £l * c4 k . Then, 
i jk 
(axc)=|1 1 1}=(c,-c,)i * (7 cj + (7 c)k 
G Sy Ss 
(axc) =p 
> (c, - c) £ + (- cJ j + (6- c)k-j -É 
> P0670,6 5-6 7 lands, 5-1 (i) 
Also, a. cH(itj+h. (cit cj + c,h) 
> d.C 6*6, 
> e+, =3 [774.023] .. (Hi) 
> Erere-1=3 [ 555956 71] -.. (iii) 
> 26, te 74 
On solving c-c, = land 2c, +c, = 4, we get 
3,725 > GF 2 
5 2 2 
a =(q-1) =(3-1)=4 and C3 =O = 3 
Hence, c= (2i T 2j). 


If a - b ^ c - 0 and | a |=3, b |=5 and lc |=7 then show that the angle between à and b is 60°. 





[CBSE Delhi 2008, 2014] 
a+b+c=0 => (a+b) =(-c) 
> (a+b).(a+b) =c.c 
> 2 32 > > 2 —— 
> la| +|b| +2a.b=|c | > 9+25+2a.b=49 
> 2a.b =49-25-9 
E 2|a ||b |cos0 = 15 E 30 cos 0 = 15 
— cos0 = $ = cos 60° — 0 = 60? 
If a, b, c are three vectors such that at b+ c= 0, then prove that axb= bxc=cxa, and 
hence show that [a b c|=0. [CBSE Sample Paper 2018] 
Given a+ b+ c=0 
=> aX(atb+c)=ax0 
=> axXb+aXc=0 => axb-cxa ...(i) 
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> > 


Again, b x(a +b +c)=b x0 
= bxatbxc=0 => bxc=axb ...(ii) 
From (i) and (ii), we get 
axb=bxXc=c Xa 
Now, [a b c]-a.(b xc) 


> > > > > 


=a.(axb)=[a a p] =0 [^ Scalar triple product of three vectors 
is zero if any two of them are equal.] 


11. Let a 2i * 4j * 2k, b - 3i - 2j * 7k and c 22i - j * 4k. 
Find a vector p which is perpendicular to both à and b and p. c -18. [CBSE (AI) 2012] 
Sol. Given, a-i*4j* 2k, b -3i - 2j ^ 7k, c - 24 -j+4k 


Vector p is perpendicular to both à and b lê: p is parallel to vector a xb. 


12 
SU 


14 
3 -2 





4 2| 4 
-27| 4 





i 





|-si - j- 14t 
-2 


axb=|1 4 2| =i 
3 7 
Since p is parallel to axb > p= p (32i — j - 14k) 
Also, p.c-18 => (32i-j-14k).(2i-j+4k =18 
> u (64+1-56)=18 = 9=18 or p=2 
p -2 (22i —j -14k) = 64i — 2j — 28k 
12. The magnitude of the vector product of the vector i + j + k with a unit vector along the sum of 
vectors 2i + 4j — 5k and Ai + 2j + 3k is equal to y2 . Find the value of A. [CBSE (F) 2013] 
Sol Let a=itj+k b-2i «4j - 5k, co M 2j «ak 


From question 





E TEE li) 
Ib c] Ib c] 











b+ce=(2+A)i *6j - 2k 








lore |=V(2+A)2+ 624 C2)! = V4+A 44 364 - / A3 4A 44 




















> > > i jk ^ ^ ^ ri ^ ^ 
=> ax(b+c)=| 1 1 1|-2 C2-9i-(-2-2-X)j* (6-2-X)k 2 -8i * (44 A) * (A 
24462 
Putting it in (7), we get 
-8i * (4*2)j * (4 - XK /C 8) * (442)? * (4-2)? 
2 => =/2 
VN e A +44 ya VN +AA 44 e 
Squaring both sides, we get 
64* 16 A * 8A 16* A -8A _,, 96-2M _ 
A^ 4A +44 A +AA 44 
=> 8=8 > A= 1 
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13. 


Sol. 


14. 


Sol. 


15. 


Sol. 


Show that the points A, B, C with position vectors 2f- j + ki- 3j- 5k and 3i - 4j - 4k 
respectively, are the vertices of a right-angled triangle. Hence find the area of the triangle. 
[CBSE (AI) 2017] 
Given, position vector of A = p< j +k 
position vector of B = i — 3j — 5k 
position vector of C =3i - 4j - 4k 
> AB-d-2j-6k; AC-i-3j-5É and BC=2i-j+k 


—— 2 — — pol —2 
Now, |AB| =AB.AB=1+4+36=41; |AC | =1+9+25=35; |BC| =4+1+1=6 








| AB | = [AC f + | BC f > A, B, C are the vertices of right triangle. 











i j K 
Now, ABxAC=|-1 -2 -6| =i(10-18)-j(5+6)+k(3+2)=-8i -11j + 5k 
1 -3 -5 
|AB x AC |= /C8)? + C11)? +5? = /64+121 +25 = /210 
li = 210 , 
Area (AABC) = | AB xAC | = 2 sq. units 


Alternate method to find area: 


|a 
Area of AABC - 5 x|BC |x| AC | * 5x 35x 6 = 





/210 . 
2 Sq units 


Find a unit vector perpendicular to the plane of triangle ABC, where the coordinates of its 
vertices are A(3, —1, 2), B(1, —1, —3) and C(4, 3, 1). [CBSE Bhubaneshwar 2015] 


Here, AB=(1-3)i+(-1+1)j+(-3-2)k 
=-2í +0. j- 5k 
And AC -(4- 3)i+(-3+1)j+(1-2)k 





=f- 2) =k 
sila 
AB xAC =|-2 0 -5 
i2 


- (0-10) i - (2 + 5) + (4 - 0)K = -10i —7j + 4k 

Since, AB x AC is perpendicular to both AB and AC . 
> AB x AC is perpendicular to the plane of triangle ABC. 
AB x AC -10i -7j+4k 1 
|[AB xAC|  /c10?-Cc7)-4? V165 
-10 > Z 3 4 > 

- * k 
/À165. Vi165! 165 
Find the area of a parallelogram ABCD whose side AB and the diagonal AC are given by the 








(- 10i - 7j + 4k) 


Required vector = 








vectors 3i + j + Ak and 4i + 5k respectively. [CBSE (F) 2017] 
=-3i-j-4k+4i+5k=i-j+k 
AD =BC=i-j+k ! 
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-. Area of parallelogram = |AB x AD | 


i j Kk 
=||3 1 4||-|ü*5:-(G-4j* C3-2K| = |5£ * j - 4k| 
1 -1 1 





= /5?+1?°+ (C4)? = /25* 1416 = V42 sq. units. 
16. Ifa-2i- j - 2k and b=7i+ 2] -3k then express b in the from of b = bi+ b», where ‘bi is 

parallel to a and Ba is perpendicular to a. [CBSE (AI) 2017] 
Sol. Since bi Il a 

=> bi=M=A(2i -j -2k) 22M - M - 2E 

itbo=b > bp =D -by 

= (7i + 2j — 3k) - (2Ni -Nj - 2A =7i + 2j - 3k — 2A + Af + 2k 
=(7-2A)i + (2+ A) -(3-2A)k 


It is given that b» is perpendicular to a . 


> bo.a - 0 =>  (7-292-Q«*3)1*(8-23)2-0 
= 144153 23 1 8cdue0 >  -9«18-0 > hes =2 
Hence, b1 = 4i - 2j - 4k; 2-35 +4 +Ê 


> > 


Now, 7i-2j-3K- (4i - 2j - AK) - (8 4j +h, ie, b- bi Da 
17. Given that vectors a, b, e form a triangle such that a= b+ c .Find p, q, r, s such that area of 
triangle is 5/6 where a= pi* qj * rk, b-si 3j * Ak and c -5í *j-2k. [CBSE (South) 2016] 


. > > > 
Sol. Given, a=b+c 





> pi + qj + rk =(si +3) + A) + (31 +) - 2k) A 

> pi *gj*rk-(s*3)i * 4j + 2k 

Equating the co-efficient of i, j, k from both sides, we get T D 

zy s+3=p; g=4 and r=2 (i) 

Now, area of triangle = Sexe | K = b 
ij k 

=> 516 = 5 | $34 |= 516-4)? - C2: -12j * 6- 9&| 
31-2 








> 5/6 = 1107+ Qs +12)? + (s- 9)? = 1/100 + 4s? + 144 + 485 + s? + 81 — 185 


> 5/6 = 5/325 + 587+ 30s 


Squaring both sides 


> 150 = tez + 5s? + 30s) 





> 600 — 325 = 5s? + 30s — 587+ 30s —275=0 
-30 + (900+ 4x5x275 _ -30 + 6400 _ -30 + 80 
zd aum 10 = 10 = I0 
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18. 


Sol. 


19. 


Sol. 


20. 


Sol. 


> s =-11,5 ...(ii) 
From (i) and (ii) 
s =-11,5; p =-8,8; q =4 and r=2 
If a and b are unit vectors, then what is the angle between à and b for a — (2 b tobea 


unit vector? [CBSE South 2016] 


. a 7 . . 
Given, a -2b isan unit vector 


> > — > 2 
= = |a-y2b|=1 > [a-/2b[=1 
> (a-42 b).(a -y2 b)=1 =>  a.a-y2 a.b -/2b.a42b.b-1 
> laP -2/2 a. b*2]b P =1 fea. b=b.al 
= 1-242 a.b 4221 [-[a|-| b] 2 1] 
> — —— -2 
242 a.b --2 pe 
=> (2a > a.b EN 
"s ces = oile joa eel clit ese 
/2 2 
1 T T 
> ar > cos 8= cos > Hor 


The two vectors j +k and 3i -f + 4k represent the two side vectors AB and AC respectively 
of triangle ABC. Find the length of the median through A. [CBSE (F) 2015] 


Here, AB =j+kand AC = 3i - j & 4& 
BC = BA + AC 
= -AB+AC =-j-k+3i-j+4k=37 - 2j + 3k 


aalo 
BD = z BC 


1 E 04 x p 
7-5 2j + 3k) = 3i-jt4k 





Now, AD = AB + BD 











2 2 
Length of AD = |AD |= (5) +(3) = 34 units . 


If a,b and c determine the vertices of a triangle, show that lib xc +c xa +a xb] gives the 
vector area of the triangle. Hence, deduce the condition that the three point a,b andc are 
collinear. Also, find the unit vector normal to the plane of the triangle. [NCERT Exemplar] 
Since, 4 b and c are the vertices of a AABC as shown. 


Area of AABC -ljaB«AC| 





Now, AB =b -a and AC =c -a 
1 > > > > 
Area of AABC = 5 [(b - a) x (c -a)] A B-a P 
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= 5|@x2)-(@ xa)-@xc)+@xa)| 
= 5|@ x2)+@xb)+(Exa)t5| 


=5|@xe)+@xb)+@xa)| (i) 


For three points to be collinear, area of the AABC should be equal to zero. 


> RB xe +2 xa +a xB]=0 
=> bxcet+cxataxb =0 (ii) 


> 


This is the required condition for collinearity of three points a,b and c. 
Let 7 be the unit vector normal to the plane of the AABC. 

AB x AC = axbt+bxctcxa 

|AB x AC | la xb *bxc*cxal 





n= 


. Also, find 
the area of the parallelogram, whose diagonals are 2f — j +k andi * 3j -k. [NCERT Exemplar] 


21. Show that area of the parallelogram whose diagonals are given by a and b is lo gel 


Sol. Let ABCD be a parallelogram such that 


D c 
AB =p, AD =] > BC=q 7 i ge 
d 


By triangle law of addition, we get 

AC =p +g = [say]. [T RN i 
Similarly, BD =-p +74 =b [say] __...(ii) 
On adding equation (i) and (ii), we get 

a+b=2q > q@=4(@+5) 


On subtracting equation (ii) from equation (i), we get 


Now, p xq =4(a- )x(@ +B) = fla xa +a xB -8 xa -8 xb) 
1 


Now, area of a parallelogram, whose diagonals are 2i — j +kandi+3j-k. 


= Ti - +8) x(?+37-1)| 


iii E 
=5|/2 -1 1]| 
1 3 1 


-liía-3-jc2-D«£(6*11| 
= l| + 3f +7k | 
E VETETT] 


= l/e Sq. units 


390 Xam idea Mathematics-XIl 


22. If axb=cxd and a xc =b xd , then show that (a - d) is parallel to (b - c), it is being given 


that a Z d and bz c. [CBSE (E) 2016] [HOTS] 


> > 


Sol. Given, axb = cxd and axe = bxd 








> axb —axc = cxd- bxd 
> axb -axc+bxd -cxd - 0 
> ax(b —c)+(b -c)xd =0 [By left and right distributive law] 
> ax(b-c)-dx(b-c)=0 [- axb=-bxa] 
> (a -d)x(b-c) 20 [By right distributive law] 
>  @-d) || 6 -c) 
23. Prove that: la *41 ELS d [HOTS] 
a.b b.b 


Sol. Let 0 be the angle between a and b . Then, 
> >22 > > > > 
LHS = |a xb | = (axb). (axb) 
= (ab sin 0) fi. (ab sin 0) â = (a? D? sin? 0) (f.i) = a7b* sin? 0 


= a° b? (1-cos? 0) = a*b? — (ab cos 0)? 








> > > > 2 r 
= (a.a) (b.b) -(a.b) ...(i) 
Aare be ES OP ds.) 
a.b b.b 
= (a.a). (b. b) - (a.b)? (ii) 
From (i) and (ii) RHS = LHS Hence proved. 


24. If a, b are unit vectors such that the vector a+3b is perpendicular to 7 a-5b anda—4b 


is perpendicular to 7 a -2b , then find the angle between a andb . [HOTS] 


Sol. Let angle between à and b beo 


Given, (@+3b) L(7a - 5) > (@+3b).(7a -5b)-0 
> 2 >> > 2 
> 7|a | +16(a.b)-15|b | =0 
A Longo 
> 7416cos0-15-0 Delal =o | 71] 
-81 -T 
> cos 0 7 1c 75 = 9 3 


Also, given that (a -4 b) L(7 d b) 


> (a -Ab).(7a -2b) =0 7|a | «*8|p | -30@.b) =0 


U 


wla 


> 15-30cos02 0 => cos 8 = 5 => e= 
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25. Find the value of x such that the four points with position vectors, 
A(3i + 2j + K), B(4i + xj + 5k), C(4i + 2j — 2k) and D (6i + 5j — k) are coplanar. 





[CBSE 2019 (65/4/3)] 
Sol. Given, AB=i+(x—2)j+4k, AC =i +0j - 3k, AD = 3í + 3j —2k 
=> As A, B, C, D are coplanar so AB. (AC x AD) -0 
1 x-2 4 
> 1 0 -3/=0=> 1799)-(x-2)7+4(3) 20 >9-7x+144+12=0 
3 3 -2 
> 35 = 7x zx 
PROFICIENCY EXERCISE 
B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in each of the following questions. 
(i) Ifa .b= H 7 ||? |, then the angle between a and b is [CBSE 2020 (65/4/1)] 
(a) 0° (b) 30° (c) 60° (d) 90° 
(ii) Let à and b be two unit vectors and 0 is the angle between them. Then a+b isunit vector if 0 is 
T T T 2n 
(2) T (b) = (c) 4 (d) ^ 
(iii) The magnitude of the vector 6i *2j* 3k is [NCERT Exemplar] 
(a) 5 (b) 7 (c) 12 (d) 1 
> a A x > > > > 2 dese Se > 
(iv) Let a =i -2f +3k.If b isa vector such that a .b =|b | and|a -b |= /7 then |p | equals 
[CBSE 2020 (65/4/2)] 
(a) 7 (b) 14 (c) /7 (d) 21 
> > > > > 2> ;2 
(v) If |axb|=4 and |a .b |=2 then |a| |b| is equal to 
(a) 2 (b) 6 (c) 8 (d) 20 
(vi) The value of p for which p(i +] + K) is a unit vector is [CBSE 2020 (65/3/1)] 
1 
(a) 0 (b) 3 (c) 1 (d) 3 
2. Fill in the blanks. [1 mark each] 
(i) The area of the parallelogram whose diagonals are 2i and -3k is square units. 
[CBSE 2020 (65/3/1)] 


(ii) Thesine of the angle between vectors a-2i- 6j - 3k and b = 4i + 3j - k is equal to 


(iii) The value of à for which the vectors 2i — N +k and i 2j - É are orthogonal is : 
[CBSE 2020 (65/3/1)] 


(iv) If a= 3i - 2j + 2k, b = 61 + 4j — 2k and c = -8í - 2j + 4k. Then a .(Dx c) is equal to 
(v) The vectors a-3i- 2j * 2k and b = -i -2k are the adjacent sides of a parallelogram. The acute 


angle between its diagonals is 
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B Very Short Answer Questions: [1 mark each] 





3. If la |= /3, b |= 2 and angle between a and b is 60°, then find a.b. [CBSE (AI) 2008] 
4. Find the sum of the vectors a =f - 2f +Å, b - - 21 4 4j 5k and c -í -6f - 7k. [CBSE Delhi 2012] 
5. Find the angle between two vectors a and b with magnitudes 1 and 2 respectively and when 
laxb |» V3. [CBSE Delhi 2009] 
6. Find a vector of magnitude /171, which is perpendicular to both of the vectors a=it 2j - 3k 
and b= 3i - j + 2k. [CBSE Ajmer 2015] 
7. Write the distance of the point (3, —5, 12) form X-axis. [CBSE (F) 2017] 
8. Ifa .a =Oanda .b= 0, then what can be concluded about the vector p. [CBSE (F) 2011] 
9. If a- 4i - j * K and b= 2i - 2j +k, then find a unit vector parallel to the vector a «b. 
[CBSE (North) 2016] 
10. Ifa - 2i * j ^ 3É and b - 3i +5j - 2k, then find | a xb]. [CBSE Panchkula 2015] 
11. Ifa unit vector a makes angles 5 with i, n with j and an acute angle 0 with K , then find the 
value of 0. [CBSE Delhi 2013] 
12. Inatriangle OAC, if B is the mid-point of side AC and OA - a.OB =b. , then what is OC. 
[CBSE Ajmer 2015] 
13. If|a xb|? *|a .b|- 400and | 4| - 5, then write the value of | b | . [CBSE (F) 2016] 
14. If á,b and é are mutually perpendicular unit vectors, then find the value of |2â + bl. 
[CBSE Allahabad 2015] 
15. Find a unit vector in the direction of a = 3f - 2 + 6k. [CBSE Delhi 2008] 
16. Write a vector of magnitude 9 units in the direction of vector 22i + j + 2k. [CBSE (AI) 2010] 
B Short Answer Questions-I: [2 marks each] 
17. Find a vector of magnitude 5 units and parallel to resultant of the vectors à - 2i * 3í -kand 
b=i-2j+k. [CBSE Allahabad 2015] 
18. For any three vectors a, b and c, find the value of ax (b+ c) + bx (c+ a )* cx (a+ b) : 
[CBSE (F) 2013] 
19. Find | x |, if for a unit vector a 
(x —a).(x+a)=15. [CBSE (F) 2010] 
20. If a and b are two unit vectors such that a + b is also a unit vector, then find the angle between 
a andb. [CBSE (AI) 2014] 
21. Find the value of a + b, if the points (2, a, 3)(3, —5, b) and (-1, 11, 9) are collinear. [CBSE Guwahati 2015] 
22. Finda vector r equally inclined to the three axes and whose magnitude is 3/3 units. 
[CBSE 2020 (65/2/1)] 
23. Find the angle between unit vectors M and b so that /3 a - b is also a unit vector. 


[CBSE 2020 (65/2/1)] 
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24. Find |a |and |b [ifla |=2|5 |and(a+5).(a —b) = 12 [CBSE 2020 (65/4/1)] 
25. Find the unit vector perpendicular to each of the vectors a= Ai+ 3j +k and b= 2i - j+2k. 
[CBSE 2020 (65/4/1)] 
B Short Answer Questions-II: [3 marks each] 
26. Find a unit vector perpendicular to both of the vectors a+b anda -b where a=i tj +k, 
b=i+2)+3k. [CBSE (F) 2014] 
27. If p= 5i + Aj - 3k and q =i + 3) -5k then find the value of A, so that p+qand p-4 are 
perpendicular vectors. [CBSE (AD) 2013] 
28. Let a=i+ 4j + 2k, b-3i- 2j +7k and c-2i- j + 4k. Find a vector d whichis perpendicular to 
both a and b and c.d = 27. [CBSE Ajmer 2015] 
29. Showthatthefourpointswith positionvectors 4í + 8j + 12k, 2i + 4j + 6k, 3i + 5j + 4k and 5i 8j + 5k 
are coplanar. [CBSE Gwwahati 2015] 
30. Find x such that four points A(4, 1, 2), B(5, x, 6), C(5, 1, -1) and D(7, 4, 0) are coplanar. 
[CBSE Panchkula 2015] 
31. For three vectors a, band c ifaxb = c and a x c = b , then prove that a, b and c are 
mutually perpendicular vectors, |b |7 |c | and |a |7 1. [CBSE Sample Paper 2015] 
32. If M ; b, M are unit vectors such that a. b- a. c= Oand the angle between b and c is e then 
prove that (i) @=+2(b xc) (ii) [a+b B+? c«a]-&1. [CBSE Sample Paper 2016] 
33. The two adjacent sides of a parallelogram are 2i - 4j — 5k and 2i+2j+3k. Find the two unit 
vectors parallel to its diagonals. Using the diagonal vectors, find the area of the parallelogram. 
[CBSE (Central) 2016] 
34. Find the angle between the vectors a+b and a - Dif a-2i - j * 3K and b=3i+ j - 2k , and hence 
find a vector perpendicular to both a+b and a -b. [CBSE (East) 2016] 
35. Ifa - 2i * j - K, b - Ai - 7] * É, find a vectorc such thata xc =b anda.c=6. [CBSE (F) 2017] 
36. Using vectors find the area of triangle ABC with vertices A(1, 2, 3), B(2, -1, 4) and C(4, 5, -1). 
[CBSE Delhi 2017] 
37. Find the value of x such that the four points with position vectors, A(3i + 2j + k), B(4i + xj + 5k), 
C(4i + 2j - 2k) and D(6i + 5j —k)are coplanar. [CBSE 2019 (65/4/3)] 
38. If a=it 2j + 3k and b=2f+ 4j —5k represent two adjacent sides of a parallelogram, find unit 
vectors parallel to the diagonals of the parallelogram. [CBSE 2020 (65/5/1)] 
39. Using vectors, find the area of the triangle ABC with vertices A(1, 2, 3), B(2, -1, 4) and C(4, 5, -1). 
[CBSE 2020 (65/5/1)] 
Answers 
1. (i) (c) (i) (d) (iit) (b) (iv) (c) (v) (d) (vi) (b) 
; T oO) iis 1 : T 
2. (i) 3 sq. units (ii) Ja (iii) A= 2 (iv) 72 0) | 
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3-453 4 -4j-K 5. 5 6. i-1]j-7É 7. 13 units 

8. b may be any vector 9. 7 (6i - aj +2) 10. /507 11. i 
12.2b-a 13. |b|=4 14. (6 15. 5 (3i -2j + 6k) 16. -6i * 3j + 6k 
17. +2 (3i +i) 18. 0 19. 4 20, ZE 21.a+b=0 
22. 7=4£3(i +] +k) 23. c 24. |a|=4,|b | - 2 

25. Jui 6j — 10k) 26. E zi- 27. A-£1 

28. d= 96i — 3j - 42k 30. x-4 


1 n T ^ 1 e P m s TÉ us ^ 7 
33. 2/6 - 2j - 2k), 45 (6t + 8k) and area of || *" = 24/101 sq. units 34. 0 = 5; 2i - 26j — 10k 


35. c - 8i 2j « 2k 36. Lyza sq. units 37. x=5 
1 ` * p 1 > 7 p 1 . 
38. *z(3i +6j - 2Å), + Ju + 2j - 8k) 39. 5/274 sq. units 
SELF-ASSESSMENT TEST 
Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (4x 1-4) 


(i) The area of the parallelogram having diagonals d, =3f +} - 2k and d, =i - 3j + 4k is equal to 
P 8 8 diag 1 ] 2 / q 


(a) 8 (b) 9 (c) 10/3 (d) 5/3 

(ii) If |a |2 3 and -1 <k <2, then |k a | lies in the interval 
(a) [0, 6] (b) [-3, 6] (c) [3, 6] (d) [1, 2] 

(iii) If |a |- 10,|b |=2 and a .b = 12, then value of |g xb | is 
(a) 5 (b) 10 (c) 14 (d) 16 

(iv) If O and O' are circumcentre and orthocentre of AABC, then OA + OB + OC equals 
(a) 200 (b) O'O (c) OO" (d 200° 

2. Fillin the blanks. (23122) 


(i) If la xb l= land la .b | = /3 , then acute angle between à and b is 
(ii) The projection of a-i- 2j - kon b-4i- 4j + 7k is 
m Solve the following questions. (2x 1=2) 
3. Find the area of a parallelogram whose adjacent sides are given by the vectors a=3i+ j* 4k and 
b=i-j+k. 
4. Find a unit vector in the direction of a = 3i — 2j + 6k. 


m Solve the following questions. (4x2=8) 


a+b |-13 and |a |=5 find the value of |p’ |. 





5. If a and b are perpendicular vectors, 


Vector Algebra 3 9 5 


6. If à isa unit vector and Qx -3 a).(2 x 3a) =91 then find |x | i 
7. Find | x |, if for a unit vector a 
(x —a).(x+a)=15. 
8. Find the value of a + b, if the points (2, a, 3)(3, —, b) and (-1, 11, 9) are collinear. 
B Solve the following questions. (3x329) 
9. If a and D are two vectors, then prove that la -5 | <| a |+| b |. 
10. Given that 4 i & 2j * £, b - 3í * 2j - 7k. and c - 5í ^ 6j - 5K , verify that 
ax (bxc) =(a.c)b - (a.b) c. 
11. Find a vector whose magnitude is 3 units and which is perpendicular to the following two vectors: 
a=3i+j-4k; b-6i 5j - 2f. 
m Solve the following question. (1x 525) 


v | 4and |w | 5, find 





12. Let u,v and w be vectors such that u+v+w=0. If lu |=3, 


u.0 to. tw.u. 


Answers 
1. (i) (d) (ii) (a) (ii) (d) (iv) (c) 
2. (i) = (ii) g 
3. /42 sq. units 4. 7i -2j «eb 5.|5|-12 6. |x|=5 
7.4 8. a+b=0 11. 2 -2f +k 12. -25 
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Three Dimensional 
Geometry 






BASIC 





CONCEPTS 


1. 


10. 


x 
. The parametric equations of the line 


x 
. The coordinates of any point on the line 


Distance between two given points P(xi, y, zj) and Q(X, Yy Z2) is 


|PQ|= V(x, - x)? * (y, - v * Gs - z). 





. Direction ratios of a line joining the points (x1, y1, Z1) and (Xp, Yo, Z2) are Xx — X, Vo - Vy, Zo 7 Z4. 


. Angle between two lines, whose direction ratios are 44, b4, c4 and a, by, c; is given by 


aa, + bb, + CC, 


2.12, 2 /.2,32, 2° 
(a h ar ebo te, 








cos = 


(i) If lines are perpendicular, then a,a, + bib, + c40, = 0. 


T f i bi G 
(ii) If lines are parallel, then —=—-=—. 
fj "xo C3 


. Vector equation of a straight line passing through a fixed point with the position vector a and 


parallel to a given vector b is r=a+Ab, where Xis a parameter and r= xi + yj + zk. 


. Cartesian equation (symmetrical form) of the straight line passing through a fixed point (xi, y4, 21) 





fp Y=- $4 
b Boc 





having the direction ratios a, b, c is given by 





vp. 9 
b C 

X-2XQtaA, y=y, + DA, z= z * cA, where À is a parameter. 

Ty AM ley 
b C 





are 








are 


(x4 + aA, y, + DÀ, zi + cA), where A € R. 


. Equation of straight line passing through the point (x, y;, z4) having direction cosines l, m, n is 


Hay D YM It 
l m n 





. Vector equation of two straight lines passing through two given points with position vector a and 


b is r=a+A(b —a), where X is a parameter. 


Cartesian equation of a straight line passing through two given points A (x1, y, Z1) and B (xp, y», Z2) 


eX y-y Z=% 
m 1 1 1 
is given by ——~- = ——-2———-. 

X,—7*5 YY 2274 
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11. Angle between two straight lines: Angle between two straight lines whose vector equations are 
r= a, + Ab and r= a,+ Ab,, is equal to the angle between b, and b,, because b, and b, are 
parallel vector to the lines r= a, + Ab; and r — a, * Ab, respectively. 


If 0 is angle between both lines, then 











b,.b, 
cos === 
DIA 
(i) If b,. b, = 0, then cos 0 = 0° 
> 9 =90° = b, Lb, 
> Both lines are perpendicular to each other. 
(ii) If b; = Ab; , then , 
abb, —Xb 
= cos § =—=4- 4, = s] 
dallal AE] 
> cos0=1 2 050 > b| b 
> Both lines are parallel to each other. 


12. Shortest distance between two lines: Let J, and 1, be two skew lines given by r= a; + Ab and 


r =a, * Ab, respectively, where a, and a, are position vectors of points on l and}, then shortest 


1 2 


distance between two given points is given by 
(a,— a4). (b; xb.) 
Ib x b; | 
Note: If two lines are intersecting, then shortest distance between them is zero, i.e., 


> 


(a,— a). (b, xb,) = 0 
13. Shortest distance between two parallel lines: Let 1, and 1, be two parallel lines given by r= a; + Ab 
b.(a,— a) 


lo | 


and r=a,+db respectively. Then shortest distance between them is 











. ; ; : xX-u WyW-W z- 
14. Shortest distance between two skew lines in cartesian form: Let Ze MEE. and 
X = EE 1 1 1 
zog A. 2 are two skew lines, then shortest distance between them is given by 





45 b, 2 
X734 WY 257 4 
a b. e 
ay b, Cy 
Xy Yay 757 
Note: If | 4 b, € |=0. Then lines are intersecting. 


ay b, C5 


15. Equation of a plane passing through given point, whose position vector is 4 and perpendicular to 


Ry 


. Se > > > > > z - 
a given vector n ,isr.n -a.n or(r —a).n - Oor(r M ELLE 
n 
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16. 


au. 


18. 


19. 


Cartesian equation of plane passing through a given point (xı, y,, zj) and perpendicular to the 


normal, whose direction ratios are a, b, c respectively is given by 
a (x - xı)+bly - y))*c (z -2,) -0 
Equation of a plane in normal form: 


(i) When a unit vector (ñ) perpendicular (normal) to the plane is given and its perpendicular 
distance d from the origin is also given, then the equation of plane is r.n = d. 


(ii) If unit vector ñ = li + mj * nh where l, m, n are direction cosines and p, the perpendicular 
distance from origin to normal are given, then equation of the plane is lx +my +nz = p. 


Angle between line and plane: Angle between line 7-4* AD and plane 7.n=d is complementary 
to the angle between line and the normal to the plane. 


Let 0 be the angle between line and plane and 6 be the angle between line and normal of plane. 





























b.n 
Now, cos $ =| -= => 
lb 1n | 
0290-6 oró 2 90-0 
bn 
cos (90 — 8) =|;s >> 
le |n | 
> sin 0 = at 
Ib In | 
aap hoy Ann 
(i) If b=An , thensin 8 =| ——|-1 > 0 = 90? 
n.n 








=> Line is perpendicular to the plane. 
(ii) If b.n=0 > sin 0 = 0 > 6=0 
= Line is parallel to the plane. 


Angle between two planes: The angle between two planes is defined as the angle between their 








normals. 
Case I. If 0 be the angle between normals n, and n; of the planes r.n =d, and r.n = d, 
respectively, then oe 
n.n 
cos 0 2| 535 
Ins Hn] 2 
— — m 
Note: (i) If n.n, = 0 then given planes are perpendicular. CN 
(ii) If n, - An, , then both planes are parallel. C | 


(iii) The angle between two planes is always taken as acute FAT 
angle. PX ex n 
Case IT. If à, x + bj y + cz c dj 2 0 and ax + by + ez + dy = 0 be two -- 
planes and 0 is the angle between them, where a4, b,, c, and dy, bz, c; 

are direction ratios of normals to the planes, then 

a dy + by by + cc, 


2,72, 2 [3.12.3 
fay EDL Far FE GO 








cos 0- 
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(i) If a4 a5 + bib, + cc, = 0, then planes are perpendicular to each other. 
T 4 b, 0 
(ii) If | — y 7g then given planes are parallel to each other. 
Ha. Su, Eg 


Determination of plane under given conditions: 


20. An equation of first degree in x, y, z of the form ax + by + cz + d = 0 where at least one of a, b, c is 
non-zero real number, i.e., à? + b? + c? #0 represents a plane. 


21. Equation of plane in intercept form: 7 + H * a = 1 where a, b, c are intercepts made by the plane 


on the x-axis, y-axis and z-axis respectively. 
22. Equation of plane passing through three given points: 


Case I. Vector equation of the plane passing through three given points having position vector 
a,b and c is given by 


> > 


[r -a) (b-a) (c-a)]=0 


> 


or (r —a).(b —a)x(c -a) =0 
Case II. Cartesian equation of the plane passing through points A(x, Y1; zi), B(x», Yo, Z2) and 


C(x3, Yz, Z3) is given by 


X-X, Y-Y, Z-Z 
XX VY 20-4120 
X3—3X V3 7 Vi 2574 


23. Condition for coplanarity of two lines: 
Case I. When lines are in vector form: 
(i) Let r= a, + A b, and 7= a, +i b, be two lines then these lines are coplanar if 
fa, a; b 6] =0 ie (aa): (5 X by) = 0 
(ii) Equation of plane containing these two lines is 
(r —a,).(b,xb,) =0 or (r-a). (b. xb) 0. 
Case II. When lines are in cartesian form: 
x-x - Z-Z x-x - z 
bo 4 Ui Loud 2 24 02. 


a, b Ü a 


(i) Let 








= Zo . 
E be the two lines 


1 1 2 2 2 


then these lines are coplanar iff 


zm YI E x 


a, b, ce [250 
d b, Cy 
(ii) Equation of plane containing these lines is 
ges Yy- EE Xe. Y- 1 Ed 








bcb, a-c, ab,- Ayb, bic = b,C) A,A C, ab-ab 


(iii) The length of perpendicular from a point having position vector a tothe plane 


rd is given by la -a.á|. 
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(iv) The length of perpendicular from a point P (x,, y4, Z,)to the plane ax + by + cz + d = 0 is given by 








=| 


Ja? +b? +c? 


Selected NCERT Questions 


1. 


Sol. 


Sol. 


Sol. 


Sol. 


If a line makes angles 90°, 135°, 45° with the x, y and z axis respectively, find its direction 
cosines. 
Since the line makes angle 90°, 135°, 45° with the x, y and z axis respectively 

then a = 90°, B =135° and y = 45° 


1 1 
l = cos 90° = 0, m = cos 135? = cos (180 - 45)° = — cos 45? = — Ja and n = cos 45? = Ja 
-1 1 
Thus, direction cosines of the line are 0, Ja and J 


Show that the line through the points (1, —1, 2), (3, 4, -2) is perpendicular to the line through 
the points (0, 3, 2) and (3, 5, 6). 
Let A (1, -1, 2) and B (3, 4, - 2) be given points. 
Direction ratios of AB are 
(3-1), (4 - (-1)), (2 22) i.e., 2, 5, - A. 
Let C (0,3, 2) and D (3, 5, 6) be given points. 
Direction ratios of CD are 
(3 - 0), (5 - 3), (6 - 2) i.e., 3, 2, A. 
We know that two lines with direction ratios 44, b4, c4 and a, , b; , c; are perpendicular if 
al, + bib, + c4; = 0. 
“2x345x2+(-4)x4=6 +10 -16 =0, which is true. 
It will shows that lines AB and CD are perpendicular. 
Find the Cartesian equation of the line which passes through the point (-2, 4, —5) and parallel 
x43. y-4 248 


3 5 6 
The equation of given line is 


x+3 y-4 z+8 
5. 8. 5" 
The direction ratios of the given line are 3, 5, 6. Since the required line is parallel to given line, so, 
the direction ratios of required line are proportional i.e., 3, 5, 6. 





to the line given by 





Now the equation of the line passing through point (- 2, 4, -5) and having direction ratios 3, 5, 6 is 
x+2 y-4 zt5 
à 5 6 
which is equation of required line. 





Find the angle between the following pair of lines: 


X. Y 2 4-5 4gy-2 EH-3 
ssi" 2 1 8^ 


Here the equation of given lines are 
x y z x-5 y-2 z-3 


3797344 4 l 8 
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. Direction ratios of two lines are 2, 2, 1 and 4, 1, 8. 


Let 0 be the angle between two given lines then 
a,a, + b b, * cc 









































cos 0 = 12 
ya ERA 
2X44+2X14+1X8 8+2+8 
~ (2)? + (2)2+ 2. V4)? + ()2+(8)2. V44441 16 +1464 
_2 sel 2 
cos0 7 5 => 0-cos 3 
5. Find the value of p so that the lines 
= 7y -14 = = =5 = 
Sg ad e ex [CBSE Delhi 2009] 
are perpendicular to each other. 
Sol. The given lines 
- 7y -14 — - =5 - 
B a: - a = 5z- 10 and 2 a =1 1 ^ ` 5 Z are rearranged to get 
_yYy-2_ 2-2 i 
-8  2p/7 11/5 n 
x-1 _y-5 z-6 , 
-p/77 1 ^ —5 ..-(i1) 
Direction ratios of lines are 
2p 11 p 
-3, 7” 5 an 7 1, -5 
As the lines are ug owe we get 
-3 2 
- T). 3 alos 
9p 2 
= Pazo > H,- 1 > p= 
6. Find the shortest distance between the lines : 
r-( 2j) E) 4A - j* K) and r2 Qi - j -K) & ni  j +2k) [CBSE (F) 2011] 


Sol. Given lines are 
r= (i+ 2 +h +AG-j+h .. (i) 


r-Qi —j—k) + w(2i +] + 2h) ... (ii) 


Comparing the equation (i) and (ii) with r= a, +A b and r= a, + A b, , we get 


a, =it2j+k 6,505 -j=k 
b=i-j+k b, = 21+] +2k 
Now, 4,-4, = (2i-j -&)-@ +2) +k =i - 3) - 2k 
> > i ; k . n 
bjxb, 211 -1 1)=(-2-1)i -Q - 2j * (1 + 2 = -ai + 3k 
212 





[ii xb, |= 3)? + @)? 23/2 
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(a-a). xb) | | @-3) - 28). 3i 0j + 3h) 
































-. Shortest distance » >> 
b, xb, |b; xb; | 

d wm ..9 42 9/2 3/2 

3/2 a/2'/2 $2 2 





7. Find the vector equation of a plane which is at a distance of 7 units from the origin and normal 
to the plane is 31 + 5j — 6k. 
Sol. Normal vector of the plane is 
n-3i +5- ek 
In |= (8)? + 6)? + C9)? = o +25 36 = /70 








> 


n 


a= el. pies UE 
In| v70 i 


2 i+ j— k 
J0 J0 Jv. 








- 6k) = 


> 


The required equation of plane is 1.1 = 7. 

>/ 35; 55, 6. 

(a ic 770! - 770 é) 7 

8. Find the vector equation of the plane passing through the intersection of the planes 
t. (2i + 2j - 3k =7), 7. Qi + 5j + 3k) 2 9 and through the point (2, 1, 3). 

Sol. Let the equation of plane passing through the intersection of two planes be. 
r.[Qi +2] - 3k) + A Qi «5j +3K)J=749A 
7.[(2+2A)i +(2+5A) 7 +(—34+3AK]=749A (i) 
(xi + yj + zk). [(2+ 22024 € (2453) j € (8 39K] 2 74 9X 
(2+2A)x+(2+5A)y+(-3+3A)z =7+9A 
It contains point (2, 1, 3). 
(2+2A)X2 + (2+5A)K1+(—34+3A)X3=7+9A 


4+4\4+2+5A-9+9K=7+9A = 18A\-3=7+9A => 18A-9A =74+3 
10 
9\=10 => AED 
Put in equation (i), we get 











T. gt oil's 


T. (38i + 68j + 3k) = 153 is the required vector equation in plane. 


£e 


9. Find the equation of the plane through the line of intersection of the planes 
x+y+2Z=1and 2x + 3y + 4z = 5 which is perpendicular to the plane x- y +z - 0. 
Sol. Letthe equation of the plane passing through the intersection of two planes be 
(equation of (i) plane) + à (equation of (ii) plane) = d4*. d; 
(x+y +z) +A (2x + 3y 4+ 4z)=14+5A s (1) 
x(1+ 22) +y (12 33) cz (1-43) 2 1 5X 
a= (1 + 22), by = (1 + 33), c= (1 + 4A) 
This plane is perpendicular to the plane x - y + z = 0. 
ay =1,b,=-1,¢,=1 
As plane is perpendicular to another plane then, 4,4 + byby + cc; = 0 
(1+ 2A) x 14+(14+3A) x(-1)+(1+4A)x1=0 
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1+2A-1-3A44+1+40=0 > -A+4KX=-1 > 3A=-1 
1 


k--3 


Put value of à in equation (i), we get 


(x yz) -i (2x + 3y + 4z) 2145 (3) 
3x + 3y + 3z-(2x+3y+4z) 3-5 
3 = 
x-Z=-2 > x-z+2=0is the required equation of the plane. 
10. Find the coordinates of the point where the line through (3, — 4, — 5) and (2, — 3, 1) crosses the 
plane 2x + y +z 27. 


























Sol. The equation of given plane is 2x + y +z =7 (7) 
Equation of the line passing through points (3, — 4, — 5) and (2, -3, 1) is 
x-3  yt4  z*5 x-3 yt*4 z+5 
2-8 -3+4 1+5 CS 1 6 Gay) 
I-A => x-8--A => x=3-A 
+4 
YTA = y+4=A = yc-48À 
+ 
AEN = z+5=6\ = z=-5+6) 


Putting value of x, y and z in (i), we have 
2(3 -A) + (-44+A) + (-5 + 6A) =7 
6-224-44+2-54+6A=7 
54=7+3 > N=2 
x=3-2=1y=-44+2=-2andz=-5+6x2 =-5+12=7 
Thus, coordinates of required point are (1, - 2, 7). 


y 


11. Find the equation of the plane passing through the line of intersection of the planes 
r.(i*j*k)-1andr.Qi-*3j -k)* 4-0 and parallel to x-axis. 
Sol. Here the equations of given planes are 

7+) +h =1and r.Qí * 3j -k)+4=0 

The equation of a plane passing through the intersection of the given planes is 
[r.¢+j+-1]+Alr.2i «3j -+4]=0 

> 7 [(2A+1)i+ BA+1)j7+(1-A)k]+4A-1=0 (i) 

Since the above plane is parallel to x-axis i.e., i + 0j + Ok. 


‘ n "em 1 
[2A +1) + BA +1) +0- E]. C +0 +00 > 2+1=0 > L= -5 
Putting value of A in (i), we have 


ex eee 


2 
2 


= 
Fa 








> 1 a ^ > 
> 7.(-si+ £)-3-0 => rg 
Putting p=xit yj + zk, we have 

(xi + yj + zk) (j +3k)-6=0 = -y+3z-6=0 => y-3z+6=0 
which is required equation of the plane. 
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12. 


Sol. 


13. 


Sol. 


Find the equation of the plane which contains the line of intersection of the planes 


r. (i + 2j F 3k) —4-0 and r. (2i + j -— K) +5=0 and which is perpendicular to the plane 


r. (5f 4 3j - 6k) +8 - 0. [CBSE Delhi 2011, 2013] 
The given planes are 

7.(i+2)+3k)-4=0 (i) 
and r. Qi tj -b*520 (H1) 


Therefore, a plane which contains the line of intersection of the planes (i) and (ii) is 


> 7. (i +2) + 3k) - 4+) fr 7. (2 +j- É) +5} = 


> T.+ + (2+ Aj * (8-XK]- 445A 20 ... (iii) 
Now, the plane (iii) is perpendicular to the plane 

7. (51 + 3j -65) +8 =0 (io) 
Therefore from (iii) and (iv), we get 

(1421). 54 (23). 3 (3-2). (-6) 50 [ n,n, =0 ] 
=> 5+10A+6+ 3-18 + 64 =0 
>  192-7=0 >ý 


Now, putting the value of À in (iii), we a 


raile- ds Jal- 4+ 5x45 =0 





33 s- zi: 
" [ii + ig! 39 2m 
> fs r. (38i + 45j + 50k) - 41=0, which is the required equation. 


Find the distance of the point (-1, —5, —10), from the point of intersection of the line 
r= (2i—j+2k)+2(3i+4j + 2k) and the plane r.(i —j+k) = 

[CBSE Delhi 2014; (AI) 2011; (F) 2014] 
Given line and plane are 


7 = Qi - j +2k) +ABi + 4j +24) ...(i) 
r.(-j* 5 ...(ii) 
For intersection point, we solve equations (7) and (ii) by putting the value of 7 from (1) in (ii). 
[Qi - j + 2k) +A(Bi +4 -26].(- j +H 55 
= (2+142)4.(3-44+2)=5 > 54+2=5 >2=0 Le») 
Hence, position vector of intersecting point is 2f — j + 2k NY 
i.e., coordinates of intersection of line and plane is (2, -1, 2). 
Hence, required distance 
= /Q*1?*C1«5) * (2*10)? = /9+16+ 144 
= /169 =13 units 
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14. Find the vector equation of the line passing through (1, 2, — 4) and perpendicular to the two lines: 
-8 y*19 z-10 x-15 -29 z-5 
oo m e RA NEQU 

Sol. Equation of any line through the point (1, 2, — 4) is 

-1 y-2 z+4 
a b cœ 
where a, b and c are direction ratios of line (i). 











(i) 


Now the line (7) is perpendicular to the lines 








+19 z-10 x-15 -29 z-5 
3 Mc a p 8. Ee ~ 5 
having direction ratios 3, — 16, 7 and 3, 8, — 5 respectively. 
3a - 16b + 7c = 0 ...(ii) 
3a + 8b-5c 20 ... (iii) 
Solving (ii) and (iii) by cross-multiplication method, we have 
a b C a b e 





80-56 21415 24448 ^" 24 36 72 


> 


Let =X > a=2r,b=3Xandc=6a 
The equation of required line which passes through point (1, 2, -4) and parallel to vector 
2i«3j6kis r (2j - 4) + A Qi +3) + 6h). 
15. Prove that if a plane has the intercepts a, b, c and is at a distance of p units from the origin then 
1 1 1 1 
+—+— = 


ov è p 





Sol. Let the equation of plane be "n z + z =1 ...(i) 
~ Length of perpendicular from origin to plane (i) is 

0 + 0 + 0 1 | 
8E d x |-1| 1 


Jey 1 Pare were 
Wa a). Vetete der e 


It is given T 














PE 


/1 1 
RU T T3 T c 
Multiple Choice Questions 


Choose and write the correct option in the following questions. 








1 
- y (on squaring both sides) 


1. The co-ordinates of the foot of the perpendicular drawn from the point (2, —3, 4) on the y-axis 
is [CBSE 2020, (65/2/1)] 


(a) (2,3, 4) (b) (-2, -3,- 4) (c) (0, -3, 0) (d) (2,0, 4) 
2. The two planes x - 2y + 4z = 10 and 18x + 17y + kz = 50 are perpendicular, if k is equal to 
[CBSE 2020, (65/4/1)] 
(a) 4 (b) 4 (c) 2 (d) -2 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Distance of the point (a, D, Y) from y-axis is 


(a) B (b) IB] (c) IBI] v (d) Jo^* Y* 
If the direction cosines of a line are k, k, k then [NCERT Exemplar] 
(a) k>0 (b) 0«k«1 () k=1 (d) ko ore 
; +/{2;3,33 65; eurn 
The distance of the plane r. (i *yzi- $k) = 1 from the origin is 
(a) 1 (b) 7 oti (4) none of these 





x-2 y-93 z-A4 


The sine of the angle between the straight line 3 n 


and the plane 


2x -2y * z 2 5is [NCERT Exemplar] 
€) evs 0) <5 ge E 

The reflection of the point (o, B, Y) in the xy-plane is [NCERT Exemplar] 
(a) (o, B, 0) (b) (0,0, v) (c) (a, -B, Y) (d) (a, B, —Y) 

P is a point on the line segment joining the points (3, 2, —1) and (6, 2, —2). If x co-ordinate of 
P is 5, then its y co-ordinate is [NCERT Exemplar] 
(a) 2 (b) 1 (c) -1 (d) -2 

If o, B, Y are the angles that a line makes with the positive direction of x, y, z axis, respectively, 
then the direction cosines of the line are [NCERT Exemplar] 


(a) sina, sin f, siny (b) cosa, cos, cosy (c) tana, tan B, tany (d) cos? a, cos? B, cos? y 


The distance of a point P (a, b, c) from x-axis is 





(a) Vac (b ya^ +b? (o) Vb +e? (d) b+c? 
The equations of x-axis in space are [INCERT Exemplar] 
(a) x=0,y=0 (b) x =0,z=0 (c) x 0 (d) y=0,z=0 
A line makes equal angles with co-ordinate axis. Direction cosines of this line are 

[NCERT Exemplar] 
(a) +(1,1,1) (b) (7773) (c) (y) (d) s x) 


P is the point on the line segment joining the points (3, 2, —1) and (6, 2, —2). If x co-ordinate of 
P is 5, then its y co-ordinate is 





(a) 2 (b) 1 (c) -1 (d) -2 
= -3 = 
The sine of the angle between the straight line r1 -J "a z = and the plane 
2x-2y+z=5is 
10 4 2/3 (2 
ae a ELLA d Ree 
(a) 6/5 (b) 5/2 (c) 5 (d) 10 


The area of the quadrilateral ABCD where A (0, 4, 1), B (2, 3, -1), C (4, 5, 0) and D (2, 6, 2) is equal 
to 


(a) 9 sq units (b) 18 sq units (c) 27 sq units (d) 81 sq units 
The intercepts made by the plane 2x -3y + 5z + 4 = 0 on the coordinate axes are 

4 4 4 g4 4 d 1m PET 
(a) -2,3and-z (b) -2,-3andz (c) 3/73 and 5 (d) —2, 3 and 5 
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17. 


The shortest distance between the lines given by 
r= (8+3A)i-(9 + 16)j + (10+ 7) and r= 15i + 29j + 5k + p (3î + 8j — 5k) is 
(a) 7 units (b) 2 units (c) 14 units (d) 3 units 


x y-1 z-2 











18. Theimage of the point (1, 6, 3) in the line 17.9 2 is 
(a) (2,0,5) (b) (1, 8, 4) (c) (1, 0,7) (d) (-3,-2,0) 
19. The coordinates of the point where the line through (3, - 4, — 5) and (2, -3, 1) crosses the plane 
passing through three points (2, 2, 1), (3, 0, 1) and (4, — 1, 0) are 
(a) (0, m 2; 7) (b) (3, ES 2, 5) (c) (1, 2, = 7) (d) (L m 2; 7) 
20. The co-ordinates of the foot of perpendicular drawn from point A(1, 8, 4) to the line joining the 
points B(0, —1, 3) and CQ, -3, -1) are 
=7 3d -5 2 19 4211 
(a) ( 3'3' 3) (b) ( 373° x] (c) [o 3) (d) None of these 
Answers 
1. (c) 2. (b) 3. (d) 4. (d) 5. (a) 6. (d) 
7. (d) 8. (a) 9. (D) 10. (c) 11. (d) 12. (b) 
13. (a) 14. (d) 15. (a) 16. (a) 17. (c) 18. (c) 
19. (d) 20. (b) 


Solutions of Selected Multiple Choice Questions 


1. 


2, 


The x and z co-ordinates on y-axis are 0. 

' Required point is (0, -3, 0) on y-axis. 

We have angle between two given plants is given by 
T 1x18 +(-2)x17+4xk 

2. (a)? +(-2)°+ (4). (18)? + 07)? (9? 

=> 0 =18 -34 + 4k > 4k = 16 








COS 


=> k=4 
Since, direction cosines of a line are k, k and k. 
l=k,m=kandn =k 
We know that, P +m +n? 1 > P+kR+h=1 > g-l 


k=+t 


alr 


We have, the equation of line as 
x-2 y-9 z-4 
3 4 5 
Now, the line passes through point (2, 3, 4) and having direction ratios (3, 4, 5). 





Since, the line passes through point (2, 3, 4) and parallel to the vector (3í + 4j + 5k). 
b - 83i 4j +5k 
Also, the cartesian form of the given plane is 2x - 2y + z = 5. 
=>  (xityjtzk)Qi -2j +k) =5 
n - (2i - 2j +k) 
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10. 
11. 
12. 


lo.n| ||: 4j * 55. - 2j | 
Ibl.|n| /32+424+57./4+4+1 
Jo-8+5|_ 3 1 

(50.3 1572 5/2 

/2 


sin 0= 10 


In xy-plane, the reflection of the point (a, B, y) is (a, B, —Y). 





We know that, sin 0- 





Let P divides the line segment in the ratio of À : 1, x-coordinate of the point P may be expressed 


_OAt8 .. BAF _ B - Lo AFD . 
as x^ 1i giving 311 = 5 so that à = 2. Thus y-coordinate of P is DES 2. 


The required distance is the distance of P (a, b, c) from Q (a, 0, 0), which is y b+c. 


On x-axis the y-co-ordinate and z-co-ordinate are zero. 











Let the line makes angle a with each of the axis. 


Then, its direction cosines are cos o, cos a, cos a. 


i 1 
Since cos? a + cos? a + cos? a = 1. Therefore, cos a = tg 


Fill in the Blanks 





1. The distance between parallel planes 2x + y - 2z - 6 = 0 and 4x + 2y - 4z = 0 is 
units. [CBSE 2020 (65/2/1)] 
2. If p(1, 0, 23) is the foot of the perpendicular from the origin to the plane, then the Cartesian 
equation of the plane is : [CBSE 2020 (65/2/1)] 
. . x-5 yt4 z-6, 
3. Vector equation of the line = = is 
3 7 2 
4. Ifa line makes an angle of n with each of y and z-axis, then the angle which it makes with 
x — axis is : [CBSE 2020 (65/3/1)] 
5. The cartesian equation of the plane r.(î +j- k)=2is 
Answers 
1. 2 2. x-3z-10=0 3. r =5 - 4j +6k +X (31 +7} 2) 
4. 7 5. x+y-z=2 


Solutions of Selected Fill in the Blanks 


1. 


Given parallel planes are 


2x +y—-2z-6=0 (i) 
and 4x + 2y- 4z = 0 
=> 2x +y-2z=0 ..(ii) 


Required distance between planes (i) and (ii) is given by 
-6-0 6 
[V+] 3 


Direction ratios of the normal to the plane are given by 1- 0,0 - 0, -3 - 0 








D =2 units 


= 1.0.3 
‘. Equation of the plane be 
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a(x -1)+b(y-0)+c(z-(-3))=0 

=> 1. (x-1)+0.(y-0)+(-3)(z +3) =0 
=> x-1t0-3z-9-0 

=> x-3z-10=0 


4, Let the line makes angle « with x-axis. 


T T 
cos” a +cos’ 7 *cos 7 =1 (PP +m? +n? =1) 
2 GU ou 2 d enr 
=> cosa 72 "73 s — costa 545 
=> cos*a=0 => cosa=0 
> aL 
2 


5. We have, 7.(i+j-k)=2 
=> (xit yj +zk).(i+j —k)=2 


=> xty-z=2 


Very Short Answer Questions 


1. Ifa line has direction ratios 2, —1, —2, then what are its direction cosines? [CBSE Delhi 2012] 


Sol. Here direction ratios of line are 2, -1, 2 


2 -1 Eo 
423 « C1) +2)? f2?+(-1)?+ C 2)?" 27+ (-1? +(- 2)? 











Direction cosines of line are 


i.e., 


WIN 


=] =2 
39 9 


Note: If a, b, c are the direction ratios of a line, the direction cosines are 











a b C 
NEN p EN pone 
+ -5 + 
2. Find the co-ordinate of the point, where the line x 1 2. row z 5 i cuts the yz-plane. 


[CBSE 2019 (65/5/3)] 


Sol. Let the required point be (a, B, Y) where given line cuts yz-plane. 








a+2 B-5 y+1 
Loa @ oe 
rk > a=-2tk, B=5+3k, y =-1+5k 


Since this point lies in yz-plane. 
a=0 => -2+k=0 = k-2 
So, a=0,B =11,7 =9 
' Required point is (0, 11, 9) where given line cuts yz-plane. 


3. Write the direction cosine of a line equally inclined to the three coordinate axes. 
[CBSE (AI) 2009, (F) 2011] 


Sol. Any line equally inclined to coordinate axes will have direction cosines |, L, | 


P+P+P=1 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 














1 
a1 = ls d 
Direction cosines are + opo dct or- EE RE. 
Write the distance of the following plane from the origin. [CBSE (AI) 2010] 
2x-y+2z+1=0 
We have given plane 
2x-y+2z+1=0 

Distance from origin = | Se | | : | l 

B HEDH [ytet] 3 
Find the acute angle between the planes [CBSE 2019 (65/4/1)] 


r i - 2j -2K) =1andr .(3i -6f + 2k) =0. 
We have, n, =i — 2j - 2k and n, = 31 — 6j + 2k 


Let 0 be the angle between the normals to the planes drawns from some common point. 














n : n, 3+12-4 | 11 11 
We have, cos 0 HA J9 | 3x7 ^71 
TES 3r) 
0 = cos ( 21] 
Write the direction cosines of a line parallel to z-axis. [CBSE (F) 2012] 


The angle made by a line parallel to z-axis with x, y and z-axis are 90°, 90? and 0° respectively. 
.. The direction cosines of the line are cos 90°, cos 90°, cos 0° i.e., 0, 0, 1. 


Write the cartesian equation of a plane, bisecting the line segment joining the points AQ, 3, 5) 
and B(4, 5, 7) at right angles. [CBSE (F) 2013] 


One point of required plane = mid point of given line segment. 





(2*4 3*5 5*7). 
-( 2 y 2 , 2 J- 649 


Also dr's of normal to the plane = (4 — 2), (5 - 3), (7 - 5) = (2, 2, 2) 
Therefore, required equation of plane is 

2(x -3) + 2(y - 4) + 2(z - 6) 20 

2x + 2y+2z=260rx+y+z=13 


Write the vector equation of the plane, passing through the point (a, b, c) and parallel to the 
plane r.(i +j +k) =2. [CBSE Delhi 2014] 
Since, the required plane is parallel to plane r.( +j +k) 22. 

Normal of required plane is normal of given plane. 
> Normal of required plane =i+j+k 


Required vector equation of plane 


(r - (ai + bj +ck)}.0 +7 +k) =0 
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Y-axis 


9. Find the sum of the intercepts cut off by the plane 
2x + y - z = 5, on the coordinate axes. [CBSE (F) 2015] 
Sol. Leta, b,c be the intercepts cut off by the plane 
2x +y-z=5... (i) on x,y and z-axis respectively. 
> A(a, 0, 0), B(0, b, 0) and C(0, 0, c) satisfy the 
equation (i) 





Hence, 224 0-0-5 zi a=2 

and 2x0+b-0=5 > b=5 

gne AEE = c=-5 Z-axis 
a+bte=>4+5-5=> 


10. Write the coordinates of the point which is the reflection of the point (o, B, y) in the XZ- 
plane. [CBSE East 2016] 


Sol. The reflection of the point (a, B, Y) in the XZ plane is (a, - B, Y). 


Y-axis 






(a,0,y) X-axis 


Z-axis 


(o, -p, y 


11. Find the distance between the planes r.Qí - 3j + 6k) - 4 = Oand r.(6í — 9j + 18k) +30 =0 
[CBSE South 2016] 


Sol. Given two planes are 
7.(2i-37+6k)-4=0 and 7.(6i-97 + 18k)+30=0 
Given planes may be written in cartesian form as 
2x - 3y+6z-4=0 s (i) 
6x — 9y + 18z + 30 = 0 ... (ii) 
Let P(x,,y,,z,) be a point on plane (i) 
2x, — 3y, + 6z,-4=0 
> 2x, = 3y, + 6z, =4 ... (ili) 
The length of the perpendicular from P(x,,y,,Z,) to plane (ii) 
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6x, — 9y, + 18z, + 30 


67 + (- 9)? + 187 


| p 














3 (2x, — 3y, + 6z,) + 30 
436 +81 +324 


[Using (iii)] 





12. Write the equation of a plane which is at a distance of 5/3 units from origin and the normal 
to which is equally inclined to coordinate axes. [CBSE (F) 2016] 
Sol. Obviously, a vector equally inclined to co-ordinate axes is given by 7 : +k 
i+j+k 
/12 «121? "5 





(i +j +k) 





n Unit vector equally inclined to co-ordinate axes = 
Therefore, required equation of plane is 
> 1 > T p > o> ^ ^ 
{ae i8) -sus > r.it+j+k)=15 or xty+z=15 
13. Ifaline makes angles 90° and 60° respectively with the positive directions of x and y axes, find 
the angle which it makes with the positive direction of z-axis. [CBSE Delhi 2017] 
Sol. Let the angle made by line with positive direction of z-axis be 0 then, 
We know that 


cos?90? + cos*60°  cos?0 = 1 


1Y 2 1 2 
> 0+(5 *cos^ 0-1 — qt 00s 0-21 
da 1 29-3 
> cos’ = 1-7 > cos 0 = 7 
3 
> cos =a te 
3 3 
> 0- 60° or © if cos8 => and 6 = 150° or if cos6 e 


14. Find the distance between the planes 2x - y + 2z = 5 and 5x - 2.5y + 5z 220. [CBSE (AI) 2017] 
Sol. Let P(x,,y,,z,) be any point on plane 2x - y + 2z=5. 
> 2x =y +22, 5 
Now distance of point P(x,,y,,z,) from plane 5x - 2.5y + 5z = 20 is given by 
5x 25g + 5z; — 20 2.5(2x1—y; + 22,-8) 2.5(5- 8) 
/|55-Q5)*(06) | | /25*625*25 - | /5625 
7.5 


775 lunit 


15. Find the equation of a plane that cuts the coordinates axes at (a, 0, 0), (0, b, 0) and (0, 0, c). 
[NCERT Exemplar] 

















Sol. The equation of such plane is — "EN ; + <= 1 


16. Find the angle between the line r= (2i- j + 3k) + A(3i - j + 2k) and the plane r.(î + j + k) = 
[CBSE 2019 (65/5/3)] 
Sol. We have equation of line 
r= (2 -j + 3k) +AGi - j + 2k) 
b=3i —j+2k 
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Equation of plane r.(i +} +k) =3 
n=it+jrtk 
Let 0 be the required angle 
b.n 
Ib p | 


2 0 = cos" (755). 


Short Answer Questions-l 


1. Find the points of intersection of the line r= 2i - j * 2k +A (3i +4j+2k) and the plane 
f.(i-j*k)-5 [CBSE 2020, (65/2/1)] 


3-1+2 | 4 | 4 
[794144714141] 1/14 3| 42 








cos 0 = 











Sol. Given line be 
P-2i-j 2k AQ + 4j + 2k) 
Its Cartesian form is 
e E i a e = A (let) 
-. points on this line be (3A + 2, 4A - 1, 2A + 2) 
ie, x=3A4+2, y2 4A - 1,272 42 (i) 





and plane be 7. (î -j + 5-25 
=> x-ytz-b5 
=> (38A+2)-(4A-1)+2A+2=5 (from (i) 
=> At5=5 => A=0 
Putting A= 0 in (i), we get the co-ordinates of the point, x = 2, y=-1,z=2 
. Point of intersection be (2, -1, 2). 
2. If the x-coordinate of a point P on the join of Q(2, 2, 1) and R(5, 1, —2) is 4, then find its 
z-coordinate. [NCERT Exemplar] 
Sol. Let P divides QR in the ratio X: 1 


5A, *2 A+2 A 
AT1'A*1! At1 


It is given that x-coordinate of P is 4. 





Then coordinates of P are ( 








5A+2 _ 
X41 =4 => 5A4+2=4A+4 > A-2 
: —2A+1 -4-*41 _ 
So,z -coordinate of P = Sw Sed =-1. 


3. Show that the points (i — j + 3k) and 3(i + j +k) are equidistant from the plane 
r.(5i + 2j -7k) +9 = 0 and lies on opposite side of it. [NCERT Exemplar] 
Sol. To show that these given points (i — j +3k) and 3(i + j +k) are equidistant from the plane 
r.(5i + 2j - 7k) +9 = 0, we first find out the mid-point of the points which is 2i + j + 3k. 
On substituting r by the mid-point in plane, we get 
LHS = (2i + j + 3k)- (51 + 2f -7k) +9 =10+ 2-21 +9 = 0 = RHS 


Hence, the two points lie on opposite sides of the plane are equidistant from the plane. 
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4. 


Sol. 


Sol. 


If the plane ax + by = 0 is rotated about its line of intersection with the plane z = 0 through an 
angle o, then prove that the equation of the plane in its new position is ax + by +(,/a*+ b *tana) 


z=0. [INCERT Exemplar] 
Given, planes are ax + by=0 (i) 
and z=0 (i1) 


Therefore, the equation of any plane passing through the line of intersection of planes 
(i) and (ii) may be taken as ax + by + k = 0. ...(ii1) 
Then, direction cosines of a normal to the plane (iii) are 
a b C 
Vade +K Ya +b e ae 


a b 


Since, the angle between the planes (i) and (ii) is a, 


a-at+b-b+k-0 | a+b? 
cos 
B Ja +R ap EE 








and direction cosines of the normal to the plane (i) are 











=> K cos? a = a? (1 - cos? a) + P? (1 - cos? a) 
2,1592 
a^ b^sin*a 
^ — s 
cosa 
> k= +7a*+b’? tana 


On putting this value in plane (iii), we get the equation of the plane as 


ax + by * zy a^ +b? tana =0 
Find the co-ordinates of the point where the line through (-1, 1, — 8) and (5, -2, 10) crosses the 
ZX - plane. [CBSE 2020, (65/3/1)] 


We have, 
Equation of the line passing through (- 1, 1, — 8) and (5, - 2, 10) be 
x-(-1 y-1 z-(-8) 
5+1 -2-1 10+8 





x*1 y-1 zt*8 ; 
A 6 ag : ..(7) 


Now, for the co-ordinates of the point where the line (i) crosses the ZX-plane, put y = 0 in (i), 





we get 


x+1 0-1 = z+8 








6 -3 18 
us E 
B 3 3.38 
> x =landz=-2 


Co-ordinates of the required point be (1, 0, - 2) 
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Short Answer Questions-Il 


1. 


Sol. 


Sol. 


Find the shortest distance between the lines whose vector equations are: 
r=(i+jf)+AQijtk) and r=(2i+j—-kK)+pGisjr2k. . [CBSE (F) 2014] 


Comparing the given equations with equations r= a; +A b and 7= a, tu b, , 
We get a,=i+j,b,=2i-j+k and a; 225 +] - &, b, =3i - 5j € 2 


— 


Therefore, a, = a, = (i - k) and 


> > á P " 7 . : i j k " " . 
b xb, =(21 - j + k)x (3i - 5j + 2k) =|2 si i Egi — Î —7Å 
3-52 


|b, xb, |= V9+1+49 = /59 


Hence, the shortest distance between the given lines is given by 


(b xb,).(a,— a) 











[Len 10 ies 
|, xb, | (59 /59 


Find the distance between the lines /, and L, given by 
Lit =i+2j -4k+ (2 +3) + 6k); L:t = 3i + 3j —5k + u (4f + 6j + 12k) [CBSE (F) 2014] 


Given lines are 
Lir=it2j-4k+A(2i +3) + 6k) 


Lir = 31 3j - 5k + (47 + 6] + 12k) 
After observation, we get I, ||/, 
Therefore, it is sufficient to find the perpendicular distance of a point of line /, to line 1. 
The coordinate of a point of /; is P(1, 2, —4) 











Also the cartesian form of line l, is ft Rees doe te don e he een >h 
x-3_y-3_z+5 . 
4 og 95 ei) 
Let Q(a, p, y) be foot of perpendicular drawn from P to line l, 
Q(a, P, y) lie on line l, 
a-3 B-3_ wY-5 
4 ^4 ey) 
=> a=444+3,8 =6A4+3,y=12A-5 r hee eee > lo 
: ae : i Q(o.B.y) 
Again, ';PQ is perpendicular to line L5. 
— PO. b = 0, where b is parallel vector of l, 
=> (a —1).4 + (B -2).6 + (y + 4). 12 20 [PO =(a-1)i+(B-2j/+(y+ f ] 
> 4a -44+6B-12+12y+48=0 > 4a + 68 + 12y - 3220 
> 4 (4. +3) +6 (64+ 3) + 12(12 5) 3220 = 16 + 12 +361 + 18 + 1444 — 60 - 3220 
pe LE. 
> 196A +2=0 > A = 196 = 9g 
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= ES A. 1 
Coordinate of Q=(ax{- 3g) +3, 6x- 3) *3, 12x(- g)-5) 
i 2 3 6 145 144 251 
=(- 49 *9 749 t3,- 19-5) =| 49" 49’~ 49 ) 


Therefore required perpendicular distance is 
15 P (MA Y /-251 p= GS) 46Y (-55Y 
/05-1) * (5-2) +s +4) =y 5) +(35) (a) 


/ 96° +46°+55° _ [9216 +2116 * 3025 
7 49? 49? 


= my 7 a " = mm 
3. Find the coordinates of the point where the line through the points (3, —4, —5) and (2, 3, 1) 
crosses the plane 2x + y + z - 7. [CBSE (AI) 2012] 


Sol. The equation of line passing through the points (3, - 4, — 5) and (2, - 3, 1) is 
x-3  yt4  z-*5 = x-9. yt+t4 26 


2-3 -3+4 1*5 -1 1 6 ly 
Let the line (i) crosses at point P (a, B, y) to the plane 2x + y + z =7...(ii) 


























P lies on line (7), therefore (a, D, y) satisfy equation (i) 


0-3 +4 +5 
o - BIS. TESEN (say) 


qQ-2-A-3;p-2X-4 and y=6A-5 
Also P (a, B, y) lie on plane (ii) 
2at+B+y=7 => 2(-A+3)4+ (A-4)+(6A—-5) =7 
= -2X-6-XA-4-64-527 > 54=10 > X-2 
Hence, the coordinate of required point P is (-2 + 3,2-4,6x 2-5) ie., (1, 2, 7) 














B (2, -3,1) 





4. Aline passes through (2, -1, 3) and is perpendicular to the lines r=it+ j - k - A(2i — 2j * k) and 
r= (Bie j - 3k) +u(it 2j + 2k) . Obtain its equation in vector and cartesian form. 
[CBSE (AI) 2014] 


Sol Let b be parallel vector of required line. 


> b is perpendicular to both given line. 
> b= Qi -j + x +2) + 2b) 
ijk . . . 
-2 -21|2(-4-2)i - (4-j * (44 2) 2 - 6i - 3j * 6. 
1 2 2 


Hence, the equation of line in vector form is 
r-Qi-j«sbos«ACe-ajecb | r- (27-7 +3K)-3A(27 +j - 20 
r-Qi -j«3b «Qi *j - 25) [u =-3)] 


Equation in cartesian form is 


x-2  y*l z-3 
2 1 -2 
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5: 


Sol. 


Sol. 


Find the shortest distance between the following lines : 
x-3 y-5 z-7 xti Gand z+i 























I "3 7 and 7 T6 1 [CBSE Delhi 2008, (F) 2013, 2014] 
x-3 y-5 z-7 x*t1 y*l z*1. 
Let ^4 =) 1 ^ and 7 -6 1 k 
A ine 1 
Now, let's take a point on first line as 
A ( - 8, - 2X. € 5, X. - 7) and let 
B (7k - 1, - 6k - 1, k - 1) be point on the second line 
The direction ratio of the line AB 
B line 2 
7k -X -4, - 6k + 22, - 6, k - X - 8 
Now, as AB is the shortest distance between line 1 and line 2 so, 
(7k -A —4) x 1 + (-6k + 24-6) x (-2) + (k -2A-8) x 120 (i) 
and (7k- A-4) x 7 + (-6k + 2A- 6)x (-6) + (kK-2-8)x1=0 ...(ii) 


Solving equation (i) and (ii), we get 
À-20 andk=0 
A=(3,5,7) and Bs (-1, -1, -1) 








Hence, AB = (3+1)? * (5*1)? - (74 1)? = /16 + 36 + 64 = /116 units = 2/29 units 


Find the equation of planes passing through the intersection of the planes r.(2i + 6j) +12 =0 
and r.(3i — j + Ak) = 0 and are at a unit distance from the origin. [CBSE 2019 (65/5/3)] 


We are given planes: 
r.(2i * 6j) +12 =0 (i) 


r.(3i - j* 4k) =0 ...(ii) 
So equation of the required plane can be written as: 
(r.(2i + 6f) +12) +A(r.(3i — j + 4k)) = 0 


=> 7.{(2+3A)i+(6-A)j + 4k} +12 =0 (ii) 
In cartesian form 
(2+3A)x + (6-X)y +4Az+12=0 (iv) 


Since direction ratios of the normal to the plane are (2 * 3A), (6 - ^), 4A; the direction cosines of it 
are: 
2+3A 6-A 4A 
V+3N?+ (6 =A)? + (AN)? (2430)? + (6-A)?+ 4A)? VQ 3)* « (6 0)? 4? 








12 
/Q 33)? + (6 - A)? (43)? 





So the distance of the plane from the origin is 





We are given that distance from origin is unity 
15 7 
/Q * 33)? * (6 - 9? + (4)? 
144 
4+9)? + 12A + 36-12A + A? + 167 











=1 => 144=267+40 (Squaring both sides) 
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Sol. 


Sol. 


104 
2 — 2 _— == M 
=> 26° = 104 > A 26 


=> AES 

Required equation of the plane is 8x + 4y + 8z + 12 = 0. 
In vector form 

r.(8i + 4j + 8k) +12 20 


Find the vector equation of the plane determined by the points A(3, —1, 2), B(5, 2, 4) and 
C(-1, -1, 6). Hence, find the distance of the plane, thus obtained from the origin. 


[CBSE 2019 (65/4/2)] 
Required equation of plane is given by: 
x-3 y*1z-2 
2 3 2 |0 = (x-3)12-(y+1)16+(z-2)12=0 
4 0 4 
=> 12x-l6y+12z-36-16-24=0 = 12x-l6y+12z-76=0 => 3x-4y+3z-19=0 
Vector form: 
T. (8i — 4j + 3k) =19. ...(i) 
Distance of plane (7) from origin 
> 3i-4j+3k 19 Nu 
r- J94 16+9 J34 [- r.& — d] 








19 
Therefore distance of plane from origin is icy face 


Find the vector and cartesian equations of the line passing through the point (2, 1, 3) and 
eel g-2 z-3 x ww x 


perpendicular to the lines ^1 2 3 and —3 = 275° [CBSE (AI) 2014] 


Let the cartesian equation of the line passing through (2, 1, 3) be 
x-2 y-1 z-3 ' 
r o l ...(1) 
Since, line (7) is perpendicular to given line 
x-1_y-2_z-3 























1 2 3 ...(ii) 
x Z - 
and +,-4-2 ... (iil) 
a+2b+3c=0 ...(i0) 
-3a + 2b+ 5c =0 ...(v) 
From equation (iv) and (v), we get 
a b c a b c. 
lü-6 59-8 246 = gl ge (say) 
> a=4h,b=-141,c = 8X 
Putting the value of a, b and c in (i), we get 
x-2 wvy-1l z-3 4 x-2 y-1_z-3 
4N -14A 8A 4 -14 8 
x =] — 
5 7 2 E _ s$ T , Which is the cartesian form. 


The vector form is 7 — Qi j + 3k) -AQi - 7j * 4f). 
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9. 


Sol. 


10. 


Sol. 


Find the distance of the point P (6, 5, 9) from the plane determined by the points A (3, -1, 2), 


B (5, 2, 4) and C (-1, -1, 6). [CBSE (AI) 2010; (F) 2012; Delhi 2013; Ajmer 2015] 
Plane determined by the points A (3, —1, 2), B (5, 2, 4) and C (-1, -1, 6) is 

x-3 y*1 z-2 x-3 y+1 x-2 

5-3 2+1 4-2|=0 = 2 3 2 |=0 

-1-3 -1+1 6-2 -4 0 4 





32 2 2 2 3 
@-3)|5 ien 4 *e-2]^ o|-? 


> 12x- 36 - 16y - 16 + 12z-24=0 => 3x-4y+3z-19=0 
Distance of this plane from point P ( 6, 5, 9) is 
































(3x6) - (4x5) + (3x9)-19 | |18-20+27-19] 6 " 
V3)? + 4)? « 3)? /9*16*9 wa 
Show that the lines * 3 1.y ; $2 ; 5 and * T 2.Vy > 4_z = 6 intersect. Also find their 
point of intersection. [CBSE Delhi 2014] 
Given lines are 
x*1 +3 5 O45 
Feta (i) 
x-2 -4 z-6 " 
l1 Y 3 = 5 ...(i1) 
Let two lines (i) and (ii) intersect at a point P(o, p, y). 
zy (a, B, y) satisfy line (7) 
q*t1 B-*3 Y-5 
3 5 7 À (say) 
> a=3A-1, B=5A-3, y=70-5 ; ... (iii) 


Again (a, B, y) also lie on (ii), we get 
gef 04.796 4 3A -1-2 __ 5AÀ-354, TÀA-5-6 























1 3 5 1 3 5 
3A -3 _ 5A-7 _ 7A-11 
= 1 3 5 
I II III 
From I and II From II and III 
3A-3 _ 5A-7 5A-7 _ 7A-11 
i, v d 3 5 
5 9, -9=5-7 > 251 — 35 = 214 - 33 
5 4.22 => 4.22 
-1 1 
> A= oy > A= 2 
Since, the value of À in both the cases is same 
> Both lines intersect each other at a point. 
Intersecting point = (a, B, y) = ( 3-12-3,2- 5) [From (iii)] 


=(5 Lx 
"CASCO OF D 
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11. 


Sol. 


12. 


Sol. 


Find the vector and cartesian equations of the line passing through the point (1, 2, -4) and 
B yt z-e10 ug = 15 9-7. 2-9 
— 16 7 3 








perpendicular to the two lines * E ; 
[CBSE Delhi 2012, 2017] 


OR 
Find the equation of a line passing through the point (1, 2, -4) and perpendicular to two lines 


r= (8i — 19j + 10k) + A (31 — 16j + 7k) and r= (15i + 29j + 5k) + u (81 + 8j - 5k). 
[CBSE Allahabad 2015; Delhi 2016] 
Let the cartesian equation of line passing through (1, 2, — 4) be 


x-1 V-2 z-*4 (i) 
a b c 2 





Given lines are 
x-8 +19 z-10 , 
3 = — 16 ^ 7 s(t) 
x-15 -29 z-5 " 
25 y 3 T E (Hii) 








Obviously parallel vectors b, b, and b, of (i), (ii) and (iii) respectively are given as 


b, = ai + bj + ck; b, = 3Í - 16] + 7k; b, = 31 + 8j - 5k 


According to question 


> > > 


OLG => blb, => bb-0 








Lü) => bib => b.b=0 
Hence, 3a - 16b + 7c =0 ... (iv) 
and 3a + 8b-5c 20 (v) 
From equation (iv) and (v), we get 
a. b |. € 
80-56 214+15 24-48 
> Le > -b-t (say) 


= a= 2A b = 3N CEGA 

Putting the value of a, b, c in (i), we get the required cartesian equation of line as 
x-1_y-2_z+4 = x-1 y-2 zt*4 
2h 3^. 6^ 2 - 3 - 

Hence, vector equation is 


r- (i +2) - 4) + AQi +3 + 6h) 








A line passing through the point A with position vector a=4i+ 2j + 2k is parallel to the vector 
b=2i+ 3j + 6k. Find the length of the perpendicular drawn on this line from a point P with 
position vector n =i +2) +3k. [CBSE Panchkula 2015] 


The equation of line passing through the point A and parallel to b is given in cartesian form as 
x-4 Y-2 7-2 





2 3 6 ...(i) 
Let Q(a, B, Y) be foot of perpendicular drawn from point P to the line (i). 
Co-ordinate or point P z (1, 2, 3) [.: P.V.of Pisi * 2j + 3k] 
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Since, Q lie on line (i) 


E -2 v-2 
— - — A > a=2A+4,B=3A+2,y=6At2 


Now, PQ = (a-1)î + (B-2)j +(y-3)k 








Obviously, POL b & PQ b=0 
=> 2(a-1)+3(B-2)+6(y¥-3) =0 
> 2a-2+3B-6+6y-18=0 => 2a+38+6y-26=0 
Putting the value of a, B, Y; we get 
2(2 + 4) +3(3A + 2) + 6(6 + 2) -26 20 
=> 4X +8+9A+6+36A + 12-26 =0 
> 49A =0 => A=0 
Hence, the co-ordinate of Q = (4, 2, 2) 
' Length of perpendicular PQ = /(4 -1)?« (2-2)? + 2-3)? 
= /9+0+1 = /10 units. 


13. Find the coordinates of the point, where the line * E f. 1 12-2 


x-y+z-5=0. Also find the angle between the line and the plane. [CBSE Delhi 2013] 


Sol. Letthe given line 
x-2 y*l z-2 . 
3 => 4 S 2 oe (i) 
intersect at point P (a, D, y) to the plane x-y +z-5=0 ..-(i1) 














intersects the plane 





P (a, p, y) lie on line (i) 


a-2 644 y-2 
3 » {Z^ =A (ay) 


a=3A+2;8B =44-l1y=2A+2 

Also, P (a, p, y) lies on plane (ii) 
(BA + 2) - (44 - 1)- QA 2 2)- 520 

= 34-72-44. -14-21 42-520 => K=O 
a=2,B=-1,y=2 


Hence, co-ordinate of required point = (2, - 1, 2) 











Now, find angle between line (7) and plane (ii) 
If 0 be the required angle, then 

















bon 1 j v b= 3744] e 2k 
f n dei 
gu. EANES -| 9--164.4/1^ 4 (C1) +1? "Umum n=i-j+k 

s bn=3-44+2=1 


sinB = —L— => 0=sin"{ 5) 
/87 /87 


14. Find the coordinates of the point where the line through the points A(3, 4, 1) and B(5, 1, 6) 
crosses the XZ plane. Also find the angle which this line makes with the XZ plane. 
[CBSE (Central) 2016] 


Sol. Let P (a, D, y) be the point at which the given line crosses the XZ plane. 


Now the equation of given line AB is 
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15. 


Sol. 


16. 


Sol. 


x-3 y-4 z-1 . 
2 7-4 - 5 (i) Se A (3, 4, 1) 


Since P (a, D, y) lies on line (7) 


-3 B-4 Y-1 
«3 Eu TELA (say) 


> a=21+3;8B =-3A+4 andy=5A+1 
Also P (a, B, y) lie on XZ plane, i.e., y = 0 (Ox + 1y + 0z = 0) 





























0a+1.8+0.y=0 P XZ plane 
> pB=0 > -3 +4=0 > Ae 
Hence, the co-ordinates of required point P is B (5, 1, 6) 

uei dit A 4 voces odd 

a=2x7 +3 3*9 3; P 3x3 +4=0; y25x3 *1-773 


-. Co-ordinate of required point is (402). 


Let 0 be the angle made by line AB with XZ plane. 
ETE 
lb n | 
Here n=) and b= 2i -3j + 5k 


In |= 1and |P |= /4*9 *25 = /38 


sin ð = 














, j. Qi - 3j + 5k) T 
=> sino= | 1. /38 /88 
TW al. 9 ) 
> sin® = 735 0 = sin s 


Find the vector equation of the line passing through the point A(1, 2, —1) and parallel to the line 
5x -25 = 14 - 7y = 35z. [CBSE Delhi 2017] 


Given line is 

5x — 25 = 14 - 7y = 35z 

x-5 2-Y¥_ z-0 x-5 Y-2 27-0 
=> 




















= I I I Ia i 
5 7 35 5 7 35 
x-5 Y-2 z-0 () 
7 -5 1 ae 


Hence, parallel vector of given line i.e., b=7i - 5j +k 

Since required line is parallel to given line (i) 

> b=7i - 5j +k will also be parallel vector of required line which passes through A(1, 2, -1). 
Therefore, required vector equation of line is 


r= (i +2) -k)+A(7i - 5j +h) 
Find the co-ordinates of the point where the line r= i= 2j - 3k) tA 4j sk 3k) meets the 


plane which is perpendicular to the vector n=it+ j + 3k and at a distance of Ar from origin. 


[CBSE (South) 2016] 
We know that the equation of plane is 
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r.f- d; where ñ is normal unit vector and d is perpendicular distance from origin. 
| itj+3k 1 

(/12+17+3* vil 
n Equation of plane 


^ 


Here, n 








LO A 4 
+įj+ = 
(i +j+3k)andd AT 


ritit = a => 7.(it+j7+3k=4 
=> xt+y+3z=4 (i) 
Equation of given line 

r 7 (4 - 2j - 3k) + AGI 4j +30) 
Its cartesian form is 

xed y tt 232 ~(i) 
Let Q (a, B, y) be the point of intersection of (7) & (ii) 
7" Q lies on (ii) 

a+1 B+2 Yv-«3 A 

3 4 3 


5 0Q23X1-1,B244-2,y 234-3 
Also, Q lies on (i) 
a+B+3y=4 => 3A-1-44X4-24941-9-4 => 164=16 > A-1 
a=2,B=2,y=0 
Required point of intersection = (2, 2, 0) 

















17. A variable plane which remains at a constant distance 3p from the origin cuts the coordinate 


1,1,1 1 


axes at A, B, C. Show that the locus of the centroid of triangle ABC is — + + =—- 
x y 























z P 
[CBSE (AI) 2017] 
Sol. Let the given variable plane meets X, Y and Z axes at A(a, 0, 0), B(0, b, 0), C(0, 0, c). 
Therefore the equation of given plane is given by 
x Y z_ f 
ap ete ... (7) 
Let (a, B, Y) be the coordinates of the centroid of triangle ABC. Then 
_a+0+0 a Lus Id PRU VD E 
a wg > 59 Pe a NE E > b-3p 
UTU ME. E En xcd 
Y 3 3 Y 
3p is the distance from origin to the plane (i) 
1 1 T 
—H0.—-40.—— 
n= 0 0 D. «say - d 
B P 2 2 2 = a b c) 8p 
EGTE 
a b C 
Squaring both sides, we have 
1 1 1 1 1 
= > + + = Putting value of a = 3a,b = 3B,c = 3Y 
a’ b og op 9a? 99? oy? 9p? l 5 | 
E 1 " 1 à 1 1 


o2 B2 Y? p. 


Therefore, locus of (a, B, y) is - t-t : - E Hence proved. 
* y 





Z 
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18. 


Sol. 


18. 


Sol. 


Find the image P’ of the point P having position vector i+3j+ 4k in the plane 
r.(2i — j +k) *3 = 0. Hence find the length of PP’. [CBSE (F) 2013, 2017] 
Let given point be P (1, 3, 4) and the equation of given plane in P(*3f*41) 
cartesian form be 

2x-y+z+3=0 a(i) 
Let R (x1, Y1, Z1) be the foot of perpendicular and P' (a, p, y) be the 
image of P 


Since, R (x1, Y1, Z1) lie on plane (i) 





: P(A-F+K)+3=0 


— -> ^ ^ ^ 
Also, normal vector n of plane (i)is n= 2i-j+k : 
D 2x-y+z+3=0 


and — PR=(x,-1)i+ (,-3)j * (z, - f *p'(o, B. y) 
PR || n 
Since R is the mid point of PP’ 

















471 w-9 474 -2+1 z 
=> 2 zT 1 ^ a pos ry Cos 
+ 
= X= 2A 41, y; 2 A4 3,2, 2A 4 4-873 = ß=5 
+ 
Putting x4, y, Z1 in (ii), we get 3-174 = Yrs 


> 2 (2A +1)-(A+3)+(A+4)+3=0 Hence, image P' = (-3, 5, 2) 
> 4.4+24+2-34+4444+3=0 
> 64+6=0 > AÀ-2-1 

R= (xp Yy, zy) = (1,4, 3) 








PP’ = f(-3-1)7+(5-3)?+ (2-4)? =16+4+4=/24 - 2/6 units 
x+2 y-3 z+1 
1 2 4 


and passes through the point (1, 1, 1). [CBSE Sample Paper 2018] 





Find the equation of the line which intersects the lines and 
x-1 y-2 z-3 


2 3 4 





Let 4, l be given lines as 
x+2_y-3_z+t1_ PP cams Sk 
1 2 4 ’ 27 2 3 4 
Let l be the required line, which passes through P (1, 1, 1) and intersect l} and l, at 
Q (a, B,, Y1) and R (a, Bz Y2) respectively. 
Now, Q (a, D;, y1) lie on line 1, 
G2 pias. wor 
oO, =A-2, B,=2A4+3, y =4A-1 
Similarly, R (a B» y2) lie on line l, 


a,-1 B,-2 y,- 




















> a = 2u+1, Bo =3u +2, y; 2 4p - 3 
PQ - (a, - i + (B, -1)j + (v, - DK 
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= (A-3)i + (2A+2)j + (4A-2)k 


Similarly, PR = 2pi + (3 + 1)j + (4+ 2)k 
i8 QAO 2 














PO| PR => on “aari Aeg - ew) 
T - dnd 
Now, 2n =M>-3=2 Mp > Mp= — 
Also, 2A*2 = M => 5, «2-2 3Mu & M 
34 +1 
= 222353 aM = 32-959 -M 
œ NEES OEY cad s AtB oM 
2 B 
4A -2 
4A-2 _ Ew " 
Alo, Za? M 4X -22 AMs * 2M 
> a2 A= uy m 8-40 12. ong 
+ 
4A +8 — om = Aare) 2) oM 
= 142=M > +2=A518 


=> 24214132 1-9 2 M-11 2 pas 
PQ = 61 + 20j + 34k 


. . -o x-1 Vy-1 z-1 x-1 v-1l z-1 
Hence, equation of required line is p Up a x 36 F 


Long Answer Questions 


1. Find the vector and cartesian equations of the line which is perpendicular to the lines with 








= E -2 = 
equations 2 1 2.2 2 Bat i l and ~ 2 1. y = : 1 and passes through the point (1, 1, 1). 
Also find the angle between the given lines . [CBSE 2020 (65/5/1)] 


Sol. Letthe cartesian equation of the required line be 
x-1 y-1 z-1 
a b c 





(i) 


where, a, b, c are direction ratios and given lines are 


x*2 y-3 ztl (ii) 








1 2 4 
and a er (iii) 
Since the line (7) is perpendicular to both the lines (ii) and (iii) 
ax1+bx2+cx4=0 > a+2b+4c=0 
Also, ax2+bx3+cx4=0 > 2a + 3b+4c=0 


On solving these two equations, we get 
a | -b c a b c 
8-12 4-8 3-4 ^ 





4 4 s 
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Sol. 


Direction ratios of the required line be — 4, 4, -1 
Vector and cartesian equation of required line be 
paitjtk+r(-4i+4j-k) 
x-1 y-1 z-1 














and, — L í i respectively. 
Let 0 be the angle between given lines 
1x2+2x3+4x4 24 
cos 0 - 
V1*4*16x/4*9*16| 609 





9- a 24 ) 
> = cos /609 
Find the coordinates of the foot of perpendicular and the length of the perpendicular drawn 
from the point P (5, 4, 2) to the line r=-it 8j +k +)(2i + 3j -K) . Also find the image of P in 
this line. [CBSE (AI) 2012] 


Given line is 


r--i 3j - Ee AQÍ +3) -K) 
It can be written in cartesian form as 
etd -9 z-1 ; 
qo ip -H (i) 
Let Q (a, D, y) be the foot of perpendicular drawn from P(5, 4, 2) to the line (i) and P’ (x1, y1, zj) be 
the image of P on the line (i) 


Q (a, B, y) lie on line (7) 


a+1 B-3 v4 
2 = b- = 1 =A (say) 
> a 221-1; B 23A & 3andy 241 ...(ii) P (5, 4, 2) 








Now, PQ-(a-5i*(8B-4j*(-2K 


ed 


Parallel vector of line (i) b = 27 + 3j -k. 
Obviously PO Lb => PO. b-0 Q (o. B, y) 
2(1-5) +3 (B-4 + C) (r-2) 20 Free aes) 
2a0-10+38-12-y+2=0 
2a + 3B-y-20=0 
201-1) +3 (3 +3)-(-À+1)-20=0 
[Putting value of a, P, y from (ii)] 
=> 44-249. -9-4-1-2020 
=> 144-1420 >A=1 
Hence the coordinates of foot of perpendicular Q are (2 x 1-1, 3x 1+3,-1 + 1), ie., (1, 6, 0) 
Length of perpendicular = i (5-1)? - (4-6)? - (2-0)? 
= /16+4+4=/24=2,/6 units. 


UU 


P' (x1, yi 21) 








Also, since Q is mid-point of PP’ 
x5 
1 = 





2 > x--3 


y*4 z t2 
6= 2 > y,=8 0z 2 > z-2-2 








Therefore required image is (3, 8, 2). 
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3. Find the equation of the plane that contains the point (1, - 1, 2) and is perpendicular to both 
the planes 2x + 3y - 2z = 5 and x + 2y - 3z = 8. Hence find the distance of point P(-2, 5, 5) from 











the plane obtained above. [CBSE (F) 2014] 
Sol. Equation of plane containing the point (1, -1, 2) is given by 
a(x-1)-b(y*1)*c(z-2)20 (i) 
(i) is perpendicular to plane 2x + 3y - 2z = 5 
2a + 3b- 2c =0 (ii) 
Also, (i) is perpendicular to plane x + 2y - 3z = 8 
a+2b-3c=0 (iti) 
From (ii) and (iii), we get 
a _ b _ c 
-9+4 -2+6 4-3 
> ZELE N (say) => a=-5i,b=4i,c=h 


Putting these values in (i), we get 
—5A (x - 1) + 4A(y + 1) +A (z-2) 20 


> -5 (x-1) + 4(y +1)+(z-2)=0 
> -5x + 5 + 4y +4+z-2=0 > -5x + 4y+z+7=0 
> 5x-4y-z-7-0 ... (iv) is the required equation of plane. 


Again, if d be the distance of point P (—2, 5, 5) to plane (iv), then 
| | 5x C2) + (-4)x5 + (-1) x5 -7 -10-20-5-7 42 
7 J|5? + (4)? + (-1)? | 425*16*1 | 42 














/42 units 


4. Find the vector equation of the plane passing through the points (2, 1, —1) and (-1, 3, 4) and 
perpendicular to the plane x — 2y + 4z = 10. Also show that the plane thus obtained contains the 


line r=-i+3j+4k +A (3i - 2j - 5k). [CBSE (AI) 2013, (F) 2012, 2013] 
Sol. Letthe equation of plane through (2, 1, -1) be 
a(x-2)+b(y-1)+c(z+1)=0 .-(Z) 
(i) passes through (-1, 3, 4) 
a(-1-2)+b(3-1)+c(4+1)=0 
= -3a + 2b+ 5c =0 ...(ii) 
Also plane (i) is perpendicular to plane x — 2y + 4z = 10 







> 
n 


^ A ^ 
4 (ai * bj * ck) 


Ti E- G + 4k) 





> nln, > n.n =0 x— 2y +4z=10 
1a-2b+4c=0 ... (iii) 
From (ii) and (iii), we get 
-— —— A lb oc. 
8-10 5412 6-2 — ? 18 17 4 ~ A(say) 


> à -18A4,b 217X,c2 4X 


Putting the value of a, b, c in (i), we get 
18 à (x-2) + 170 (y- 1) + 44 (z - 1) 20 


=> 18x- 36 + 17y -17 +4z+4=0 => 18x+17y+4z=49 
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Sol. 


Sol. 


Required vector equation of plane is 
7. (181 +177 + 4k) = 49 (io) 
Obviously plane (iv) contains the line 
77 (Hi * 3j * A) +A (3i - 2j 5k) (v) 
Since, point (-i + 3j+4k) satisfy equation (iv) and vector (18/ +17] +4k) is perpendicular to, 
(3i — 2j — 5k), as (-1 + 3j + AK). (18i + 17] + 4k) = -18 + 51+ 16 = 49 
and (18i + 17] + 4k). (3i — 2j -5k) =54-34-20=0 
Therefore, (iv) contains line (v). 
Find the vector and Cartesian equations of a plane containing the two lines. 
r= (26+j7—-3k)+AG+2j+5k) and  r-(3-3j-2K)-u(3i-2j-5K) [CBSE Delhi 2013] 


Given lines are 


7 = Qi +] - 3k) +A +2) + 5) (i) 
7 = (8i +37 + 2k) + n (8i - 2j + 5h) (i) 


Here a, =2i+j+3k; — a-8ie3j 2f 


b,=it2j+5k;  b,=3î-2j+5k 


= (10 € 10)? - (5-15)j + (- 2 - 6) = 20i + 10j - 8k 


Hence, vector equation of required plane is 





C -a,).(0,xb,)=0 => 1.(b,xb,) = a, (b, xb.) 
> 7. (201 +10) - 8k) = (2f +] - 3k). (207  10j - 8k) 
> 7.(20i +10} - 8k) = 40 + 10 + 24 
> 7.(207+10)-8k)=74 =  r.Qoi-10j-8Ó-74 = 7.(10+5- 4k) =37 


Therefore, Cartesian equation is 10x + 5y — 4z = 37 


Find the distance of the point (2, 12, 5) from the point of intersection of the line 





r= 2i - Aj +2k+A(3i +4 * 2K) and the plane r. (i -2f + K) - 0. [CBSE (AI) 2014] 
Given line and plane are 
A . " i p 7 a P(2,12,5) 
7 = Qi - 4j + 2k) + A(Bi + 4j + 2k) ...(i) ? 
and — r.(i-27 +k) =0 ... (ii) 


For intersection point Q, we solve equations (i) and (ii) by putting the 
value of r from (i) in (ii) 

[(2i — 4j + 2k) +A (Bi - 4j * 2k)].(i - 2j +k) =0 
=> [(2+3A)i-(4-4A)j + (2+ 2A)K].@ -27+K) =O = (243A) +2 (4-41) + (242A) =0 
> 2+3 +8-84+2+24=0 
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=> 12-34-20 
=> A=4 


Hence, position vector of intersecting point is 147 + 127 + 10k . 


Co-ordinate of intersecting point, Q = (14, 12, 10) 





Required distance = /(14 - 2)? + (12- 12)?+(10- 5)? = 144+ 25 = /169 units 
= 13 units. 
7. Find the coordinate of the point P where the line through A(3, — 4, — 5) and B (2, — 3, 1) crosses 
the plane passing through three points LO, 2, 1), M(3, 0, 1) and N(4, -1, 0). Also, find the ratio 
in which P divides the line segment AB. [CBSE Delhi 2016] 


. A (3, -4, —5) 
Sol. Let the coordinate of P be (a, D, y). 








Equation of plane passing through L(2, 2, 1), M(3, 0, 1) and 
N(4, -1, 0) is given by 


x-2 y-2 z-1 X-23-22-1 
4-2 -1-20-1 2 -3 -1 Ne 





\ (4, —1, 0j 
(x — 2) (2-0) — (y- 2) (-1-0) + (2-1) (3+ 4)=0 k 


2(x-2)+(y-2)+z-1=0 
2x-4+y-2+z-1=0 B (2, -3, 1) 


YU vd 


2x+y+z-7=0 w(i) 
Now, the equation of line passing through A(3, —4, —5) and B(2, -3, 1) is given by 

x-3 yt4 2+5 x-3 _yt4 z+5 " 
2-3 344 145 = JI l v) 
P (a, D, y) lie on line AB 

a-3 Bt+4 y+5 

















> 7 1 6 A (say) => a-2-X-«3,B-24-4y-264-5 

Also P(a, 8, y) lie on plane (i) 

> 2a+B+y-7=0 > 2 (-A. +3) + (A-4) + (6-5) -720 

> -2A +6+1-4+6-5-7=0 > 54-1020 > A=2 
a=1,p=-2,y=7 Y 


Co-ordinate of P = (1, —2, 7) 
Let P divides AB in the ratio K : 1. 


1: Lt > K+1=2K+3 > K=2 (@bco)L P (a,b,c) 
> P divides AB externally in the ratio 2 : 1. 





8. From the point P(a, b, c), perpendiculars PL and PM are 


drawn to YZ and ZX planes respectively. Find the equation M (a, 0, c) 
of the plane OLM. [CBSE Bhubaneshwar 2015] 7 
Sol. Obviously, the coordinates of O, L and M are (0, 0, 0), (0, b, c) 
and (a, 0, c). 
Therefore, the equation of required plane is given by 
x-0 y-0 z-0 Xyz 
0-0 b-0 c-0|=0 = |0 b c|=0 
a-0 0-0 c-0 adc 
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9. 


Sol. 


10. 


Sol. 


=> x(bc — 0) — y(0— ac) + z(0 — ab) = 0 
— bcx + acy — abz = 0 
Find the equation of the plane through the line of intersection of the planes x + y + z = 1 and 


2x + 3y + 4z = 5 which is perpendicular to the plane x — y + z = 0. Also find the distance of the 
plane obtained above, from the origin. [CBSE (AI) 2014; (F) 2017] 


The equation of a plane passing through the intersection of the given planes is 
(x +y *z-1) +A (2x + 3y + 4z -5)=0 

> (14+ 20)x+(1+3A)y+ (1+ 44) z- (1452) = 0 ... (i) 

Since, (i) is perpendicular to x - y +z = 0 

> (1 + 2A) 1+ (1-33) (-1) + (1 + 4A) 120 


> 14+2A-1-344+1+44=0 > 344+1=0 > k--i 
Putting the value of X in (i), we get 
2 4 5|. x 2.2. 
(1-5) +(1 -l)y + (1-5) (1-3) =0 => 3-3 + 3^ 0 


> x-z+2=0, itis required plane. 
Let d be the distance of this plane from origin. 
0.x +0. y+0.(-z) +2 
V1? +0" + (-1)? 











2 
Ki /2 units. 





aatbB+cy+d 


Find the vector equation of the plane passing through three points with position vectors 


[Note: The distance of the point ( a, D, y) to the plane ax + by + cz + d = 0 is given by 


i-j-2k, 2i-j +k and i+ 2j +k. Also find the coordinates of the point of intersection of 
this plane and the line r=3i- j-k*AQi - 2j * K). [CBSE Delhi 2013] 
The equation of plane passing through three points / +j - 2k, 2i - j +k and i * 2j 4 K 

i.e., (1, 1, 22), Q, - 1, 1) and (1, 2, 1) is 


x-1 y-1 z+2 
2-1 -1-11+2]=0 
1-1 2-1 1+2 


x-1y-1z-*2 


r-3i-j-k*AQi- 2j +k) 





> 1 -2 3 |=0 
0 1 3 
> (x -1)(-6 - 3) - (y -1) (8-0) + (z + 2) (1 + 0) =0 
> -9x+9-3y+34+z+2=0 
=> 9x + 3y-z=14 ...(1) 





Its vector form is 7. (9i F 3j - k) =14 


The given line is 7 = (31 - j -k) + A(27 - 2j + Å 
Its cartesian form is 
x-3 *1 z-*1 " 
y 7 en = .. (ii) 
Let the line (ii) intersect plane (1) at (a, D, y) 
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(a, B, y) lie on (ii) 
a-3 BpB-*1 Y-*1 
1 











A (say) => a-22X1«43;)p-—2X-13;ys-A-1 


2 -2 
Also, point (a, B, y) lie on plane (i) 
5 9a+3ß-y=14 => 9(20+3)+3(-2A-1)-(A-1)=14 
> 1814+ 27-61 -3-A4+1=14 => 114425214 
= 112 = 14 - 25 > 1142-11 
> A= -1 


Therefore, point of intersection = (1, 1, - 2). 


11. Find the direction ratios of the normal to the plane, which passes through the points (1, 0, 0) 


and (0, 1, 0) and makes angle 7 with the plane x + y = 3. Also find the equation of the plane. 
[CBSE Patna 2015] 


Sol. Let the equation of plane passing through the point (1, 0, 0) be 
a(x-1)+b(y-0)+c (z-0)=0 
> ax—a+ by+cz=0 > ax + by + cz =a s) 
Since, (i) also passes through (0, 1, 0) 
= 0+b+0=a > b=a (ii) 


Given, the angle between plane (i) and plane x + y = 3 is i . 





























n alt bd + 60 1 a+b 
0094 | a++ a 1 AS 
1 a+b a+b 
* a TPE MEN" TET 
> Ja’ +b +c? = (a+b) =>  @+b+e= (a+b)? 
> a+b? 4+ ct =a" ab + 2ab 
=> c? = 2ab => C= 20° [From (ii)] 
> c=+/2a 
Now, equation (i) becomes ax + ay + /2az=a. 
> x+y +y2z = 1, is the required equation of plane. 


Therefore, required direction ratios are 1, 1, +/2. 
12. Find the equation of the plane which contains the line of intersection of the planes 
r.(i—27+3k)—4=0 and r.(-2i+j+k)+5=0 
and whose intercept on x-axis is equal to that of on y-axis. [CBSE (North) 2016] 
Sol. Given planes are 7. (-2j4 3k)-4=0 and T. (2i +j + k)+5=0 

These can be written in cartesian form as 
x-2y+3z-4=0 (i) 

and -2x+y+z+5=0 . (ii) 

Now the equation of plane containing the line of intersection of the planes (7) and (ii) is given by 
(x -2y + 3z- 4) + A(-2x ty +z € 5)z0 (Hit) 

=> (1-24 )x-(2-A)y+(B4+A)z-44+5A=0 => (1-20) x-(2-A) y+ B4+A)z=4-5A 
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13. 


Sol. 


14. 


Sol. 


x y Z E 
- i-G x. ABA 
1-2A 2+A 394A 


: _ 4-5 _4-5A 
According to question 1-0, 24% 





1 











=> 1-2A=-2+hA = 3A =3 = Az1 
Putting the value of à = 1 in (iii), we get 
(x -2y + 3z-4)+1(2x+y+z+4+5)=0 
-x-y+4z+1=0 > x+y—4z-1=0 
Its vector form is 7. (i tj ~ 4k) -1=0 
If L, My ny ly My n, and l, m,, n, are the direction cosines of three mutually perpendicular lines, 
then prove that the line whose direction cosines are proportional to 4 + l, + 15, m, + m, +m, and 
nı +N, + n, makes equal angles with them. [NCERT Exemplar] 
Let a= Li m mj d nk; b= Li + m,j + njk; c= lî + maj * n,k 
d= (I, +1,+1,)i + (m, * m, * mjj + (n, * n, + nf 
Also, let a, B and y are the angles between a and d,b and d,c and d. 
cos a =h (4 +1, 15) + mq (mq + m, + m3) + Ny (Ny + n, n3) 

= I? +h LF i+ me +m m, ma, tn, nn, + nh 

= (IP + my + nj) + (1 + IL + m m, + mm, + n,n, +n n) 

=1+0=1 

[- p m? n; -Tarndi Lo, I X Lm Lm,m Lm,n msn n] 

Similarly, cos p =l (h + l, +15) + m, (m4 + m, + ms) + n, (n4 + My + n3) 

=1+0andcosy=1+0 
> cos a = cos f = cos y 
> a=B=y 
So, the line whose direction cosines are proportional to 4 + l + 13, m4 + m, + ma, n, + Ny + Nz makes 


equal angles with the three mutually perpendicular lines whose direction cosines are l4, m4, 14, lọ, 
My, Nz and 13, M3, Nz respectively. 


Find the distance of the point (1, 2, 3) from the plane x — y + z = 5 measured parallel to the line 
whose direction cosines are proportional to 2, 3, —6. [CBSE (F) 2015] [HOTS] 
Let Q (a, p, y)be the point on the given plane 

x-y+z=5 .. (1) 
Since PQ is parallel to given line 


x-1 *2 z-3 T 
3 = y pr .. (i) 
PQ is parallel to given line (ii). 





where P (1, 22, 3) is the given point. 


x-1 y-3.z42 


PO |» (parallel vector of line). -6 


a-1 B+2 y-3 
= 2 3 = 7^ 


=> a=2A+1,B =3A-2,y=-6A4+3 











Now, *- Q (a, D, y) lie on plane (i) 
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a-B+y=5 > 2041-314+2-614+3=5 
-7h+6=5 =>-7A=-1> ast 


Ed dd c S E ee i 
a= 2x5 +1=5;B=3x5-2=- 7 and y=-6x7+3= 7 


Therefore required distance 
| M9 Y 11..Y.í(15 V. [4.9.36 |. 
po - /(2-1) (C2) +(2- | = ag "a4g*ag = 11 = unit 


15. A plane meets the coordinate axes in A, B, C, such that the centroid of the triangle ABC is the 








point (a, b, g). Show that the equation of the plane is = + a + T =3. [HOTS] 
Sol. Let the equation of required plane be 
x z ; 
I.P .R-l t) 
Then the coordinates of A, B, C are (a, 0, 0), (0, b, 0) and (0, 0, c) respectively. So, the centroid of 


triangle ABC is (4, $3) . But the coordinates of the centroid are (a, p, y) as given in problem. 








ü b C 
a-3B-73 and Y 374 3a, b 2 3B, c - 3Y 


Substituting the values of a, b and c in equation (i), we get the required equation of the plane as follows 


DE quM. apo us LP M 
3a BB By) 7  w'B'v 
PROFICIENCY EXERCISE 
B Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in each of the following questions. 
(i) The coordinates of the foot of the perpendicular drawn from the point (2, 5, 7) on the x-axis 








are given by [NCERT Exemplar] 
(a) (2, 0, 0) (b) (0, 5, 0) (c) (0, 0, 7) (d) (0,5, 7) 
(ii) The co-ordinates of the foot of the perpendicular drawn from the point (—2, 8, 7) on the 
XZ-plane is 
(a) en -8, 7) (b) (2, 8, -7) (c) (-2, 0, 7) (d) (0, 8, 0) 
(iii) The locus represented by xy + yz = 0 is 
(a) a pair of perpendicular lines (b) a pair of parallel lines 
(c) a pair of perpendicular planes (d) a pair of parallel planes 
(iv) The vector equation of XY-plane is [CBSE 2020 (65/3/1)] 
(a) 7 .k=0 (b) r.j-0 (o) r.i=0 (d) r.n-1 
= -3 - = -4 = 
(v) The lines * i 2 .y 1 ^ a k Z and Y k 1-y 3 = 1 are mutually perpendicular if the 
value of k is [CBSE 2020 (65/5/1)] 
2 2 
(a) -3 (b) $ () -2 (d) 2 
(vi) The angle between the planes 2x - y + z = 6 and x + y + 2z =7 is 
T x T x 
a) y (b) 6 (o) 3 (d) > 
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2. Fill in the blanks. 
(i) If a line makes angles 2 AX and t with X, Y, Z axes respectively, then its direction cosines 
are 
2 . . x-1 vy*1 z-2 xti vy-1 z-3 
(ii) The value of a for which the lines p Cu 3 and og ^ 1 ^ 41 are 
perpendicular to each other, is ; 
(iii) The vector equation of the line through the points (3, 4, -7) and (1, -1, 6) is 
(iv) The equation of the plane 2x + 5y -3z = 4 in the vector form is ; 
(v) A plane passes through the points (2, 0, 0), (0, 3, 0) and (0, 0, 4). The equation of the plane is 
B Very Short Answer Questions: [1 mark each] 
= 4- + 
3. Cartesian equation of a line AB is at l- 7 fat 2 : : 
Write the direction ratios of a line parallel to AB. [CBSE Sample Paper] 
= -2 = - -1 - 
4. Ifthelines i - e =4 2 2 and at -J i 7 E are perpendicular, find the value of k. 
5. If a line makes angles o, p, y with the direction of the axes, then write the value of 
sin? a + sin? B + sin? y. 
6. If a line makes angles 90°, 135°, 45? with the X, Y and Z axes respectively, find its direction 
cosines. [CBSE 2019 (65/1/1)] 
7. Find the vector equation of the line which passes through the point (3, 4, 5) and is parallel to the 
vector 2i + 2j - 3k. [CBSE 2019 (65/1/1)] 
8. A line passes through the point with position vector 2i — j * 4k and is in the direction of the 
vector i + j — 2k. Find the equation of the line in cartesian form. [CBSE 2019 (65/2/1)] 
9. Ifa line has the direction ratios - 18, 12, — 4, then what are its direction cosines? 
[CBSE 2019 (65/3/1)] 
_ x-1 y*^4 z+4 
10. Find the co-ordinates of the point where the line 7577 = “4— = —5-- cuts the XY-plane. 
[CBSE 2020 (65/2/1)] 
11. Find the distance of the plane 3x — 4y + 12z = 3 from the origin. [CBSE (AI) 2012] 
12. Find the Cartesian equation of the line which passes through the point (—2, 4, — 5) and is parallel 
. x+3 4-y z+8 ; 
to the line Bo m. 7. [CBSE Delhi 2013] 
13. Find the length of the perpendicular drawn from the origin to the plane 2x - 3y + 6z + 21 = 0. 
[CBSE (AI) 2013] 
. . . 3-x yt4 2z-6 . . 
14. Ifthe cartesian equations of a line are 5 me E write the vector equation for the 
line. [CBSE (AI) 2014] 
15. Find the angle between the lines r-2i- 5j +k € A (8i * 2j + 6k) and 7 =7i —6k + uw (i + 2] + 2k). 
[CBSE (F) 2014] 
16. Write the sum of intercepts cut off by the plane 7. Qi +j —k)-5=0 onthe three axes. 
[CBSE North 2016] 
17. Find the vector equation of the plane with intercepts 3, — 4 and 2 on x, y and z axes. 
[CBSE Central 2016] 
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B Short Answer Questions-I: [2 marks each] 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


Find the coordinates of the point where the line 


+ +2 + 
2 -2 DITS meets the plane x + y + 4z = 6. 





If the line drawn from the point (2, -1, -3) meets a plane at right angle at the point (1, 23, 3), find 
the equation of the plane. 


Find the distance of the point whose position vector is Qi tj — Kk) from the plane 7. (i= 2j +4k) 29 
Write the unit vector normal to the plane 
x+2y+3z-6=0. 


Find the vector equation of a plane which is at a distance of 5 units from the origin and its normal 
vector is 2i — 3j + 6k. [CBSE Delhi 2016] 


Find the equation of the plane passing through the line of intersection of the planes 
2x + 2y — 3z = 7 and 2x + 5y + 3z = 9 the point (2, 1, 3). 


Find the angle between the planes, whose vector equations are r. Qi +27 -3k)=5 and 
7.(31 - 3j + 5k) - 3. 


m Short Answer Questions-II: [3 marks each] 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 


33. 


34. 


35. 


Find the shortest distance between the following pair of skew lines: 
x-1_2-y_z+1 x2. ycó _« 





[CBSE Sample Paper 2016] 








2 3 4" 1 2 3 
= -1 
Show that the lines ES - € =í j i and — = = z =2 3 l intersect. Find their point of 
intersection. [CBSE (East) 2016] 


Find the coordinates of the foot of perpendicular drawn from the point A(-1, 8, 4) to the line 
joining the points B(0, —1, 3) and C(2,-3,-1) Hence find the image of the point A in the line BC. 
[CBSE (North) 2016] 


Find the equation of plane passing through the points A(3, 2, 1), B(4, 2, -2) and C(6, 5, -1) and 
hence find the value of à for which A(3, 2, 1), B(4, 2, 22), C(6, 5, -1) and D(A, 5, 5) are coplanar. 





[CBSE (South) 2016] 

Prove that the line through A(0, -1, -1) and B(4, 5, 1) intersects the line through C(3, 9, 4) and 

D(-4, 4, 4). [CBSE (F) 2016] 
Show that the following two lines are coplanar: 

e - inis - T and m - E - o [CBSE Patna 2015] 

Find the acute angle between the plane 5x - 4y + 7z - 13 = 0 and the y-axis. [CBSE Patna 2015] 


Find the equation of a plane which is at a distance of 3/3 units from origin and the normal to 
which is equally inclined to the coordinate axes. [CBSE (F) 2013] 
Let P(3, 2, 6) be a point in the space and Q be a point on the line r= (i - j + 2k) tu 37 tj + 5k), 


then find the value of p for which the vector PQ is parallel to the plane x — 4y + 3z = 1. 
[CBSE Chennai 2015] 


Find the vector and cartesian equations of the plane which bisects the line joining the points 


(3, -2, 1) and (1, 4, -3) at right angles. [CBSE Chennai 2015] 
Find the distance of the point P(3, 4, 4) from the point, where the line joining the points 
A(8, -4, -5) and B(2, -3, 1) intersect the plane 2x + y +z = 7. [CBSE Allahabad 2015] 
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36. Find the distance of the point (1, 2, 3) from the plane x — y + z = 5 measured parallel to the line 
whose direction cosines are proportional to 2, 3, —6. [CBSE (F) 2015] 
p: xel yti z 
37. Find the equation of the plane containing two parallel lines 2 uq 3 and 
-2 z+1 -2 y-l z- 
S ES . Also, find if the plane thus obtained contains the line = = 4 =2 2 
4 -2 6 3 1 5 
or not. [CBSE (South) 2016] 
38. Find the vector and cartesian equations of a line through the point (1, -1, 1) and perpendicular to 
the lines joining the points (4, 3, 2), (1, -1, 0) and (1, 2, -1), (2, 1, 1). [CBSE Guwahati 2015] 
39. Find the shortest distance between the lines whose vector equations are 
7- 0-01 *(t-2)j - (8-20K and r= (st1)i * Qs-1)j + Qs * 1k. [CBSE (AI) 2011] 
40. Find the vector and cartesian equations of the line passing through the point P (1, 2, 3) and 
parallel to the planes r.(i -f * 2) 2 5 and r.(3í * j * K) - 6. [CBSE (F) 2012] 
B Long Answer Questions: [5 marks each] 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Find the equation of the plane passing through the point P(1, 1, 1) and containing the line 
r= (-3i + 7 + 5k) + A (3f — j — 5k). Also, show that the plane contains the line 


r- (CE 2j *5R) +p(i - 2j - 5E). [CBSE (AI) 2010] 
Find the vector and cartesian equations of the plane passing through the intersection of the planes 
T.(i*j*K) =6 and r.(2i * 3j * 4k) =-5 and the point (1, 1, 1). [CBSE Chennai 2015] 


Find the value of k for which the following lines are perpendicular to each other: 
XX. q 1. Sem x42 2-y 3 





k-5 1  -2k-1'-1 -k 5 
Hence, find the equation of the plane containing the above lines. [CBSE Guwahati 2015] 
Show that the lines: 

r=itjtkt+AGi-j+h and r= 4j 2k u(QÍ - j € 3) are coplanar. 
Also, find the equation of the plane containing these lines. [CBSE Panchkula 2015] 


Show that the lines r = (- 31 ^ j * 5K) *A(- 3/ j| * 5K) and r7 (Cf * 2j - 5) - u(- i 2j * 5E) are 
co-planar. Also, find the equation of the plane containing these lines. [CBSE Sample Paper 2015] 
Find the position vector of the foot of perpendicular and the perpendicular distance from the 
point P with position vector 2i + 3j + 4k to the plane rQi * j * 3k) -26 - 0. Also, find image of P 
in the plane. [CBSE (Central) 2016] 


Find the coordinates of the foot of perpendicular and perpendicular distance from the point 
P(4, 3, 2) to the plane x + 2y + 3z = 2 Also find the image of P in the plane. [CBSE (East) 2016] 


Find the equation of the plane which contains the line of intersection of the planes x + 2y + 3z - 4 - 0 
and 2x + y—z+5=0and whose x-intercept is twice its z-intercept. 


Hence write the vector equation of a plane passing through the point (2, 3, -1) and parallel to the 


plane obtained above. [CBSE (F) 2016] 
Find the coordinate of the point where the line through (3, —4, —5) and (2, 3, 1) crosses the plane, 
passing through the points (2, 2, 1), (3, 0, 1) and (4, -1, 0). [CBSE Delhi 2013] 
Show that lines 7= (i tj - k) +A(3i - j) and r= (47 — k) + (2i + 3k) intersect. Also find their 
point of intersection. [CBSE Delhi 2014] 
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51. Find the distance between the point (7, 2, 4) and the plane determine by the points A(2, 5, —3), 
































B(-2, -8, 5) and C(5, 3, -3). [CBSE Delhi 2014] 
" -2 z- " -3 z- 
52. Show that the lines 5 1 m] mm Z 1 2 and i Ex pe É m intersect. Also, find the 
co-ordinate of the point of intersection and equation of the plane containing the two lines. 
[CBSE 2020 (65/3/1)] 
Answers 
1. (i) (a) m" (c) (iii) (c) (iv) (a) (v) (a) (vi) (c) 
1 "m "T ROG ^ 4 a ^ 7 Xs 
2. (i) +|0,- Xu (ii) -1 (ii) r= 31 + 4j - 7k + A(—2i — 5j + 13k) 
(iv) r.(21 +5) —3k) =4 () $-$4i-1 
E xb. s 
3.72 4 k= 5.2 6. 0,- 7 
> " A R ^ A a a +1 = 
7. r= (8i 4 4j +5k) +A(2i +2) - 3f) 8. tose -254 
-9 6 -2 3 xt2- y-4_z+5 
9. [= 31,m74p2731 10. (7,10,0) 11. 45 12. — = A 
13. 3 units 14. 7 = (8i - 4j - 3) + A(-5i +7 + 2k) 15. 0- cos" B ) 
16. 2 17 dos 18. (1,1,1) 19. 3x- 2y +6z-27=0 
-7 -riz -3t7 SL, š y 
13 15,23, E 3j 6k) 
20. —— 21. * f(s E 
MEZ Aa * Vu Ha“ Hg ger S 
15 
23. 38x + 68y + 3z = 153 24. cos! Uo] 25. Je units 26. (4, 0, -1) 
4 
PE e s — — = 7 = = sj -1| — = 
27. (-2, 1,7); C3, -6, 10) 28. 03x -7y 32-1620 ;A-4 31. 0 sin Ex 
32. x+y+z=933. n7 T 34. T. - 3j 2b) 43 2 0; x -3y 2243-0 35. 7 units 
36. 1 unit 37. 8x + y—5z = 7; yes the plane contains the given line 
y+ 1 Z- + > ^ ^. 8 : 
38. ig ^ 4 ;r-(-j*k) -AQ0 - 4j - 7k) 39. 29 units 
> " ^ ^ a ^ ^ = 2 = > a * ^ 
40. PORE -23 ai. 7. -2/4£) 20 
42. 20x + 23y + 26z — 69 = 0; r. (20i + 23j + 26K) = 69 43. k2 - 1, 4x + 31y + 7z = 54 
44. d 45. x-2y+z=0 
46. 3i +7 Dg ug J7. units, (4, 4, 7) 47. (3,1, 21); v14 sq. units; (2, -1, 4) 
48. 13x + 14y +11z=0 or 7x + 11y + 14z -15 - 0, {r - Qi «3j - )). (7i +117 + 14) =0 


49. 


(1,-2,7) 50. (4,0,-1) 51. 429 units 52. (1,-1,2);2x-y+z-5=0 
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SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 


1. Choose and write the correct option in the following questions. (4x1=4) 
(i) The foot of perpendicular from (a, p, y) on y-axis is 


(a) (a, 0, 0) (b) (0, B, 0) (c) (0, 0, y) (d) (0, B, y) 
(ii) Find the equation of the plane through the points (2, 1, -1), (-1, 3, 4) and perpendicular to the 
plane x - 2y + 4z = 10 
(a) 18x + 17y + 4z = 49 (b) 20x - 12y + 3z = 11 
(c) 3x - 2y - 4z = 17 (d) 7x - 2y - 3z 20 


(iii) The coordinates of the point where the line through (3, — 4, — 5) and (2, -3, 1) crosses the plane 
passing through three points (2, 2, 1), (3, 0, 1) and (4, - 1, 0) are 


(a) (0, - 2, 7) (b) (3, - 2,5) ic) = 27) (d) (1,-2,7) 
(iv) The distance between the parallel planes x + 2y - 3z = 2 and 2x + 4y - 6z +7 = Q is 
(a) Ju unit (b) TE unit (c) E unit (d) none of these 
2. Fill in the blanks. 2x122) 
(i) The distance of the plane 2x — 3y + 6z + 14 = 0 from origin is units. 


(ii) The Cartesian equation of the line joining the points (—2, 1, 3) and (3, 1, 2) is 


m Solve the following questions. (3x123) 


f . x-2 y*1l z-3 
3. Find the angle between theline: “3~ = ~ 7 - 5 and the plane 3x + 4y +z + 5 = 0. 





4. Find the angle between the line: r = (5f — j — 4k) + A (2f — 7 + 3k) and the plane r.(3í + 4j +k) +5 - 0. 


x-1_y+t4_z+4 


5. Find the co-ordinates of the point where the line “3 7 z cuts the XY-plane. 





B Solve the following questions. (2x 2=4) 


6. Ifthe line drawn from the point (—2, -1,-3) meets a plane at right angle at the point (1, 23, 3), find 
the equation of the plane. 


7. Find the distance of the point whose position vector is (27 tj - k) from the plane T. (i - 2j + Ak) =9, 


B Solve the following questions. (4 x 3 = 12) 


8. If a plane meets the coordinate axes in A, B, C such that the centroid of the AABC is the point 
(a, D, y), then find the equation of the plane. 


9. Find the distance of the point (2, 3, 4) from the plane 3x + 2y + 2z + 5 =0 measured parallel to the 


~ x*3 y2 z 
line m Cu 
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10. Find the distance of the point, whose position vector is (2i + 1 -K) from the plane r. (i -2j + Ak) -9, 


11. Let P(3, 2, 6) bea point in the space and Q be a point on the line r-2(- j + 2k) + w(-3i +j + 5E, 
then find the value of p for which the vector PQ is parallel to the plane x — 4y + 3z = 1. 


m Solve the following questions. (1x 525) 


-2 - 
12. Find the equation of perpendicular from the point (3, -1, 11) to the line 5 =Y- . Also 


3 4 
find the foot of the perpendicular and length of the perpendicular. 





Answers 


1. (7) (b) (ii) (a) (iu) (d) (iv) (b) 
2*2. y-l x3 





2. (i)2 (ii) 





5 0 -5 
3. si "6 4. si ^) 5. (7, 10,0 
- Sin 3l - Sin (5 79] . (7, 10, 0) 
13 x Yy z 
3 - -27- 2 ET pL 
6. 3x -2y + 6z -27 -0 i f 8. B*w 3 
; 13- 2. x-3 y*l z-1 
9. 7 units 10. 21 11. p= 1 12. i g% 1 , (2,5,7), V53 units 
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Linear 
Programming 


BASIC 





CONCEPTS 


1. Definition: Linear programming (LP) is an optimisation technique in which a linear function is 
optimised (i.e., minimised or maximised) subject to certain constraints which are in the form of 
linear inequalities or/and equations. The function to be optimised is called objective function. 


2. Applications of Linear Programming: Linear programming is used in determining optimum 
combination of several variables subject to certain constraints or restrictions. 


3. Formation of Linear Programming Problem (LPP): The basic problem in the formulation of a 
linear programming problem is to set-up some mathematical model. This can be done by asking 
the following questions: 


(a) What are the unknowns (variables)? 
(b) What is the objective? 
(c) What are the restrictions? 


For this, let x1, x», X4, .......... x, be the variables. Let the objective function to be optimized (i.e., 
minimised or maximised) be given by Z. 


(i) Z= Cy ty + Cy Xy... + C, X,, where cx; (5 1,2,........... n) are constraints. 
(ii) Let there be mn constants and let a be a set of constants such that 

441 X4 + d45 Xq F una + Ain Xn (S, = or 2) by 

Ay, Xq + lyy X, F eee + Az, X, (S, = or 2) b, 


Brgy X1 yyy Xo sese + Amn Xn (S = or 2) b, 
(iii) Finally, let x, = 0, x; 2 0, ........... x, 2 0, called non-negative constraints. 
The problem of determining the values of xj, xj, ............ , X, Which makes Z, a minimum or 


maximum and which satisfies (it) and (iii) is called the general linear programming problem. 
4. General LPP: 


(a) Decision variables: The variables xi, x», xs, ........ ,X, whose values are to be decided, are called 
decision variables. 
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(b) Objective function: The linear function Z = c X4 c5 X; + ........ + c, X, which is to be optimized 
(maximised or minimised) is called the objective function or preference function of the general 
linear programming problem. 


~ 


Structural constraints: The inequalities given in (ii), are called the structural constraints of the 
general linear programming problem. The structural constraints are generally in the form of 
inequalities of = type or < type, but occasionally, a structural constraint may be in the form of 


(c 


an equation. 


(d 


<~ 


Non-negative constraints: The set of inequalities (iii) is usually known as the set of non-negative 
constraints of the general LPP. These constraints imply that the variables x4, x», ...., x, cannot take 
negative values. 


~ 


(e) Feasible solution: Any solution of a general LPP which satisfies all the constraints, structural 


and non-negative, of the problem, is called a feasible solution to the general LPP. 


(f) Optimum solution: Any feasible solution which optimizes ( i.e., minimises or maximises) the 
objective function of the LPP is called optimum solution. 

5. Requirements for Mathematical Formulation of LPP: Before getting the mathematical form of a 
linear programming problem, it is important to recognize the problem which can be handled by 
linear programming problem. For the formulation of a linear programming problem, the problem 
must satisfy the following requirements: 

(i) There must be an objective to minimise or maximise something. The objective must be capable 

of being clearly defined mathematically as a linear function. 

(ii) There must be alternative sources of action so that the problem of selecting the best course of 
actions may arise. 

(iii) The resources must be in economically quantifiable limited supply. This gives the constraints to 
LPP. 

(iv) The constraints (restrictions) must be capable of being expressed in the form of linear equations 
or inequalities. 

6. Solving Linear Programming Problem: To solve linear programming problems, Corner Point 
Method is adopted. Under this method following steps are performed: 


Step I. At first, feasible region is obtained by plotting the graph of given linear constraints and 
its corner points are obtained by solving the two equations of the lines intersecting at that 
point. 

Step II. The value of objective function Z = ax + by is obtained for each corner point by putting its 
x and y-coordinate in place of x and y in Z = ax + by . Let M and m be largest and smallest 
value of Z respectively. 


Case I: If the feasible region is bounded, then M and m are the maximum and minimum 
values of Z. 
Case II: If the feasible region is unbounded, then we proceed as follows: 
Step III. The open half plane determined by ax + by > M and ax + by < m are obtained. 

Case I: If there is no common point in the half plane determined by ax + by > M and 
feasible region, then M is maximum value of Z, otherwise Z has no maximum 
value. 

Case II: If there is no common point in the half plane determined by ax + by « m and 
feasible region, then m is minimum value of Z, otherwise Z has no minimum 
value. 
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Above facts can be represented by arrow diagram as 


Feasible region (having largest and smallest values 
M and m of Z =ax + by at corner points) 





Mis maximum and m is Open half plane is determined by 


minimum value of Z. ax + by > M and ax + by < m obtained. 
If no common point in the half plane If no common point in the half plane 
determined by ax + by > M and feasible determined by ax + by « m and feasible 
region, then M is maximum value of region, then m is minimum value of Z, 
Z, otherwise Z has no maximum value. otherwise Z has no minimum value. 


Selected NCERT Questions 


1. Maximize Z =-x + 2y 
Subject to x2 3, x + y 2 5, x + 2y 2 6, y 20. 


Sol. Let us graph the given inequalities 


Y 
8 | 


*(C(3, 2) 


=) B(4, 1) 


O 


Y: 





The feasible region is shown shaded which is unbounded. 
The coordinates of the corner points of the feasible region are A(6, 0), B(4, 1) and C(3, 2). 
Let us evaluate the objective function. 
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We see that maximum value of Z at (3, 2) is 1. 

Since the region is unbounded, so 1 may or may not be the maximum value of Z. 

First draw the graph of the inequality —x + 2y > 1. 

-x + 2y > 1 is away from origin. 

Since the open half plane of -x + 2y > 1 has points in common with the feasible region. 
Thus, Z has no maximum value. 

2. A factory manufactures two types of screws, A and B. Each type of screw requires the use of 
two machines, an automatic and a hand operated. It takes 4 minutes on the automatic and 6 
minutes on hand operated machines to manufacture a package of screws A, while it takes 6 
minutes on automatic and 3 minutes on the hand operated machines to manufacture a package 
of screws B. Each machine is available for at the most 4 hours on any day. The manufacturer 
can sell a package of screws A at a profit of 17 and screws B at a profit of 710. Assuming that 
he can sell all the screws he manufactures, how many packages of each type should the factory 
owner produce in a day in order to maximise his profit? Determine the maximum profit. 


Sol. Let x be the number of packages of screws A, y be the number of packages of screws B produced 
ina day and Z be the total profit of the manufacture in a day. 





hou 


Thus, the mathematical formulation of the given LPP is 
Maximize Z = 7x + 10y 
Subject to 4x + 6y x 240, 6x + 3y < 240, x, y 2: 0. 


Let us draw the graph for system of inequalities representing constraints. 
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Sol. 


The feasible region is shown (shaded) in figure, which is bounded. 
The coordinates of the corner points of the feasible region are O(0, 0), A(40, 0), B(30, 20) and C(0, 40). 
Let us evaluate the objective function. 





O (0, 0) Z=7x0+10x0=0 

A (40, 0) Z=7 x 40 + 10 x 0 = 280 + 0 = 280 

B (30, 20) Z =7 x 30 + 10 x 20 = 210 + 200 = 410 Maximum 
C (0, 40) Z=7x0+10 x 40 = 0 + 400 = 400 





Thus, Z is maximum at (30, 20) and maximum value = 410 
Maximum profit = 7410 when 30 packages of screws A and 20 packages of screws B are 
produced in a day. 
A factory makes two types of items A and B, made of plywood. One piece of item A requires 5 
minutes for cutting and 10 minutes for assembling. One piece of item B requires 8 minutes for 
cutting and 8 minutes for assembling. There are 3 hours and 20 minutes available for cutting 
and 4 hours for assembling. The profit on one piece of item A is %5 and that on item B is X6. 
How many pieces of each type should the factory make so as to maximise profit? Make it as an 
LPP and solve it graphically. [CBSE (F) 2010] 


Let the factory makes x pieces of item A and y pieces of item B. 
Time required by item A (one piece) 


cutting = 5 minutes, assembling = 10 minutes 














Time required by item B (one piece) 




















cutting = 8 minutes, assembling = 8 minutes 
Total time for |. A(0,25) 


cutting = 3 hours and 20 minutes and | | 



































































































































































































































































































































assembling = 4 hours 2 
Profit on one piece | n 
For item A = 85, item B = %6 Mey 
Thus, our problem is maximized as Hp LUI. 
Z = 5x + 6y (0) 
Subject to constraints: 
x20,y20 .. (ii) 
5x + 8y < 200 iii) 
10x + 8y < 240 (iv) 


From figure, possible points for maximum value of Z are at O(0, 0) A(0, 25), B(8, 20), C(24, 0). 











O (0,0) 0 

A (0, 25) 150 

B (8,20) 40 + 120 = 160 «— — Maximum 
C (24, 0) 120 





Hence, 8 pieces of item A and 20 pieces of item B produce maximum profit of X160. 
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4. A merchant plans to sell two types of personal computers— a desktop model and a portable 
model that will cost 325000 and 340000 respectively. He estimates that the total monthly 
demand of computers will not exceed 250 units. Determine the number of units of each type 
of computers which the merchant should stock to get maximum profit if he does not want to 
invest more than 370 lakhs and if his profit on the desktop model is 34500 and on portable 
model is 35000. [CBSE (AI) 2011] 


Sol. Letthe number of desktop models be x and the number of portable models be y. 
Since, the total monthly demand of computers does not exceed 250. Then we have 
x+y S250 
Also, cost of one desktop computer is € 25000 and one portable computer is € 40000. 
Therefore, the cost of x desktop and y portable computers = X (25000x + 40000y). 
We have maximum investment = X 7000000 
= 25000x + 40000y x 7000000 => 5x + 8y < 1400 
Now, profit on x desktop and y portable computers is given by 
Z = 4500x + 5000y 






















































































































































































































































































































































































































































































































































































aC (0,17 
M NC 
S 2» 
100 1 
Hence our LPP is 
Maximise, Z = 4500x + 5000y (i) 
Subject to the constraints: 
x+y <250 ...(it) 
5x + 8y € 1400 ... (iii) 
x,y20 ...(iv) 


Now, the shaded region OABC is the feasible region which is bounded. 
The coordinates of corner points are O (0, 0), A (250, 0), B (200, 50), C (0, 175) . 
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Now, we evaluate Z at each corner point 


Maximum 





Hence, the maximum profit of 31150000 is obtained, when he stocks 200 desktop and 50 portable 
computers. 


5. A diet is to contain at least 80 units of Vitamin A and 100 units of minerals. Two foods, F} and 
F, are available costing 35 per unit and 36 per unit respectively. One unit of food F; contains 
4 units of vitamin A and 3 units of minerals whereas one unit of food F, contains 3 units of 
vitamin A and 6 units of minerals. Formulate this as a linear programming problem. Find the 
minimum cost of diet that consists of mixture of these two foods and also meets minimum 
nutritional requirement. [CBSE (South) 2016] 


Sol. Let x units of food F} and y units of food F, are required to be mixed. 


Y 
45 


40 
35 
30 
25 
20 


15 


10 B(12, 32 
3 


c (100; 0 
NE ) 


10 15 20 25 30 35 40 
Sx-+:6y,=124 





Cost Z = 5x + 6y ...(7) is to be minimised 
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Subject to following constraints. 


4x + 3y 2 80 (ii) 
3x + 6y 2 100 ...(iii) 
x20,y20 (io) 


To solve the LPP graphically, the graph of inequations (ii), (iii) and (iv) is plotted as shown: 
The shaded region in the graph is the feasible region of the problem. The corner points are 
80 32 100 
a(o, t) B(12, =) c( 3" 0) 


The value of Z at corner point is given as 





Minimum 





Since, feasible region is unbounded therefore, a graph of 5x + 6y = 124 is drawn which is shown 
in figure by dotted line. 

Also, since there is no point common in feasible region and region 5x + 6y < 124. 

Hence, the minimum cost is X124 and 12 units of F} and = units of F, are required. 


6. Two godowns A and B have grain capacity of 100 quintals and 50 quintals respectively. They supply 
to 3 ration shops, D, E and F whose requirements are 60, 50 and 40 quintals respectively. The cost of 
transportation per quintal from the godowns to the shops are given in the following table: 





How should the supplier be transported in order that the transportation cost is minimum? 
What is the minimum cost? [HOTS] 


Sol. Letthe godown A transport x quintals of grain to ration shop D, y quintals of grain to ration shop E. 


Since the total capacity of godown A is 100 quintals, so the remaining (100 — x — y) quintals of 
grain can be transported to ration shop F. 


Now the requirement of ration shop D is 60 quintals, out of which x quintals are transported from 
godown A. The remaining (60 — x) quintals will be transported from godown B. 


Also the requirement of ration shop E is 50 quintals, out of which y quintals are transported from 
godown A. The remaining (50 - y) quintals will be transported from godown B. 
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Ration Shop D 
60 quintals 










Godown B 
50 quintals 















Ration Shop E 
50 quintals 


Godown A 
00 quintals 


Ration Shop F 
40 quintals 








Since the total capacity of godown B is 50 quintals, so the remaining 
50 — (60 — x + 50— y) = (x + y — 60) quintals can be transported to ration shop F. 
Let Z be the total transportation cost then 
Z = 6x + 3y + 2.50(100 — x — y) + 4(60 — x) + 2(50 - y) + 3(x + y — 60) 

= 6x + 3y + 250 — 2.50x — 2.50y + 240 — Ax + 100 — 2y + 3x + 3y — 180 

= 2.50x + 1.50y + 410 
Thus, the mathematical formulation of the given LPP is 
Minimize Z = 2.50x + 1.50y + 410 
Subject to x + y x100,x -yz60,xx60,y€50,x,y 2 0 
Let us graph the system of inequalities representing the constraints. 


D(10, 50) 
Q 


(50, 50)C 


] B(60, 40) 


L A(60; 0) 
40 50.60 70 | 80 | 90 





Linear Programming 449 


The feasible region ABCD is shown (shaded) in figure which is bounded. 


The coordinates of the corner points of the feasible region are A (60, 0), B (60, 40), C (50, 50) and 
D (10, 50). Let us evaluate the objective function. 


Maximum 


Minimum 





Thus, Z is minimum at (10, 50) and minimum value = 510. 


So, the minimum transportation cost is 3510 when 10 quintals, 50 quintals and 40 quintals are 
transported from godown A and 50 quintals 0 quintal and 0 quintal are transported from godown 
B to ration shops D, E and F respectively. 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. The feasible region for an LPP is shown below: [NCERT Exemplar, CBSE 2020 (65/3/1)] 


Let Z = 3x - 4y be the objective function. Minimum of Z occurs at 









































































































































































































































































































































9) 


















































































































































(a) (0,0) (b) (0, 8) (c) (5,0) (d) (4, 10) 


2. In an LPP, if the objective function Z = ax + by has the same maximum value on two corner 
points of the feasible region, then the number of points of which Z max occurs is 
[CBSE 2020 (65/4/1)] 


(a) 0 (b) 2 (c) finite (d) infinite 
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3. Corner points of the feasible region determined by the system of linear constraints are (0, 3), 
(1, 1) and (3, 0). Let Z = px + qy, where p, q > 0. Condition on p and q so that the minimum of Z 
occurs at (3, 0) and (1, 1) is 


q 
(a) p=2q b) p=5 (c) p 2 3q (d) p-q 
4. Theoptimal value of the objective function is attained at the points 
(a) given by intersection of inequation with y-axis only. 


(b) given by intersection of inequation with x-axis only. 
(c) given by corner points of the feasible region. 
) 


(d) none of these 
Answers 
1. (b) 2. (d) 3. (D) 4. (c) 


Solutions of Selected Multiple Choice Questions 


1. Given objective function Z = 3x - 4y 
on putting the corner points, we get 
Z min 7 7 32 at (0, 8) 


3. At (3,0), Zu," 3P +4 x0 = 3p 
and, at (1, 1), Zwan =pxiltg+il=ptq 
< 3p=p+q 
222-42 p=} 


Fill in the Blanks 


1. The corner points of the feasible region of an LPP are (0, 0), (0, 8), (2, 7), (5, 4) and (6, 0). The 
maximum profit P = 3x + 2y occurs at the point : [CBSE 2020, (65/2/1)] 


2. The common region determined by all the linear constraints of a LPP is called the 


region. 
3. Ifthe feasible region for a LPP is , then the optimal value of the objective function 
Z=ax+by may or may not exist. [NCERT Exemplar] 
4. The feasible region for an LPP is always a polygon. 
Answers 
1. (5, 4) 2. feasible 3. unbounded 4. convex 


Solutions of Selected Fill in the Blanks 
1. Wehave, 
P=3x+2y 
-. At point (5, 4) 
P=3x5+2x4=15+8=23 will be maximum profit. 
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Very Short Answer Questions 


1. In figure, which half plane (A) or (B) is the solution of x + y > 1? Justify your answer. 





Sol. Half plane B because (0, 0) does not satisfy x + y > 1. 
2. What is the maximum value of objective function Z = 3x + y under given feasible region? 





Sol. 3, 2x*ty 22 
Z = 8x + y attains maximum value at (1, 0). 
Z=3x1+0=3 
3. Is feasible region represented by x + y 2 1, x 2 0, y = 0 bounded? Justify your answer. 
Sol. No, feasible region obtained is unbounded as shown in figure. 


Y 
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Short Answer Questions-l 


1. 


Sol. 


Sol. 


Sol. 


Sol. 


A small firm manufactures necklaces and bracelets. The total number of necklaces and bracelets 
that it can handle per day is at most 24. It takes one hour to make a bracelet and half an hour 
to make a necklace. The maximum number of hours available per day is 16. If the profit on a 
necklace is X100 and that on a bracelet is 3300. Formulate an LPP for finding how many of each 
should be produced daily to maximise the profit. It is being given that at least one of each must 
be produced. [CBSE Delhi 2017] 


Let x and y be the number of necklaces and bracelets manufactured by small firm per day. If P be 
the profit, then objective function is given by 
P = 100x + 300y which is to be maximised under the constraints 
x+ys24 


1 
ale < 
2**y S16 


xz1,y21 
Two tailors, A and B, earn 3300 and 3400 per day respectively. A can stitch 6 shirts and 4 pairs 
of trousers while B can stitch 10 shirts and 4 pairs of trousers per day. To find how many 
days should each of them work and if it is desired to produce at least 60 shirts and 32 pairs of 
trousers at a minimum labour cost, formulate this as an LPP. [CBSE (AI) 2017] 


Let A and B work for x and y days respectively. 
Let Z be the labour cost. 

Z = 300x  400y 
Subject to constraints 

6x + 10y = 60 

4x + 4y = 32 
x,y20 

A company produces two types of goods A and B, that require gold and silver. Each unit of 
type A requires 3 g of silver and 1 g of gold while that of type B requires 1 g of silver and 2 g 
of gold. The company can produce a maximum of 9 g of silver and 8 g of gold. If each unit of 


type A brings a profit of 740 and that of type B x50, formulate LPP to maximize profit. 
[CBSE (F) 2017] 


Let x and y be the number of goods A and goods B respectively. If P be the profit then 
P = 40x + 50y which is to be maximised under constraints 


3x+y <9 
x+ 2y <8 
xz0,yzo 


A firm has to transport atleast 1200 packages daily using large vans which carry 200 packages 
each and small vans which can take 80 packages each. The cost for engaging each large van is 
7400 and each small van is 7200. Not more than 73,000 is to be spent daily on the job and the 
number of large vans cannot exceed the number of small vans. Formulate this problem as a 
LPP given that the objective is to minimize cost. [CBSE Delhi (C) 2017] 


Let the number of large vans and small vans be x and y respectively. 
Here transportation cost Z be objective function, then 
Z = 400x + 200y, which is to be minimized under constraints 

200 x + 80y 2 1200 > 5x + 2y = 30 


400 x + 200y < 3000 > 2x +y S15 
x€y, xz0,y20 
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5. Minimise Z = 13x - 15y subject to the 
constraints x + y <7, 2x-3y+620,x20 


and y 2 0. [NCERT Exemplar] 
Sol. Minimise Z = 13x -15y adi) 
Subject to the constraints 
x+y <7 .. (H1) 
2x-3y +62 0 ...(iil) 
x20,y20 ...(i0) 


Shaded region shown as OABC is 
bounded and coordinates of its corner 
points are (0, 0), (7, 0), (3, 4) and (0, 2) 
respectively. 





Minimum 





Hence, the minimum value of Z is —30 at (0, 2). 


6. The feasible region for a LPP is shown in the following figure. Evaluate Z = 4x + y at each of 
the corner points of this region. Find the minimum value of Z, if it exists. [NCERT Exemplar] 















































































































































































































































































































































Sol. From the fig, it is clear that feasible region is unbounded with the corner points A (4, 0), B (2, 1) and 
C(0,3.[^ x+2y=4andx+y=3 > y=landx=2] 


Also, we have Z- 4x + y 


Minimum 
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Now, we see that 3 is the smallest value of Z at the corner point (0, 3). Note that here we see that, 
the region is unbounded, therefore 3 may or may not be the minimum value of Z. 


To decide this issue, we graph the inequality 4x + y « 3 and check wether the resulting open half 
plane has no point in common with feasible region otherwise, Z has no minimum value. 


From the shown graph, it is clear that there is no point common with feasible region and hence, 
Z has minimum value 3 at (0, 3). 


Short Answer Questions-Il 


1. Solve the following LPP graphically: 
Minimise Z = 5x + 7y 
Subject to the constraints 
2x*y 28 
x+2y 210 
x,yz0 [CBSE (F) 2020, (65/3/1] 
Sol. Given constraints are 
2x*y 28 
x+2y 210 
and x,y20 


For the graph of 2x + y 2 8, we draw the graph of 2x + y = 8 


0 4 
8 0 








Now, checking for (0,0) we have 2x0+028 > 028 
-. Origin (0, 0) does not satisfy 2x + y = 8 
-. Region lies away from origin. 


For the graph of x + 2y = 10, we draw the graph of x * 2y = 10 


0 | 10 
ES 
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Now, checking for origin (0, 0), we have 


0+2x0210 => 0210 
<. Origin (0, 0) does not satisfy x+2y > 10 


-. Region lies away from origin. 


Now x, y 2 0, it means region will lie in first quadrant. 
On plotting graph of given inequalities (or constraints) 


We get the region (shaded) with corner points 


A (10, 0), B(2, 4) and C(0, 8). 
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Now, the value of Z is evaluated at corner points in the following table. 











— — — — Minimum 








A (10, 0) 50 
B Q,4) | 38 
C (0, 8) | 56 








Since, feasible region is ubbounded. Therefore, we have to draw the graph of the inequality. 


5x t 7y < 38 


Since, the graph of this inequality does not have any point common. 


So, the minimum value of Z is 38 at (2, 4). 


Hence, Znin = 38 at (2, 4). 


2. Maximise Z = 8x + 9y subject to the constraints given below: 


2x + 3y < 6; 3x-2y <6; y<1; x, y20 


Sol. Given constraints are 
2x +3y < 6 
3x-2y € 6 
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[CBSE (F) 2015] 


Sol. 








ysl 
x,y2O0 
For graph of 2x + 3y < 6 


We draw the graph of 2x + 3y =6 


2x0+3x0 < 6— (0,0) satisfy the constraints. 


Hence, feasible region lie towards origin side 
of line. 


For graph of 3x -2y < 6 
We draw the graph of line 3x - 2y = 6. 


3x0-2x0 <6 
=> Origin (0, 0) satisfy 3x - 2y = 6. 
Hence, feasible region lie towards origin side of line. 





Forgraphofy x 1 
We draw the graph of line y = 1, which is parallel to x-axis and meet y-axis at 1. 
0 € 1= feasible region lie towards origin side of y = 1. 


Also, x = 0, y = 0 says feasible region is in Ist quadrant. 


Therefore, OABCDO is the required feasible region, having corner point O(0, 0), A(0, 1) 


3 30 6 
s(511) sas) ,D(2, 0). 


Here, feasible region is bounded. Now the value of objective function Z = 8x + 9y is obtained as. 





Maximum 
30 6 
Z is maximum when x = yg and LEETE 
Minimize and maximize Z = 5x + 2y subject to the following constraints: 
x-2y<2, 3x +2y <12, -3x+2y<3, x20,y20 [CBSE Panchkula 2015] 
Here, objective function is 
Z = 5x + 2y dit) 


Subject to the constraints : 
x-2y <2 ..-(i2) 
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3x+2y <12 (uu) 
-3x +2y <3 (iv) 
x20,y20 (v) 
Graph for x- 2y < 2 
We draw graph of x - 2y = 2 as 


0-2x0 <2 

[By putting x = y = 0 in the equation] 
ie., (0, 0) satisfy (ii) = feasible 
region lie origin side of line x - 2y = 2. 
Graph for 3x + 2y < 12 

We draw the graph of 3x + 2y =12. 


3x0+2x0 < 12[By putting x = y 
= 0 in the given equation] 





i.e., (0, 0) satisfy (iii) — feasible region lie origin side of line 3x + 2y = 12. 
Graph for -3x + 2y € 3 
We draw the graph of -3x + 2y < 3 


-3 x0 +2 x0 < 3[By putting x 2 y = 0] 
i.e., (0, 0) satisfy (iv) — feasible region lie origin side of line -3x + 2y = 3. 
x = 0,y = 0 = feasible region is in Ist quadrant. 


Now, we get shaded region having corner points O, A, B, C and D as feasible region. 


The co-ordinates of O, A, B, C and D are O(0, 0), A(2, 0),B(5-4} d and D(0,5] 


respectively. Now, we evaluate Z at the corner points. 


Minimum 


Maximum 





Hence, Z is minimum at x = 0, y = 0 and minimum value = 0 


7 3 
also Z is maximum at x = arg and maximum value = 19. 
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4. 


Sol. 


A company manufactures two types of novelty souvenirs made of plywood. Souvenirs of type 
A require 5 minutes each for cutting and 10 minutes each for assembling. Souvenirs of type 
B require 8 minutes each for cutting and 8 minutes each for assembling. There are 3 hours 
20 minutes available for cutting and 4 hours for assembling. The profit for type A souvenirs 
is X100 each and for type B souvenirs profit is 120 each. How many souvenirs of each type 
should the company manufacture in order to maximize the profit? Formulate the problem as 


LPP and then solve it graphically. [CBSE 2020 (65/5/1), 2019 (65/5/3)] 


Let x be the number of souvenirs of type A and y be the number of souvenirs of type B. 





Cutting Machine (min) 5 8 3 x 60 + 20 = 200 
Assembling (min) 10 8 4 x 60 = 240 
Profits 100 120 
Maximize Z = 100x + 120y aA 
Subject to 5x + 8y < 200 ...(ii) 
10x + 8y < 240 ..-(iii) 
ie., 5x + 4y € 120 (ii) 
x,y20 (i0) 


Plotting the constraints 










































































































































































wy 


























KO 





































































































































































































Feasible region is shaded region. 
Valueof Z = 100 x + 120 y 

At (0,0), Z=0 

At (0,25) Z-3000 

At (24,0) Z= 2400 

At (8,20) Z=3200 <——— Maximum 


-. Maximum profit is 33200 at point (8, 20). 


So, 8 types A and 20 types B souvenirs should be made to maximise profit. 
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5. A small firm manufacturers gold rings and chains. The total number of rings and chains 
manufactured per day is atmost 24. It takes 1 hour to make a ring and 30 minutes to make a 
chain. The maximum number of hours available per day is 16. If the profit on a ring is 3300 and 
that on a chain is X190, find the number of rings and chains that should be manufactured per 
day, so as to earn the maximum profit. Make it as an LPP and solve it graphically. 

Sol. Total number of rings and chains manufactured per day = 24 
Time taken in manufacturing ring = 1 hour 
Time taken in manufacturing chain = 30 minutes 
Time available per day = 16 hours 
Maximum profit on ring = 3300 
Maximum profit on chain = 3190 
Let number of gold rings manufactured per day = x and chains manufactured per day = y 


LPP is 
Maximize Z = 300x + 190y (i) 
Subject to constraints x20,y20 ...(ii) 
x+y<24 ..-(ii1) 
1 
x+ ay <16 (iv) 


Possible points for maximum Z are A(0, 24), B(8, 16) and C(16, 0). 
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A(0, 24) 4560 
B(8, 16) 5440 Maximum 
C(16, 0) 4800 
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Sol. 


Sol. 


Z is maximum at (8, 16). 

Hence, 8 gold rings and 16 chains must be manufactured per day. 

A manufacturing company makes two types of teaching aids A and B of mathematics for 
class XII. Each type of A requires 9 labour hours for fabricating and 1 labour hour for finishing. 
Each type of B requires 12 labour hours for fabricating and 3 labour hours for finishing. For 
fabricating and finishing, the maximum labour hours available are 180 and 30, respectively. 
The company makes a profit of ¥80 on each piece of type A and X120 on each piece of type B. 
How many pieces of type A and B should be manufactured per week to get a maximum profit? 
What is the maximum profit per week? 

Let x and y be the number of pieces of type A and B manufactured per week respectively. If Z be 


the profit then, 
Objective function, Z = 80x + 120y  ...(i) 


We have to maximize Z, subject to the 


constraints 


9x + 12y < 180 


=> 3x+4y<60 (ii) 
x + 3y < 30 (iii) 
x20,y20 (70) 


The graph of constraints are drawn and 
feasible region OABC is obtained, which 


is bounded having corner points O (0, 0), 


A (20, 0), B (12, 6) and C (0, 10) 





Now the value of objective function is obtained at corner points as 





O (0, 0) 0 

A (20, 0) 1600 

B (12, 6) 1680 Maximum 
C (0, 10) 1200 





Hence, the company will get the maximum profit of 31680 by making 12 pieces of type A and 6 
pieces of type B of teaching aid. 

The standard weight of a special purpose brick is 5 kg and it must contain two basic ingredients 
B, and B,. B, costs X 5 per kg and B, costs X 8 per kg. Strength considerations dictate that the 
brick should contain not more than 4 kg of B, and minimum 2 kg of B,. Since the demand 
for the product is likely to be related to the price of the brick, find the minimum cost of brick 
satisfying the above conditions. Formulate this situation as an LPP and solve it graphically. 
Let x kg of B4 and y kg of B; are taken for making brick. 


Here, Z = 5x + 8y is the cost which is objective function and is to be maximised subjected to 
following constraints. 
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x+y=5 ze (1) 


x<4 ... (ii) 
yz2 ... (iii) 
x20,y20 ... (iv) 


In this case, constraint (7) is a line passing through the feasible region determined by constraints 


(ii), (iii) and (iv). 











































































































































































































































































































































































































































































































































































































































































































































































































Therefore, maximum or minimum value of objective function ‘Z’ exist on end points of line 
(constraint) (7) in feasible region i.e., at A or B. 


At A(3,2)Z=5x3+8x2=15+16=31 
At B(0,5)Z=5x0+8x5=0+40=40 


Hence, cost of brick is minimum when 3 kg of B, and 2 kg of B, are taken. 


Long Answer Questions 


1. A factory makes tennis rackets and cricket bats. A tennis racket takes 1.5 hours of machine 
time and 3 hours of craftman's time in its making while a cricket bat takes 3 hours of machine 
time and 1 hour of craftman's time. In a day, the factory has the availability of not more than 
42 hours of machine time and 24 hours of craftsman's time. If the profit on a racket and on a bat 
is 320 and X10 respectively, find the number of tennis rackets and cricket bats that the factory 
must manufacture to earn the maximum profit. Make it as an LPP and solve graphically. 

[CBSE Delhi 2011] 


Sol. Letthe number of tennis rackets and cricket bats manufactured by factory be x and y respectively. 


Here, profit on x rackets and y bats is the objective function Z. 


Z = 20x + 10y ssi) 
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We have to maximise Z subject to the constraints: 


1.5x + 3y < 42 ...(ii) [Constraint for machine hour] 
3x+y<24 .. (iii) [Constraint for craft man’s hour] 
x,y20 .. (iv) [Non-negative constraints] 


Graph of x = 0 and y = 0 is the y-axis and x-axis respectively. 


- Graph of x 2, y 2 0 is the Ist quadrant. 
Graph of 1.5x + 3y = 42 





-. Graph for 1.5x + 3y < 42 is the part of Ist 
quadrant which contains the origin. 


Graph of 3x + y = 24 





^. Graph of 3x + y < 24 is the part of Ist quadrant 
in which origin lie. 
Hence, shaded area OACB is the feasible region. 


For coordinate of C, equation 1.5x + 3y = 42 and 3x + y = 24 are solved as 


1.5x + 3y = 42 ...(v) 
3x + y = 24 ...(vi) 
2x (v)- (vi) > 3x + 6y = 84 
_3xt y =_24 
5y = 60 
= y=12 > x=4 (Substituting y = 12 in (vi)) 


Now, value of objective function Z at each corner of feasible region is 


Maximum 





Therefore, maximum profit is 3200, when factory make 4 tennis rackets and 12 cricket bats. 


A dealer wishes to purchase a number of fans and sewing machines. He has only 35,760 to 
invest and has space for at the most 20 items. A fan costs him 3360 and a sewing machine 3240. 
He expects to sell a fan at a profit of 322 and a sewing machine for a profit of X18. Assuming 
that he can sell all the items that he buys, how should he invest his money to maximise his 
profit ? Solve it graphically. [CBSE (AI) 2007, 2009, Delhi 2014] 
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OR 


A dealer in a rural area wishes to purchase some sewing machines. He has only 357,600 
to invest and has space for at most 20 items. An electronic machine costs him 33,600 and a 
manually operated machine costs 32,400. He can sell an electronic machine at a profit of 3220 
and a manually operated machine at a profit of 3180. Assuming that he can sell all the machines 
that he buys, how should he invest his money in order to maximise his profit? Make it as an 


LPP and solve it graphically. [CBSE Bhubaneshwar 2015] 
Sol. Letthe dealer purchases x fans and y sewing machines,then cost of x fans and y sewing machines 
is given by 360x + 240y 
360x + 240y x 5, 760 > 3x + 2y < 48 


As, he has space for at most 20 items, 
x+y<20 
Now, profit earned by the dealer on selling x fans and y sewing machines = 22x + 18y 
Hence, our LPP is to 
Maximise Z = 22x + 18y ..-(1) 
Subject to the constraints: 
3x + 2y < 48 ... (ii) 
x+y <20 ... (iil) 
x,y20 ...(iv) 
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Sol. 


Let us evaluate, Z = 22x + 18y at each corner point. 


The region satisfying inequalities (ti) to (iv) is shown (shaded) in the figure. 





O (0, 0) 0 

A (16, 0) 352 

B (8,12) 392 Maximum 
C (0, 20) 360 





Thus, maximum value of Z is 392 at B (8, 12). 
Hence, the profit is maximum i.e., ¥ 392 when he buys 8 fans and 12 sewing machines. 
OR 

Solve yourself as above solution. Here Z = 220x + 180y is objective function. 
A company produces soft drinks that has a contract which requires that a minimum of 80 units 
of the chemical A and 60 units of the chemical B go into each bottle of the drink. The chemicals 
are available in prepared mix packets from two different suppliers. Supplier S had a packet of 
mix of 4 units of A and 2 units of B that costs X10. The supplier T has a packet of mix of 1 unit 
of A and 1 unit of B that costs X4. How many mix packets mix from S and T should the company 
purchase to honour the contract requirement and yet minimize cost? Make a LPP and solve 
graphically. [CBSE (F) 2012] [HOTS] 
Let x and y units of packet of mixes be 
purchased from S and T respectively. If Z 
is total cost then 

Z=10x+4y —..(i) 
is objective function, which we have to 
minimize. 


Here, constraints are: 


4x + y = 80 .. (it) 
2x + y 2 60 (iii) -;P(10, 40) 
Also, x,y20 ..(iv) 


On plotting graph of above constraints 
or inequalities (ii), (iii) and (iv), we get 
shaded region having corner point A, P, 
B as feasible region. 


A (30, 0) | 


For coordinate of P. 
Point of intersection of 

2x +y = 60 ..(v) 
and 4x+y=80 (vi) 
(v) - (vi) 
=> 2x+y-4x-y =60-80 





=> -2x = -20 
=> x=10 
=> y=40 


coordinate of P = (10, 40) 
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Now the value of Z is evaluated at corner point in the following table 





A (30, 0) 300 
P (10, 40) 260 Minimum 
B (0, 80) 320 





Since, feasible region is unbounded. Therefore we have to draw the graph of the inequality. 
10x + 4y < 260 ... (vii) 

Since, the graph of inequality (vii) does not have any point common. 

So, the minimum value of Z is 260 at (10, 40). 


i.e., minimum cost of each bottle is 3260 if the company purchases 10 packets of mixes from S and 
40 packets of mixes from supplier T. 


4. Acooperative society of farmers has 50 hectares of land to grow two crops A and B. The profits 
from crops A and B per hectare are estimated as X 10,500 and X 9,000 respectively. To control 
weeds, a liquid herbicide has to be used for crops A and B at the rate of 20 litres and 10 litres 
per hectare, respectively. Further not more than 800 litres of herbicide should be used in order 
to protect fish and wildlife using a pond which collects drainage from this land. Keeping in 
mind that the protection of fish and other wildlife is more important than earning profit, how 
much land should be allocated to each crop so as to maximize the total profit? Form an LPP 


from the above and solve it graphically. [CBSE Delhi 2013] 
Sol. Let x and y hectares of land be allocated to crop A and B respectively. If Z is the profit then 
Z = 10500x + 9000y ...(i) 





We have to maximize Z subject to the constraints: 


x+y<50 ...(ii) 
20x + 10y < 800 => 2x «£y € 80 ...(iii) 
x20,y20 s (iv) 
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Table for x + y = 50 


Table for 2x + y = 80 


The graph of system of inequalities (ii) to (iv) are drawn, which gives feasible region OABC with 
corner points O (0, 0), A (40, 0), B (30, 20) and C (0, 50). 
Feasible region is bounded. 


Now, 





Hence, the co-operative society of farmers will get the maximum profit of € 495000 by allocating 
30 hectares for crop A and 20 hectares for crop B. 


5. A manufacturer considers that men and women workers are equally efficient and so he 
pays them at the same rate. He has 30 and 17 units of workers (male and female) and capital 
respectively, which he uses to produce two types of goods A and B. To produce one unit of A, 
2 workers and 3 units of capital are required while 3 workers and 1 unit of capital is required 
to produce one unit of B. If A and B are priced at 7100 and X120 per unit respectively, how 
should he use his resources to maximise the total revenue? Form the above as an LPP and solve 
graphically. [CBSE (AI) 2013] 


Sol. Let x and y units of goods A and B are 
produced respectively. 


Let Z be total revenue 


Here, Z = 100x + 120y sali) 
Subjects to constraints: 
Also 2x + 3y < 30 (Hi) 
3x+y < 17 (iil) 
x,y20 (fo) 


On plotting graph of above inequalities (ii), 
(iii) and (iv). We get shaded region as feasible 
region having corner points A, O, B and C. 
For coordinate of 'C' 


Two equations (ii) and (iii) are solved and we 
get coordinate of C = (3, 8) 
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Now, the value of Z is evaluated at corner points as: 








O (0, 0) 0 
A (0, 10) 1200 
17 1700 
(77.0) 3 
C (3, 8) 1260 <—— Maximum 








Therefore, maximum revenue is X1, 260 when 3 workers and 8 units capital are used for production. 


6. An aeroplane can carry a maximum of 200 passengers. A profit of 3500 is made on each 

executive class ticket out of which 2076 will go to the welfare fund of the employees. Similarly 

a profit of 3400 is made on each economy ticket out of which 25% will go for the improvement 

of facilities provided to economy class passengers. In both cases, the remaining profit goes to 

the airline's fund. The airline reserves at least 20 seats for executive class. However, at least 

four times as many passengers prefer to travel by economy class than by the executive class. 

Determine, how many tickets of each type must be sold in order to maximise the net profit of 

the airline. Make the above as an LPP and solve graphically. [CBSE (F) 2013] 

Sol. Letthere be x tickets of executive class and y tickets of economy class be sold. Let Z be net profit 
of the airline. 


Here, we have to maximise Z 


Now, | Z=500xrx JU. + 400y x > 
Z = 400x + 300y (7) 
Subject to constraints: 
x 220 ... (ii) 
Also x+y <200 ..-(ii1) 
x + 4x < 200 [^y = 4x] 
> 5x < 200 
> x <40 (iv) 
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Sol. 


Shaded region is feasible region having corner points A(20, 0), B(40, 0), C(40, 160), D(20, 180). 
Now, value of Z is calculated at corner point as 


Maximum 





Hence, 40 tickets of executive class and 160 tickets of economy class should be sold to maximise 
the net profit of the airlines. 

A factory owner purchases two types of machines, A and B for his factory. The requirements 
and the limitations for the machines are as follows : 





He has maximum area of 9000 m? available, and 72 skilled labourers who can operate both the 
machines. How many machines of each type should he buy to maximise daily output? 


Let the owner buys x machines of type A and y machine of type B. 


Then 1000x + 1200y x 9000 a(i) 

12x + 8y < 72 ...(i1) 
Objective function is to maximize Z = 60x + 40y 
From (1) 


10x + 12y < 90 
or 5x + 6y x 45 ..-(ii1) 
3x+2y < 18 ..(iv) [from (ii)] 
We plot the graph of inequations shaded region in the feasible solution (iii) and (iv). 


The shaded region in the figure represents the feasible region which is bounded. Let us now 
evaluate Z at each corner point. 
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Z at (0, 0) is 60 x 0+ 40x 0=0 
1 
Zat (o. 2.) is 60 x0 +40 x — = 300 


4 4 . 
Zat (28) is 60 x 24 40x x =135 + 225 = 360 4— — Maximum 


Z at (6, 0) is 60 x 6 + 0 = 360 «——— Maximum 





9 45 
Therefore, either x = 6, y = 0 or x qug but second case is not possible as x and y are whole 





numbers, because number of machines cannot be fraction. 
Hence, there must be 6 machines of type A and no machine of type B is required for maximum 
daily output. 

8. A manufacturer produces two models of bikes-model X and model Y. Model X takes a 6 
man-hours to make per unit, while model Y takes 10 man hours per unit. There is a total of 
450 man-hour available per week. Handling and marketing costs are 32000 and 31000 per unit 
for models X and Y, respectively. The total funds available for these purposes are 780000 per 
week. Profits per unit for models X and Y are 31000 and 3500, respectively. How many bikes 
of each model should the manufacturer produce, so as to yield a maximum profit? Find the 
maximum profit. [NCERT Exemplar] 


Sol. Letthe manufacturer produces x number of model X and y number of model Y bikes. 


Model X takes a 6 man-hours to make per unit and model Y takes a 10 man-hours to make per unit. 
There is total of 450 man-hour available per week. 


6x + 10y < 450 
=> 3x + 5y < 225 ..-(1) 


For models X and Y, handling and marketing costs 32000 and %1000, respectively, total funds 
available for these purposes are 380000 per week. 


2000x + 1000y x 80000 


=> 2x + y < 80 (Hi) 

Also, x20,y20 

Here, the profits per unit for models X and Y are 31000 and 3500, respectively. 
Required LPP is 


Maximise Z = 1000x + 500y 
Subject to, 3x + 5y < 225 
2x +y € 80 
x20,y20 
From the shaded feasible region, it is clear that coordinates of corner points are (0, 0), (40, 0), 
(25, 30) and (0, 45). 
On Solving 3x + 5y = 225 and 2x + y = 80, we get x = 25, y = 30 


(0, 0) 0 


(40, 0) 40000 Maximum 
(25, 30) 25000 +15000 = 40000 Maximum 
(0, 45) 22500 
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Sol. 
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So, the manufacturer should produce 25 bikes of model X and 30 bikes of model Y to get a 
maximum profit of 740000. 


Since, in question it is asked that each model bikes should be produced, so the value (40, 0) is 
ignored. 

A manufacturer has employed 5 skilled men and 10 semi-skilled men and makes two models 
A and B of an article. The making of one item of model A requires 2 hours work by a skilled 
man and 2 hours work by a semi-skilled man. One item of model B requires 1 hour by a skilled 
man and 3 hours by a semi-skilled man. No man is expected to work more than 8 hours per 
day. The manufacturer's profit on an item of model A is X15 and on an item of model B is X 10. 
How many of items of each model should be made per day in order to maximize daily profit? 
Formulate the above LPP and solve it graphically and find the maximum profit. 


[CBSE Delhi, 2019] 
Let x items of model A and y items of model B be made. 
x, y>0 (number of items can not be negative) 
According to question, we have 


The making of model A requires 2 hours work by a skilled man and the model B requires 1 hour 
by a skilled man. 

2x +y «40 
and, the making of model A requires 2 hours work by a semi skilled man and model B requires 


3 hours work by a semi-skilled man. 
2x + 3y « 80 
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and, the profit, Z = 15x + 10y, which is to be maximised. 
Thus, we have the mathematical formulation of the given linear programming problem as 
Zumax. = 15x + 10y 


Subject to constraints 


2x * y € 40 .. (i) 
2x + 3y € 80 (ii) 
x, y20 .. (Hi) 


The feasible region determined by the system of constraints is OABC. 




















































































































































































































































































































































































































80 
The corner points are a(o, 5) B (10, 20), C (20,0). 


Maximum 





The maximum value of Z = 350 which is attained at B (10, 20). 


Hence, the maximum profit is 3350 when 10 units of model A and 20 units of model B are 
produced. 
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PROFICIENCY EXERCISE 


B Objective Type Questions: [1 mark each] 
1. Choose and write the correct option in the following questions. 
(i) Feasible region (shaded) for a LPP is shown in the given figure. Minimum of z = 4x + 3y 


occurs at the point. 



















































































































































































































































































































































































































































































(a) (0,8) (b) (2,5) (c) (4, 3) (d) (9, 0) 

(ii) The solution set of the inequation 3x + 2y > 3 is 
(a) half plane not containing the origin (b) half plane containing the origin 
(c) the point being on the line 3x + 2y=3 (d) None of these 

(iii) If the constraints in a linear programming problem are changed 
(a) solution is not defined (b) the objective function has to be modified 
(c) the problems is to be re-evaluated (d) none of these 

(iv) Which of the following statement is correct? 
(a) Every LPP admits an optimal solution. 
(b) Every LPP admits unique optimal solution. 
(c) If a LPP gives two optimal solutions it has infinite number of solutions. 
(d) None of these 

(v) The maximum value of p = x + 3y such that 2x +y <20, x+2y <20, x20, y20 is 


(a) 10 (b) 30 (c) 60 (d) a 
2. Fill in the blanks. 
(i) In a LPP, the linear function which has to be maximised or minimised is called a linear 
function. 
(ii) The maximum value of Z=6x+16y satisfying the conditions x+y 22, x20,y20 is 





(iii) In a LPP, the inequalities or restrictions on the variables are called 
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W Very Short Answer Questions: [1 mark each] 
3. Determine the maximum value of Z = 3x + 4y, 
Subject to the constraints: x +y < 1, x 20,y 2 0. 


4. Ifa linear programming problem is Z,,. = 3x + 2y, 


x 


Subject to the constraints: x+ y € 2, find Z nax 


5. Maximise the function Z = 11x + 7y, subject to the constraints: x < 3, y < 2, x 20,y 20. 





m Short Answer Questions-I: [2 marks each] 


6. A manufacturing company makes two models A and B of a product. Each piece of model A 
requires 9 labour hours for fabricating and 1 labour hour for finishing. Each piece of model B 
requires 12 labour hours for fabricating and 3 labour hours for finishing. For fabricating and 
finishing the maximum labour hours available are 180 and 30 respectively. The company makes 
a profit of 78,000 on each piece of model A and 312,000 on each piece of model B. To realise a 
maximum profit formulate above problem in LPP. 


7. One kind of cake requires 200 g of flour and 25 g of fat, and another kind of cake requires 100 g 
of flour and 50 g of fat. To get the maximum number of cakes can be made from 5 kg of flour and 
1 kg of fat, formulate the problem in LPP. 


8. A manufacturer produces nuts and bolts. It takes 1 hour of work on machine A and 3 hours on 
machine B to produce a package of nuts. It takes 3 hours on machine A and 1 hour on machine B to 
produce a package of bolts. He earns a profit of 317.50 per package on nuts and 37.00 per package 
on bolts. If he operates his machines for at most 12 hours a day, the formulate the problems in 
LPP to maximise his profit. 


9. A merchant plans to sell two types of personal computers a desktop model and a portable model 
that will cost 325,000 and 340,000 respectively. He estimates that the total monthly demand of 
computers will not exceed 250 units. If he does not want to invest more than 370 lakhs and if his 
profit on the desktop model is 34500 and on portable mode is 35000, then formulate the problems 
as LPP to get maximum profit. 


10. Amanufacturing company makes two toys A and B. Each piece of toy A requires 8 labour hours for 
fabricating and 2 labour hours for finishing. Each piece of toy B requires 16 labour hours for fabricating 
and 4 labour hours for finishing. For fabricating and finishing, the maximum labour hours available 
are 200 and 50 respectively. The company makes a profit of 310,000 on each piece of toy A and 314,000 
on each piece of toy B. Formulate the problem as LPP to realise a maximum profit. 


m Short Answer Questions-II: [3 marks each] 
11. Acottage manufactures pedestal lamps and wooden shades. Both the products require machine 
time as well as craftsman time in the making. The number of hour(s) required for producing 1 

unit of each and the corresponding profit is given in the following table: 





Pedestal lamp IL) 3 30 
Wooden shades 3 hours 1 hours 20 


In day, the factory has availability of not more than 42 hours of machine time and 24 hours of 
craftsman time. 


Assuming that all items manufactured are sold, how should the manufacturer schedule his daily 
production in order to maximise the profit? Formulate it as an LPP and solve it graphically. 


[CBSE 2020, (65/2/1)] 
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12. 


13. 


14. 


15. 


A manufacturer has three machines I, II and III installed in his factory. Machine I and II are 
capable of being operated for atmost 12 hours whereas machine III must be operated for atleast 
5 hours a day. He produces only two items M and N each requiring the use of all the three 
machines. 


The number of hours required for producing 1 unit of M and N on three machines are given in 
the following table: 














He makes a profit of 3600 and 3400 on one unit of items M and N respectively. How many units 
of each item should he produce so as to maximise his profit assuming that he can sell all the items 
that he produced. What will be the maximum profit? [CBSE 2020, (65/4/1)] 


A man rides his motorcycle at the speed of 50 km/hour. He has to spend 32 per km on petrol. If 
he rides it at a faster speed of 80 km/hour, the petrol cost increases to 33 per km. He has at the 
most 3120 to spend on petrol and one hour time. He wishes to find the maximum distance that he 
can travel. Express this problem as a linear programming problem. 


Determine the maximum value of Z = 3x + 4y of the feasible region (shaded) for a LPP is shown 
in figure. 





In figure, the feasible region (shaded) for a LPP is shown. Determine the maximum and minimum 
value of Z = x + 2y. 
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16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 


Solve the following linear programming problem graphically: 
Minimise Z-x-5y-*20 
Subject to constraints: x-y20,-x+2y 22; 
x23,y 54,x,y20 
Solve the following LPP: 
Maximise Z = 5x, F Xy 
Subject to constraints: x; +x, <4, 
3x, + 8x, < 24, 
10K, + 7x, 35, 
hy = 0. 


Maximise Z = x * y subject to x -4y €8,2x + 3y € 12,3x +y €9,x 20, Z 0. 


x. 


Solve the following LPP graphically: 
Maximise Z = 1000x + 600y 
Subject to the constraints 
x+y < 200 
x 2 20 
y-4Axz0 
x,y20 [CBSE (F) 2017] 
Solve the following LPP graphically: 
Maximise Z=4x+y 


Subject to following constraints x+y <50, 


3x+y 590, 
x210 
x,y 20 [CBSE Delhi 2017] 
Solve the following linear programming problem graphically: 
Maximise Z-7x*10y 
Subject to constraints 
4x + 6y < 240 
6x + 3y € 240 
x210 
x20,y20 [CBSE (AI) 2017] 
Fund graphically, the maximum value of Z = 2x + 5y, subject to constraints given below: 
2x + 4y <8, 
3Bxt+y X6, 
x+y S4, 
x20,y20 [CBSE Delhi 2015] 


Solve the following linear programming problem graphically. 
Minimise Z=3x+5y 
Subject to the constraints: 
x+2y 210; x+y26; 3x+y28; x,y20 [CBSE Ajmer 2015] 
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= Long Answer Questions: [5 marks each] 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


(Diet problem) A dietician has to develop a special diet using two foods P and Q. Each packet 
(containing 30 g) of food P contains 12 units of calcium, 4 units of iron, 6 units of cholesterol and 
6 units of vitamin A. Each packet of the same quantity of food Q contain 3 units of calcium, 20 
units of iron, 4 units of cholesterol and 3 units of vitamin A. The diet requires at least 240 units 
of calcium, at least 460 units of iron and at most 300 units of cholesterol. How many packets of 
each food should be used to minimise the amount of vitamin A in the diet? What is the minimum 
amount of vitamin A? [CBSE Chennai 2015] 


One kind of cake requires 300 g of flour and 15 g of fat, another kind of cake requires 150 g of flour 
and 30 g of fat. Find the maximum number of cakes which can be made from 7.5 kg of flour and 
600 g of fat, assuming that there is no shortage of the other ingredients used in making the cakes. 
Make it as an LPP and solve it graphically? [CBSE (AI) 2010] 


In order to supplement daily diet, a person wishes to take some X and some Y tablets. The contents 
of iron, calcium and vitamins in X and Y (in miligrams per tablet) are given below: 


X 6 9 p. 
Y 2 | 3 | 4 
The person needs at least 18 milligrams of iron, 21 milligrams of calcium and 16 milligrams of 


vitamins. The price of each tablet of X and Y is 32 and X1 respectively. How many tablets of each 
should the person take in order to satisfy the above requirement at the minimum cost? 


[CBSE (F) 2016] 


A company manufactures three kinds of calculators: A, B and C in its two factories I and II. The 
company has got an order for manufacturing at least 6400 calculators of kind A, 4000 of kind B 
and 4,800 of kind C. The daily output of factory I is of 50 calculators of kind A, 50 calculators of 
kind B, and 30 calculators of kind C. The daily output of factory II is of 40 calculators of Kind A, 
20 of kind B and 40 of kind C. The cost per day to run factory I is 312,000 and factory II is 15,000. 
How many days do the two factories have to be in operation to produce the order with the 
minimum cost? Formulate this problem as an LPP and solve it graphically. 


[CBSE Allahabad 2015] 


A dealer deals in two items only — item A and item B. He has 350,000 to invest and a space to store 
at most 60 items. An item A costs 32,500 and an item B costs 3500. A net profit to him on item A is 
3500 and on item B X150. If he can sell all the items that he purchases, how should he invest his 
amount to have maximum profit? Formulate an LPP and solve it graphically. 


[CBSE Chennai 2015] 


The postmaster of a local post office wishes to hire extra helpers during the Deepawali season, 
because of a large increase in the volume of mail handling and delivery. Because of the limited 
office space and the budgetary conditions, the number of temporary helpers must not exceed 10. 
According to past experience, a man can handle 300 letters and 80 packages per day, on the average, 
and a woman can handle 400 letters and 50 packets per day. The postmaster believes that the daily 
volume of extra mail and packages will be no less than 3400 and 680 respectively. A man receives 
3225 a day and a woman receives 3200 a day. How many men and women helpers should be hired 
to keep the pay-roll at a minimum? Formulate an LPP and solve it graphically.[CBSE Patna 2015] 











A retired person wants to invest an amount of 350,000. His broker recommends investing in two 
type of bonds ‘A’ and ‘P’ yielding 10% and 9% return respectively on the invested amount. He 
decides to invest at least 20,000 in bond ‘A’ and at least 10,000 in bond ‘B’. He also wants to invest 
at least as much in bond ‘A’ as in bond ‘B’. Solve this linear programming problem graphically to 
maximise his returns. [CBSE (North) 2016] 
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31. 


32. 


33. 


34. 


35. 


A company manufactures two types of cardigans: type A and type B. It costs 3360 to make a type 
A cardigan and 3120 to make a type B cardigan. The company can make at most 300 cardigans 
and spend at most 372000 a day. The number of cardigans of type B cannot exceed the number of 
cardigans of type A by more than 200. The company makes a profit of X100 for each cardigan of 
type A and 350 for every cardigan of type B. 


Formulate this problem as a linear programming problem to maximise the profit of the company. 
Solve it graphically and find maximum profit. [CBSE (East) 2016] 


There are two types of fertilisers ‘A’ and 'B'. ‘A’ consists of 12% nitrogen and 5% phosphoric acid 
whereas ‘P’ consists of 4% nitrogen and 5% phosphoric acid. After testing the soil conditions, farmer 
finds that he needs at least 12 kg of nitrogen and 12 kg of phosphoric acid for his crops. If ‘A’ costs 
310 per kg and 'B' costs 38 per kg, then graphically determine how much of each type of fertiliser 
should be used so that nutrient requirements are met at a minimum cost. [CBSE (Central) 2016] 


A manufacturer produces two products A and B. Both the products are processed on two 
different machines. The available capacity of first machine is 12 hours and that of second machine 
is 9 hours per day. Each unit of product A requires 3 hours on both machines and each unit of 
product B requires 2 hours on first machine and 1 hour on second machine. Each unit of product 
A is sold at 37 profit and that of B ata profit of 74. Find the production level per day for maximum 
profit graphically. [CBSE Delhi 2016] 


A manufacturer produces nuts and bolts. It takes 1 hour of work on machine A and 3 hours on 
machine B to produce a package of nuts. It takes 3 hours on machine A and 1 hour on machine B 
to produce a package of bolts. He earns a profit of 317.50 per package on nuts and 37 per package 
on bolts. How many packages of each should be produced each day so as to maximize his profits 
if he operates his machines for at the most 12 hours a day? Form the linear programming problem 
and solve it graphically. [CBSE Delhi 2012] 


A dietician wishes to mix two types of foods in such a way that the vitamin contents of the 
mixture contains at least 8 units of vitamin A and 10 units of vitamin C. Food I contains 
2 units/kg of vitamin A and 1 unit/kg of vitamin C while Food II contains 1 units/kg of 
vitamin A and 2 units/kg of vitamin C. It costs 35 per kg to purchase Food I and 37 per kg to 
purchase Food II. Determine the minimum cost of such a mixture. Formulate the above as a 
LPP and solve it graphically. [CBSE (AI) 2012] 


Answers 


- (© (b) (it) (a) (iit) (c) (iv) (c) (v) (b) 
. (i) objective (ii) 12 (iii) linear constraints 

4 
. Z = 8000x + 12000y is to be maximised under constraints 


4. 6 5. 47 


9x + 12y < 180; x + 3y < 30;x20,y 20 
7. Z=x+y is to be maximised under the constraints 
2x +y <50 
x+2y € 40 
x,y20 


where x and y are number of first and second kind of cake and Z the total number of cakes. 


8. Z = 17.5x + 7y which is to be maximised under constraints 
x+ 3y £12;3x+y <12;x,y20 
where x nuts and y bolts are produced and Z is the profit. 
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10. 


11. 


12. 
13. 


14. 


17. 


20. 


22. 
24. 
25, 
26. 
27. 


28. 


29. 


30. 
31. 
32. 
33. 
34. 
35. 


. Z=4500 x * 5000y which is to be maximised under constraints 


x+y < 250; 5x + 8y < 1400; x, y 20 

Z = 10,000x + 14,000y which is to be maximised under constraints 

8x + 16y < 200; 2x + 4y <50;x 20,y Z0 

where Z is total profit and x, y are the number of toy A and toy B. 

The manufacturer should produce 4 pedestal lamps and 12 wooden shades to get maximum profit 
of 360. 

Maximum profit is 74000 whan a manufacturer produced 4 units of items M and 4 units of item of N. 
Maximise Z = x + y. Subject to constraints: 2x + 3y € 120, 8x + 5y € 400, x > 0,y Z 0. 


196 15. Maximum = 9, minimum = ai 16. At (4, 4), Zmin = 4 


_8 12, 14 43 (28 15 
tope get e dE yp 


Zmax = 120 when x = 30, y 20 21. Zmax = 410 for x = 30, y = 20 


19. Z nax = 136000 at x = 40 and y = 160 


Ini 


Maximum value of Z is 10 at x -0,y -2 23. Minimum value of Z is 26 at (2, 4) 
15 packets of food P and 20 packets of food Q, minimum amount of vitamin A is 150 units. 
20 cakes of type 1 and 10 cakes of type II to get maximum number of cakes 
x=1,y=6 minimum value B 
Factory I run for 80 days and 
Factory II run for 60 days to get minimum cost 2184000 
Hint: Objective function Z = 12000x + 15000y 
Subject to constraints: 
5x + 4y = 640 5x + 2y = 400 3x + 4y = 480 x,y20 

Dealer deals in 10 items of A and 50 items of B to get maximum profit 312500 
Hint: Objective function: Z = 500x + 150y 
Subject to constraints: 

x+y <60 5x+y<100 x, y20 
Minimum payroll 6 men and 4 women must be hired minimum cost 32150 
Hint: Objective function, Z = 225x + 200y 
Subject to constraints: x+y <10 3x +4y 234 8x+5y268 x,y20 
740000 in bond A and 310,000 in bond B for a maximum return of 34900. 
150 cardigans of type A and 150 of type B for a maximum profit of 22,500. 
Minimum cost 31980, 30 kg of fertiliser A and 210 kg of fertiliser B should be used. 
Manufacturer will get maximum profit of 326 by producing 2 units of A and 3 units of B. 
Maximum profit is 373.5, when 3 package of nuts and 3 package of bolts are produced. 
Minimum cost of food mixture is 338, when 2kg of Food I and 4 kg of food II are mixed. 


SELF-ASSESSMENT TEST 


Time allowed: 1 hour Max. marks: 30 
1. Choose and write the correct option in the following questions. (2x122) 


(i) The maximum value of Z = 4x + 3y subjected to the constraints 2x + 3y € 18, x + y 2 10; 
x,yz0is 
(a) 36 (b) 40 (c) 20 (d) none of these 
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(ii) The objective function Z = 4x + 3y can be maximised subjected to the constraints 3x + 4y < 24, 
8x + 6y < 48, x <5, y x6;x,y20 





(a) at only one point (b) at two points only 
(c) at an infinite number of points (d) none of these 
2. Fill in the blanks. (2x1=2) 
(i) A corner point of a feasible region is a point in the region which is the of two 


boundary lines. 
(ii) Ina LPP, the objective function is always 
m Solve the following questions. (1x1-21) 

3. Solve the linear inequation —3x +2y 2 6 graphically. 

m Solve the following questions. (5 x 5 = 25) 

4. A diet is to contain at least 80 units of Vitamin A and 100 units of minerals. Two foods F, and 
F, are available. Food F, costs 34 per unit and F, costs {6 per unit. One unit of food F} contains 
3 units of Vitamin A and 4 units of minerals. One unit of food F, contains 6 units of Vitamin A 
and 3 units of minerals. Formulate this as a linear programming problem and find graphically 
the minimum cost for diet that consists of mixture of these two foods and also meets the minimal 
nutritional requirements. [CBSE Delhi 2009] 

5. A retired person has 370,000 to invest and two types of bonds are available in the market for 
investment. First type of bonds yields an annual income of 8% on the amount invested and 
the second type of bonds yields 10% per annum. As per norms, he has to invest a minimum of 
310,000 in the first type and not more than 330,000 in the second type. How should he plan his 
investment, so as to get maximum return, after one year of investment? 

6. To maintain his health, a person must fulfil certain minimum daily requirements of several kinds 
of nutrients. Assuming that there are only three kinds of nutrients - calcium, protein and calories 
and the person's diet consists of only two food items, I and IL, whose price and nutrient contents 
are shown below: 


Calcium 


Protein 


Calories 


Price (3) 





What combination of two food items will satisfy the daily requirement and entail the least cost ? 
Formulate this as an LPP. 

7. One kind of cake required 200 g of flour and 25 g of fat, and another kind of cake requires 
100 g of flour and 50 g of fat. Find the maximum number of cakes which can be made from 5 kg of 
flour and 1 kg of fat, assuming that there is no shortage of other ingradients used in making the 
cakes. Formulate the above as a linear programming problem and solve graphically. 

8. A company sells two different products A and B. The two products are produced in a common 
production process which has a total capacity of 500 man hours. It takes 5 hours to produce a unit of 
A and 3 hours to produce a unit of B. The demand in the market shows that the maximum number 
of units of A that can be sold is 70 and that for B is 125. Profit on each unit of A is X20 and that on B 
is X15. How many units of A and B should be produced to maximize the profit? Solve it graphically. 
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Answers 
1. (i) (d) (ii) (c) 


2. (i) intersection (ii) linear 
3. Y 
lc 3) 
x 
P» (72, 0) o 
Y 


4 
4. For minimum cost 7104, 24 units of food F} and 3 units of food F, is required. 


5. 340,000 in I Type and 330,000 in II Type maximum return of 36200. 
6. Minimise Z = 0.60x + 0.100y 
Subject to constraints. 
5x + 2y 2 10 2x + 6y 2 13 
x+y24 x,y 20 


11 5) 
4'4 





Z yin = 3 290 at ( 


7. Maximise 
Z=x+y 
Subject to constraints 
2x +y <50 
x + 2y < 40 
x,y 20 
Maximum number of cakes = 30 
20 cakes of I kind and 10 cakes of II kind should be made to get maximum number of cakes. 
8. 25 of type A and 125 of type B to get maximum profit of 32375 
nil 
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Probability 











BASIC 
CONCEPTS 

1. Probability: Probability is a branch of mathematics in which the chance of an event happening is 
assigned a numerical value that predicts how likely that event is to occur. 

Random Experiment: The experiment, in which the outcomes may not be same even if the 
experiment is performed in identical condition, is called random experiment. e.g., Tossing a coin is 
a random experiment because if we toss a coin in identical condition, outcomes may be head or tail. 

2. Outcome: An outcome is a result of some activity or experiment. 

3. Sample Space: A sample space is a set of all possible outcomes for a random experiment. 

4, Event: An event is a subset of the sample space. 

5. Theoretical Probability: The theoretical probability of an event is the number of ways that the 
event can occur, divided by the total number of possibilities in the sample space. 

E 
Symbolically, we write P(E) = E , Where P(E) represents the probability of the event. 

6. In general, for any sample space S containing k possible outcomes, we say n(S) = k. When the event 
E is certain, every possible outcome for the sample space is also an outcome for event E or n(E) = k. 
Thus, the probability of a certain or sure event is given as 

n(E) k 
P(E)= == 
(E) n(S) k 
Note: (i) The probability of an event that is certain to occur is 1. 
(ii) The probability of any event E must be equal to or greater than 0; and less than or equal 
to 1, i.e., 0 € P(E) x 1. 
7. Another way of expressing probability is in term of axioms, laid by Russian mathematician A. N. 


Kolmogorov. 


If S is a sample space, then probability P is a real valued function defined on S and take values 
[0 , 1], satisfying following axiom 


(i) Probability of any event 2 0. 
(ii) Sum of probabilities assigned to all members of S is 1. 


(iii) For any two mutually exclusive events E and F, P(E L F) = P(E) + P(F). 
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8. 


10. 


Theorems of Probability: 
(i) Addition theorem: 


(a) When the events are not mutually exclusive: The probability that at least one of the two 
events A and B which are not mutually exclusive will occur is given 


Symbolically, P(A U B) = P(A) + P(B) - P(A ^ B) 
In the case of three events: 
P(A U BUC) = P(A) + P(B) + P(C)- P(A B) - («Bro C) - P(Co A) + (/An BnrC) 


(b) When A and B are mutually exclusive: The addition theorem states that if two events 
A and B are mutually exclusive, the probability of the occurrence of either A or B is the sum 
of the individual probability of A and B 


Symbolically, P(A U B) = P(A) + P(B) 
The theorem can be extended to three or more mutually exclusive events 
thus, P(A UB U C) = P(A) + P(B) + P(C) 


(ii) Multiplication theorem: This theorem states that if two events A and B are independent, the 
probability that they both will occur is equal to the product of their individual probabilities. 


Symbolically, P(A A B) = P(A) . P(B) 
The theorem can be extended to three or more independent events 
thus, P(A a BAC) = P(A). P(B) . P(C) 
Note: If A and B are mutually exclusive and exhaustive, then 
P(A UB) = P(A) + P(B)=1 


. A rule for the probability of the event not A: If P(A) is the probability that some given event will 


occur, and P (not A) is the probability that the given event will not occur, then 

Symbolically: P(A) + P(not A) 2 1 or P(A) 2 1- P(not A) or P(not A) = 1- P(A) 

We write P (not A) as P(A). 

Problems, related to withdrawal of balls, cards, letters, etc. with replacement and without 

replacement: 

In such type of problems, the sample space will not change when the articles (balls, cards, letters, etc.) are 

replaced after each withdrawal. While in case when the article is not replaced (without replacement), the 

sample space will change after each withdrawal. 

Note: 

(i) If the problem does not specifically mention “with replacement" or “without replacement", ask 

yourself: "Is this problem with or without replacement?" 

(ii) For many compound events, the probability can be determined most easily by using the 
counting principle i.e., permutations and combinations. 

(iii) Every probability problem can always be solved by 
€ Counting the number of elements in the sample space n(S); 
€ Counting the number of outcomes in the events, n(E); 
€ And substituting these numbers in the probability formula. 

n(E) 

P(E)- n(S) 

(iv) Taking out 2 or more objects (e.g. balls) randomly from a bag one by one without replacement 
is same as taking out 2 or more objects simultaneously. 





The number of ways in which r objects can be taken out of n objects is "C, or C(n, r) = [me : 
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11. Conditional Probability: If A and B are two events associated with the same random experiment, 
then the probability of occurrence of event A, when the event B has already occurred is called 
conditional probability of A when B is given. It is represented by P (A/B) and is given by 


A 
P (5) = Probability of event A when B has already occurred 


Probability of event “A A B’ when B behaves like sample space 
n(AnB) S 
= n(B) B A 
n(AnB) 
o [Dividing N' and D' by n(S)] 
n(B) 
n(S) 
P(AnB) 
P(B) 





D. B| P(AnB) 
Similarly, » A | "C PA) 
Theorem of Total Probability : Let E}, E, ..., E, be the events of a sample space ‘S’ such that they 
are pair wise disjoint, exhaustive and have non-zero probabilities. If A is any event associated with 
S, then 

P(A)= P(E (Ej PE AZ| P(E (Z| 
= Fip |F Fy a tt Fr 
(A) = (E) P| z..J € PCE-P |. (E.P E 


n 


12. Bayes’ Theorem: If B,, B, ... B, are mutually exclusive and exhaustive events and A is any event 
that occurs with B, or B, or B, then 


P(B;)-P(A/B) ' 





P(B,/A)= = 1,2) su, Me. 


È P(B).P(A/B) 


Note: The probabilities P(B;) i = 1, 2, ..., n which were already known before performing an 
experiment are known as prior probabilities and conditional probabilities P(B;/ A), i= 1, 2,3, ..., n 
which are calculated after the experiment is performed are known as posterior probabilities. The 
events B,, B, ... B, are usually called causes for event A to occur. 


13. Random Variable: Random variable is simply a variable whose values are determined by the 
outcomes of a random experiment; generally it is denoted by capital letters such as X, Y, Z, etc. and 
their values are denoted by the corresponding small letters x, y, z, etc. 


14. Probability Distribution: The system consisting of a random variable X along with P(X) is called 
the probability distribution of X. 


15. Mean and Variance of a Random Variable: Let a random variable X assume values x4, x;,...x, with 
n 
probabilities p;, p», ... p, respectively, such that p, = 0, =P; = 1. Then, the mean of X, denoted by i, 
= 
[or expected value of X denoted by E(X) is defined as 


u = E(X) = Exp, and 


Variance denoted by c? is defined as 
n 2 n 
0 = x (X; -M) p,7 = x?p,-w? 
i- ie 


16. Standard Deviation, o = y variance 
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17. Bernoullian Trials: A sequence of independent trials which can result in one of the two mutually 
exclusive possibilities success or failure such that the probability of success or failure in each trial is 
constant, then such repeated independent trials are called Bernoullian trials. 


Suppose we perform a series on n Bernoullian trails for each trial, p is the probability of success and 
q is the probability of failure, then p +q = 1. 
18. Binomial Distribution: A random variable X taking values 0, 1, 2, ... n is said to have a binomial 
distribution with parameters n and p, if its probability distribution is given by 
P(X-pn-'Cpq' ...(i) 
Where, p represents probability of success while g represents probability of non-success, or failure 


and n is the number of trials. A binomial distribution with n-Bernoulli’s trials and probability of 
success in each trial as p, is denoted by B(n, p). 


Note: While using above probability density functions of the binomial distribution in solving any 
problem we should, first of all examine whether all the conditions, given below are satisfied: 
(i) There should be a finite number of trials. 
(ii) The trials are independent. 
(iii) Each trial has exactly two outcomes: success or failure. 
(iv) The probability of an outcome remains the same in each trial. 


19. Recurrence or recursion m de the binomial distribution: 


P(re1) 2 5L PE pg 





Yelg 
20. Mean, Variance and Standard Deviation: 
(i) Mean = np (ii) Variance = npq (iii) Standard Deviation = ,/npq 
LIST OF IMPORTANT FORMULAE 
(i) P(A B) = P(A) x P(B/A), where A and B are any two events. 





(ii) P(A A B) = P(B) x P(A/B), where A and B are any two events. 

(iii) Two events A and B are independent, if and only if P(A ^ B) = P(A) x P(B). 

(iv) If A, B, C are three independent events, then P(A ^ B ^ C) = P(A) x P(B) x P(C). 
(v) P(A ^ B) = P(B) - P(A ^ B), where A and B are independent events. 

(vi) P(A B) = P(A) - P(A ^ B), where A and B are independent events. 





(vii) P(A ^ B) = P(A o B) 2 1- P(A u B) = P(A) x P(B), where A and B are mutually exclusive events. 


P(AnB) P(B)- P(AnB) 








(viii) P(A/B) = P(B) = P(B) , Where A and B are independent events and P(B) # 0. 
—. P(AnB) 1-P(AUB = S 
(ix) P(B/A)= ( P(A) ) Boa m ) , Where A and B are independent events and P(A) #1. 
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Selected NCERT Questions 


1. A black and red die are rolled. 
(a) Find the conditional probability of obtaining a sum greater than 9 given that the black die 
resulted in a 5. 
(b) Find the conditional probability of obtaining the sum 8 given that the red die resulted in 
a number less than 4. 


Sol. When a black and a red die are rolled then n(S) = 36. 
(a) Let A be the event getting sum greater than 9 and B be the event getting a 5 on the black die. 
A= ((4, 6), (5, 5), (5, 6), (6, 4), (6, 5), (6, 6)} 
B= (S, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} 


A n^ B - ((5,5), (5, 6)} 


6 1 6 1 2 1 
P(A)= 36 = g; PB - a6 = g and P(A Bess 





18 
1 
 P(AnB) 18 1.6 1 
PA/B- pg 1 18 1^3 
6 
(b) Let A be the event getting the sum 8 and B be the event getting a number less than 4 on red 


die. 
A = {(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)} 
B= {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), 
(3, 1), (8, 2), (8, 3), (8, 4), (3, 5), (3, 6)] 
AO B= {(2, 6), (3,5)} 





5 18 1 2 1 
P(A)= 367 PB) = 46 = y; PIA B) - 40 7 4g 
1 
|.P(AnB) 18 1 2 ]1 
PME DUE) "an 18 X 95 
2 


2. An instructor has a question bank consisting of 300 easy true/false questions, 200 difficult, 
500 easy multiple choice questions and 400 difficult multiple choice questions. If a question 
is selected at random from the question bank, what is the probability that it will be an easy 
question given that it is a multiple choice question? 


Sol. Here, total questions = 300 + 200 + 500 + 400 = 1400 


Let A be the event that selected question is an easy question. 
300-500 800 4 

1400 140 7 
Let B be the event that selected question is a multiple choice question. 


500 +400 2900 (9 

1400 — 1400 14 
Now A n^ B is the event so that the selected question is a easy multiple choice question. 
500 5 


P(AnB)- 40 14 


P(A)- 








P(B)- 


P(AnB) 14 _5 
ETRY eas 
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Sol. 


Sol. 


Sol. 


Consider the experiment of throwing a die. If a multiple of 3 comes up, a die is again thrown 
and if any other number comes, a coin is tossed. Find the conditional probability of the event, 
‘the coin shows a tail’ given that ‘at least one die shows a 3’. 
Here, S = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6), 
(L H), (1, T), (2, H), (2, T), (4, H), (4, T), (5, H), (5, D] 

Let A be the event of getting a tail on coin. 

A= {(1, T), (2, T), (4, T), (5, T) 
Let B be the event of getting 3 on at least one die. 

B = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (6, 3)] 

ANB=6o 


P(A)= a= = pP) 4 ~ and P(A NB) = 75 =0 





0 
_ P(ANB) _ 20 . 
POT eB = 7 -0 
20 
7 
Events A and B are such that P(A) = —, P(B) = Jp and P (not A or not B) = i State whether A 
and B are FE 
1 
Here P(A) = Z, PB) = = ij and P(AUB)- 4 
Now P(AU — n B)=1-P(A n B) 
1 1 3 
gee nB) = P(An Bele ru 
N P(A) x P(B) = dad 2d. 
Sur VARI) Se rd 


P(A B) # P(A) x P(B) 
Thus, A and B are not independent. 
Probabilities of solving specific problem independently by A and B are E and i respectively. 
If both try to solve the problem independently. Find the probability that (i) the problem is 


solved (ii) exactly one of them solves the problem. 





Here, P(A) = l z and P(B) = i 
Now P(A)=1- P(A) = 575 PB) =1-P(B)=1-4 => 
(i) P (the problem is solved) = 1-P(ANB) 
= 1- P(A)P(B) 
E i-(5 x4J-1-3 _2 
2 3 3 3 


(ii) P (exactly one of them solves) = P(A)P(B) + P(A)P(B) 


1 1 1.1 2-41 3 1 
D—X—TPLTXLA—4—- i . 
2 3 2 3 3 6 6 6 2 
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6. Ina hostel, 60% of the students read Hindi newspaper, 40% read English newspaper and 20% 
read both Hindi and English newspaper. A student is selected at random. 
(a) Find the probability that the student reads neither Hindi nor English newspaper. 
(b) If she reads Hindi newspaper, find the probability that she reads English newspaper. 
(c) If she reads English newspaper, find the probability that she reads Hindi newspaper. 


Sol. Let A be the event that a student reads Hindi newspaper and B be the event that a student reads 
English newspaper. 
60 40 20 
P(A)= 100 0.6, P(B)= 100 0.4 and P(A n B) = 100 0.2 


(a) Now — P(Au B) = P(A)-P(B) - P(A ^ B) 
20.6 +0.4-0.2=0.8 


Probability that she reads neither Hindi nor English newspaper 





1 
=1-P(AUB)=1-08=02= 








5 
P(ANB) 02 1 

(e) POT COD 70673 

T pajo 242 B. 202 1 


P(B 04 2 

7. An urn contains 5 red and 5 black balls. A ball is drawn at random, its colour is noted and is 
returned to the urn. Moreover, 2 additional balls of the colour drawn are put in the urn and 
then a ball is drawn at random. What is the probability that the second ball is red? 


Sol. Let Ej and E; be the events that red ball is drawn in first draw and black ball is drawn in first draw 
respectively. Let A be the event that ball drawn in second draw is red. There are 5 red and 5 black 
balls in the urn. 

il 


5 1 5 
P(E) = 49 = 9 and P(E.) = 49 => 


When 2 additional balls of red colour are put in the urn there are 7 red and 5 black balls in the urn. 
A 7 
(eo 
When 2 additional balls of black colour are put in the urn there are 5 red and 7 black balls in the 
urn. a 
A\ 5 
e| E, | 10 
By theorem of total probability 
A A 
P(A) - P(E)P E SUPE P rd 


1 7 4.5. 7 5 d$ 1 
= + = + = = 
= P(/)75*X15*5*12724*24^24 2 





8. Ofthe students in a college, it is known that 60% reside in hostel and 40% are day scholars (not 
residing in hostel). Previous year results report that 3076 of all students who reside in hostel 
attain A grade and 2076 of day scholars attain A grade in their annual examination. At the end 
of the year, one student is chosen at random from the college and he has an A grade. What is 
the probability that the student is a hostelier? 


Sol. Let the event be defined as 


E, = selection of hostelier 
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9. 


Sol. 


10. 


Sol. 


E, = selection of day scholar 


A - selection of student getting A grade 











-60 3 -2 2 
P(E) 7395 75 P(E) 7399 75 
p.30. 3 .— j(A| 20 1 
E, J^ 100 ~ 10 E,]~ 100^ 5 
rid 
A) = require 
A 
P(E (£) 3 3 9 
plije (E-P E -50 _ 5 _ 2 
A A A\ 33,21 9,2 3 
P(E)Pig Jt PE) PLE] 65-1075 5 50" 25 


A Laboratory blood test is 99% effective in detecting a certain disease when it is in fact, present. 
However, the test also yields a false positive result for 0.5% of the healthy person tested (i.e., if 
a healthy person is tested then with probability 0.005, the test will imply he has the disease). If 
0.1 % of the population actually has the disease then what is the probability that a person has 
the disease given that his test result is positive. 

Let E, and E, denote the events that a person has disease and does not have disease respectively. 
Let A be the event that the test result is positive. 


Now, the probability that a person has the disease is 


D = 0.001 


P(E) = 0.1% = 100 
Probability that a person does not have the disease 
P(E,) = 1- 0.001 = 0.999 
Probability that a person has disease and test result is positive. 


99 
P(A/E,) = 99% = 15, = 0.99 


0 
Probability that a person does not have disease and test result is positive. 
0.5 
P(A/E,) = 0.596 = 100^ 0.005 


By Bayes' theorem, 
PE PUE 
PE) PALE) + P (E,).P(A/E,) 
0.001 x 0.99 0.00099 
~ 0.001 x 0.99 + 0.999 x 0.005 ~ 0.00099 + 0.004995 


_ 0.00099 990 22 


~ 0.005985 5985 133 


A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn 
and are found to be both diamonds. Find the probability of the lost card being a diamond. 





P(E,/A) = 











Let E, E; , Ej and E, be the events that the missing card is a heart, spade, club and diamond 
respectively. Let A be the event of drawing two diamond cards from 51 cards. 


There are four events and each event is equally likely to be selected. 


13 1 
52 4 








P(E,) = P(E) = P(E,) = P(E) 
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It is given that 























BC, BC, BC, nC, 
P(A/E)= 8C, P(A/E,) = ET PAE) = C, and P(A/E) = 8c, 
By Bayes' theorem, 
P(E,/A)- P(E,)P(A/E,) 
" P(E)P(A/E) + P(E,)P(A/E,) + P(E)P(A/E) + P(E)PGA/E,) 
1 Y me 
E 4^ BC, E 2C, 7 2C, 
1 3 BC, 5 1 . BC, . 1 : BC, E 1 . bo, GCA Ca OA uomo 
4 51C, 4751C, 4^ 51C 4^ 8C, 
12! 
2110! B 66 _ 66 11 
13! 12! 3X78+66 300 50 
3x 4 
2111! 2!10! 


11. Acoin is biased so that the head is 3 times as likely to occur as tail. If the coin is tossed twice, 
find the probability distribution of number of tails. 
Sol. Let X denote the random variable which denotes the number of tails when a biased coin is tossed 
twice. 
So, X may have values 0, 1 or 2. 
Since the coin is biased in which head is 3 times as likely to occur as a tail. 


P(H)-X- and PU -1 


4 
Now, P(x=0) = Probability of getting two heads 
Bog -H 
PESE 744736 


P(X =1) = Probability of getting one tail and one head 
Sud od Oe oe ae: 08 3 


P(X =1) 





"£4 £4 1G 36 16 8 
P(X=2) = Probability of getting two tails 








1.1 1 
Peru) Tu a qp 
Thus, required probability distribution is 
| x | 0 1 2 
9 3 1 
P(X) 16 8 16 











12. The random variable X has a probability distribution P(X) of the following form, where k is 
some number: 


kif x=0 
2kif x=1 
POT Tagi x=? 
0 if otherwise 
(a) Determine the value of k. [CBSE 2019 (65/1/2)] 


(b) Find P(X < 2), P(X < 2), P(X = 2). 
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Sol. 


13. 


Sol. 


14. 


Sol. 


(a) k+2k+3k=1 [e Pi + Pot Ps * t Pa =1] 
=> 6k=1 -k-c 
(D P(X«2)-k42k-3k 3x- 











P(X < 2)=3k+2k+k=6k= 6X 


1 1 
P(X > 2)=3k=3x7=3 


Two numbers are selected at random (without replacement) from the first six positive integers. 
Let X denote the larger of the two numbers obtained. Find E(X) or the mean of the distribution. 
[CBSE (AI) 2014] 


=1 


ale Ne 





First six positive integers are 1, 2, 3, 4, 5, 6. 
If two numbers are selected at random from above six numbers then sample space S is given by 
S= 10,2), 0, 3), (1, 4), (1, 5), (1, 6), (2,1), (2, 3), (2, 4), (2, 5), (2, 6), (3, 1), (3, 2), (3, 4), (3, 5), 3, 6), 

(4, 1), (4, 2), (4, 3), (4, 5), (4, 6), (5, 1), 5, 2), (5, 3), (5, 4), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5)1 
Here, n (S) = 30 and X is random variable, which may have values 2, 3, 4, 5 or 6. 


Therefore, required probability distribution is given as 


P (X = 2) = probability of event getting (1, 2), (2, 1) = 45 


P (X =3) = probability of event getting (1, 3), (2, 3), (3, 1), (3, 2) = x 
P (X 2 4) = probability of event getting (1, 4), (2, 4), (3, 4), (4, 1), (4, 2), (4, 3) = d 


P (X 25) = probability of event getting (1, 5), (2, 5), (3, 5), (4, 5), (5, 1), (5, 2), (5, 3), (5, 4) = 30 


P(X = 6) = probability of event getting (1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5) = i 


It is represented in tabular form as 


























X 2 3 4 5 6 
P(X) 2 = T 28. 10 
30 30 30 30 30 





-. Required mean = E(X) = X p;x, 

2 4 6 8 10 _ 4+12+24+40+60 140 14 2 
mana a dag Fargo ao 30 "3 3 -*3 

A class has 15 students whose ages are 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20, 17, 16, 19 and 
20 years. One student is selected in such a manner that each has the same chance of being 
chosen and the age X of the selected student is recorded. What is the probability distribution 
of the random variable X? Find mean, variance and SD of X. 


Here X = 14, 15, 16, 17, 18, 19, 20, 21 and 








2 1 2 3 
P(X= 14) = 4c, P(X 215)» «c, PE = 160) e 4, PAIN = Te 








1 2 3 1 
P= n a PO Ra 


Probability 491 


Probability distribution 






































x 14 15 16 17 18 19 20 21 
PO) 2 1 2 Da 1 2 TON 1 
15 15 15 15 15 15 15 15 
28 +15+32+51+18+38+60+21 
Now, ÈX P(X) = 15 
sop = 28. 
i 09 7 35 
392 + 225 + 512 + 867 + 324+ 722 + 1200 + 441 
> EX? P(X) = i 
» 4683 
= BE 
263 
Mean (u) = E(X) = XX P(X) = J5 = 17.53 





Var (X) = E(X’) - [E(X)? 
_ 4683 -(8j _ 4683 x 15- 263x263 1076 _ 04 
15 15 225 225 i 
SD (X) = Jvar (X) = /478 72.19 


3 si i 
4 How many minimum number of times must 


he/she fire so that the probability of hitting the target at least once is more than 0.99? 


15. The probability of a shooter hitting a target is 








Sol. Let the shooter fire n times. 
3 
We have, p= probability of hitting the target = T 
1 
q = probability of not hitting the target = T 
Now, using Binomial Probability Distribution, we have 
P(X =r) ="C, pg" 
» 3 Ta) 1 Tb—T » BF 
eo) eu 

Given that 

P(hitting the target at least once) > 0.99 
Les P(r 2 1) > 0.99 ò 4 

3 

1- P(r = 0) > 0.99 > py ee > dete ee (o^ ST 

1 «001 2. 
> oo > 4" Í 100 

=> 4" > 100 ...(i) 

The minimum value of n satisfying the inequality (i) is 4 i.e., n = 4 

Thus, the shooter must fire 4 times. 
16. Assume that the chances of a patient having a heart attack is 40%. Assuming that a meditation 


and yoga course reduces the risk of heart attack by 30% and prescription of certain drug 
reduces its chance by 2576. At a time a patient can choose any one of the two options with equal 
probabilities. It is given that after going through one of the two options, the patient selected 
at random suffers a heart attack. Find the probability that the patient followed a course of 


meditation and yoga. 
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[CBSE Delhi 2013; Chennai 2015] 


Sol. Let E,, E, , A be events defined as 
E, = treatment of heart attack with Yoga and meditation 
E, = treatment of heart attack with certain drugs 
A= ee getting A attack 


P(E) = = LP(E)- = 


A o, o, o, o, 28 
Now P(E - o eae 12% = 28% = 700 


P d = 40% (40x TRE 40% — 10% = 30% = a 
E, | 7 40% -| 40x Tog | = 40% - 10% = 30% = F00 
. E 
We have to find »() 


(= 





A 
z Py Pf E) E Pis d 28 100 14 
F A A\ 1 28 1 30 1058 29 
P(E) Plz J PE) P(g J 2*100 * 2*100 
17. Bag I contains 3 red and 4 black balls and bag II contains 4 red and 5 black balls. One ball is 
transferred from bag I to bag II and then a ball is drawn from bag II. The ball so drawn is found 
to be red in colour. Find the probability that the transferred ball is black. [CBSE (F) 2011] 


i 





Sol. Let E= Event that a red ball is drawn from bag I 
E, = Event that a black ball is drawn from bag I 


Therefore, P(E,) = 7, P(E) - 


After transferring a red ball from bag I to bag II, the bag II will have 5 red and 5 black balls. 
Let A be the event of drawing red ball 
ENS 
P(A/E)735 75 
Further, when a black ball is transferred from bag I to bag IL it will contain 4 red and 6 black balls. 
2.4.2 
P(A/E)-71g75 
By Baye's theorem, we have 
P(E.) .P(A/ E3) 











P(E, / A) = P(E,)-P(A / E) + POE POL E 
4 2 8 
E m. _ 85 E 8 , 0 = 16 
| 3,1,4,2 (3 +8 "ERU SC Sh 
725" BS 14 35 


Multiple Choice Questions 


Choose and write the correct option in the following questions. 


1. From the set (1, 2, 3, 4, 5}, two numbers a and b (a + b) are chosen at random. The probability 


that is an integer is [CBSE 2020 (65/4/1)] 
1 1 1 3 
(a) 4 (b) 4 (c) > (d) 5 
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10. 


11. 


12. 


13. 


A bag contains 3 white, 4 black and 2 red balls. If 2 balls are drawn at random (without 


replacement), then the probability that both the balls are white is [CBSE 2020 (65/4/1)] 
1 1 1 1 
(a) ig (b) 46 (c) 15 (d) 54 
A and B are events such that P(A) = 0.4, P(B) = 0.3 and P(A UB) = 0.5. Then P(B'N A) equals 
[NCERT Exemplar] 
2 1 3 1 
(a) 3 (b) y (c) 1g. (d) 5 
: 3 1 4 
You are given that A and B are two events such that P(B) = yP | B) = 7 and P(A UB) = 5' 
then P(A) equals 
3 1 1 3 
a) io (b) 5 (c) > (d) 5 


Three persons, A, B and C, fire at a target in turn, starting with A. Their probability of hitting 
the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits is 

(a) 0.024 (b) 0.188 (c) 0.336 (d) 0.452 

Assume that in a family, each child is equally likely to be a boy or a girl. A family with three 
children is chosen at random. The probability that the eldest child is a girl given that the 


family has at least one girl is [NCERT Exemplar] 
1 1 2 4 
(a) 5 (b) 3 (c) 3 (d) 7 


A dieis thrown and a card is selected at random from a deck of 52 playing cards. The probability 
of getting an even number on the die and a spade card is 

1 1 1 3 
a > (b) T (c) z (d) T 
A box contains 3 orange balls, 3 green balls and 2 blue balls. Three balls are drawn at random 
from the box without replacement. The probability of drawing 2 green balls and one blue ball 
bi 3 2 1 167 
(8) zg (b) ^r (c) 58 (d) Teg 
A flashlight has 8 batteries out of which 3 are dead. If two batteries are selected without 
replacement and tested, the probability that both are dead is 

33 9 1 3 
(a) zc (b ci (c) 13 (d) og 
Two dice are thrown. If it is known that the sum of number on the dice was less than 6, the 
probability of getting a sum 3, is 

1 5 1 2 
a) ig (P) i$ (c) 5 (d) 5 
Two cards are drawn from a well shuffled deck of 52 playing cards with replacement. The 
probability, that both cards are queens, is 

1 1 1 1 1 1 1 4 
a) i13*15 (b) 43% 42 (c) 13*17 (d) 13*3i 
A bag contains 5 red and 3 blue balls. If 3 balls are drawn at random without replacement, then 
the probability of getting exactly one red ball is 

15 131 15 15 
a) Tog (b) 495 (c) zc (d) z 
Three persons A, B and C, fire at a target in turn, standing with A. Their probability of hitting 
the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits is 


(a) 0.025 (b) 0.188 (c) 0.339 (d) 0.475 
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14. The probability distribution of a discrete random variable X is given below: 
X 2 3 4 S 
P(X) E us E Be 
k k k k 
The value of k is 
(a) 8 (b) 16 (c) 32 (d) 48 
15. Two dice are thrown together. Let A be the event ‘getting 6 on the first die’ and B be the event 
‘getting 2 on the second die’, then P(AMB) is 
1 7 9 
(a) 36 (b) 4 (c) 20 (d) None of these 
16. Ina college, 30% students fail in Physics, 25% fail in Mathematics and 10% fail in both. One 
student is chosen at random. The probability that she fails in Physics if she has failed in 
Mathematics is 
1 2 9 al 
a) io b) 5 (c) 59. (d) 4 
1 1 
17. A and B are two students. Their chances of solving a problem correctly are 3 and —,, 
1 
respectively. If the probability of their making a common error is, 20 and they obtain the 
same answer, then the probability of their answer to be correct is [NCERT Exemplar] 
1 1 13 10 
a) Fy (b) 16 (c) 159 (d) Xy 
18. Let X be a discrete random variable assuming values x4, Xy ..., x, with probabilities p4, Py ..., Pur 
respectively. Then variance of X is given by [NCERT Exemplar] 
(a) E(X*) (b) EGO) + E(X) O EGO -[EG9P — @ VER) -(EQOP 
19. The probability that a student is not a swimmer is i Then the probability that out of five 
students, four are swimmers is 
4Y 1 4Y 1 1/4V 
5c {—) = ER a 5c —[— 
(a) cs) 5 (b) (=) 5 (c) ass] (d) None of these 
20. Which one of the following is not a requirement of a binomial distribution? 
(a) There are two outcomes for each trial 
(b) There is a fixed number of trials 
(c) The outcomes must be dependent on each other. 
(d) The probability of success must be the same for all trials. 
Answers 
1. (b) 2. (c) 3. (d) 4. (c) 5. (b) 6. (d) 
7. (c) 8. (a) 9. (d) 10. (c) 11. (a) 12. (c) 
13. (b) 14. (c) 15. (a) 16. (b) 17. (d) 18. (c) 
19. (a) 20. (c) 
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Solutions of Selected Multiple Choice Questions 


at 


1. In b 


9b can be any of the five values and correspondingly a can assume four values. 


Thus, the number of fractions possible is 5x 4 = 20 


2345 4 
Ae ie arg 9 





Now, out of these, only five i.e. 


will be integers 


n(E)=5 
, : CK S 
. Requried probability = n(S) 20^ 4 
3C 
2. P (Both balls are white) = 9c. 
2 
3! 
<A L 
|.9 12 
2171 
3. Here, P(A) = 0.4, P (B) = 0.3 and P (A U B) = 0.5 
z P(A U B) = P(A) + P(B)- P(A AB) 
=> P(ANB)=0.4+0.3-0.5 = 0.2 
P(B'N A) = P(A)- P(AnB) 
1 
=0.4-0.2= 02-5 
6. Here, S = ((B, B, B), (G, G, G), (B, G, G), (G, B, G), (G, G, B), (G, B, B), (B, G, B), (B, B, G)} 


E, = Event that a family has atleast one girl, then 
E, = ((G, B, B), (B, G, B), (B, B, G), (G, G, B), (B, G, G), (G, B, G), (G, G, G)} 
E, = Event that the eldest child is a girl, then 
E, = {(G, B, B), (G, G, B), (G, B, G), (G, G, G)} 
E NE, = ((G, B, B), (G, G, B), (G, B, G), (G, G, G)] 


P(E NE) 4/8 4 





PIE bye P(E) 7/8 7 
17. Let E, = Event that both A and B solve the problem 
Let E; = Event that both A and B got incorrect solution of the problem 


Let E = Event that they got same answer 
1 
Here, FEE = P(E/E,) = 20 
P(E,NE) | P(E,)-P (E/E) 
P(E) P(E,).-P (E/E) +P (E,)P (E/E) 





P(E, /E) = 
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1 








1" 1 2) 10 
1 1 1 10-3 12x13 13 
TXxltlx 
12 2 20 120 
19. We have, p = probability that a student is swimmer = 1- L 
z E 
p= 5 : 
q = probability that a student is not a swimmer = 5 
— = 1 
ae: 
n=5andr=4 


zl r n-r-.5 AY 23 NT AY 1 
Piece a = G5 As =" C5 "5 


Fill in the Blanks 


5 
1. If E and F are independent events such that P(E) = p, P(F) = 2p and P (Exactly one of E, F) = 9 
then p = . 
1 1 
2. If P(A)= PL P(AnB)- 3 then the value of P(B/A) = 


3. The mean and variance of a binomial variate X are 2 and 1 respectively, then value of p = 


4. Arandom variable X has the following probability distribution: 





X 0 1 p, S 4 5 6 7 8 
P(X =x) a 3a 5a 7a 9a 11a 13a 15a 17a 









































then the value of a = 


Answers 
wS 2 1 1 
1. 3'12 2. 3 3. > 4. 8l 


Solutions of Selected Fill in the Blanks 
1. P(Exactly one of E, F) = P(E). P(F) + P(E).P(F) 
" = p(1- 2p) + (1- p)2p 
9 =P -2p * 2p - 2p? = Sp - 4p” 
=> 5-27p-36p 


=> 36p!-27p*5-0 





_ 27 +,/(27)?-4x36x5 273 
pe 2 x 36 -72 
s 5,5024 5 1 
dg o 23 
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LÈ 


P> 312 
1 
P(AnB) 3 
2. P(B/A) mE ) =} 
2 
2 
=> P(B/A)= 3 
3. We have, mean = np = 2 => np =2 si) 
and variance = npg = 1 => npq =1 ... (ii) 


Dividing (ii) by (i) we have, 





npq zd — 
np 2 
1 1 
p=1-q4=1-5=7 
1 
4. We have, XP(X)=1 => 8la=1 => 4-3 


Very Short Answer Questions 


1. Anunbiased coin is tossed 4 times. Find the probability of getting atleast one head. 
[CBSE 2020 (65/3/1)] 


Sol. When an unbiased coin is tossed once, then 
P(H) 7 P(T) 7 5 where H and T denote head and tail respectively. 
. Probability of getting atleast one head 
= 1- P (No head) 


ME TET! 

= 1 - P (all tails) = -5*5*5*5 
1 15 

“l-as 156 


2. A die, whose faces are marked 1, 2, 3 in red and 4, 5, 6 in green, is tossed. Let A be the event 
"number obtained is even" and B be the event "number obtained is red". Find if A and B are 
independent events. [CBSE (AI) 2017] 

Sol. Here, 
A = Event that "number obtained is even". 


B = Event that "number obtained is red". 

3 1 3 1 1 Lt I. 
P(A)-c-y PB)-c-7y; P(AnB)- 5PIA)XPB) = yy - 
ie, P(AnB) + P(A).P(B) 

Hence, A and B are not independent events. 


3. Write the probability of an even prime number on each die, when a pair of dice is rolled. 
Ls. 

6 36 

(As there is only one even prime number on each die i.e., 2). 


1 
Sol. The probability of getting even number on each die = Fi 
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4. Two Independent events A and B are given such that P(A) = 0.3 and P(B) = 0.6, find P(A and not B). 
Sol. We have, 
P(A and not B) = P(A ^ B^) = P(A) - P(A A B) 
=0.3-0.18 [- P(A AB) = P(A) x P(B)] 
= 0.12 
5. The probability distribution of X is: 





X 0 il 2 3 
P(X) 0.2 k k 2k 
Write the value of k. 
Sol. We have, 
=P(X)=1 > 0.2+4k=1 => 4k=08 => k=02 


























6. The probability that atleast one of the two events A and B occurs is 0.6. If A and B occur 
simultaneously with probability 0.3, evaluate P(A) + P(B). [NCERT Exemplar] 


Sol. We know that, AUB denotes the occurrence of atleast one of A and B and ANB denotes the 
occurrence of both A and B, simultaneously. 





Thus, P(A UB) = 0.6 and P(A n B) = 0.3 
Also, P(A UB) = P(A) + P(B) - P(AnB) => 0.6 =P(A)+P(B)-0.3 
> P(A) + P(B) =0.9 
=> [1 - P(A)] * [1- P(B)] =0.9 [- P(A) = 1- P(A) and P(B) =1- P(B)] 
=> P(A)+ P(B)=2-0.9=1.1 
7. Let A and B be two events. If P(A) = 0.2, P(B) = 0.4, P(A v B) = 0.6 then find r(=) í 
[NCERT Exemplar| 
Sol. Since, P(A UB) = P(A) + P(B) - P(A c^ B) 
0.6 = 0.2 + 0.4 - P(A ^ B) > P(A B) = 0.6-0.6 = 0 
AX P(AnB 
»(5]- n = 04 zd 


Short Answer Questions-l 


1. Prove that if E and F are independent events, then the events E and F' are also independent. 


[CBSE Delhi 2017] 
Sol. Since, E and F are independent events. 


=> P(E A F) = P(E). P(F) 
Now, P(E A F') = P(E) - P(E r^ F) 
= P(E) — P(E). P(F) = P(E)(1 — P(F)) 
=> P(E ^ F') = P(E). POS 
Hence, E and F' are independent events. 


2. From a set of 100 cards numbered 1 to 100, one card is drawn at random. Find the probability 
that the number on the card is divisible by 6 or 8, but not by 24. [CBSE Chennai 2015] 


Sol. Numbers divisible by 6 from 1 to 100 = 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72, 78, 84, 90, 96 
Numbers divisible by 8 from 1 to 100 = 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96 
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-. Numbers divisible by 6 or 8 but not by 24 from 1 to 100 = 6, 8, 12, 16, 18, 30, 32, 36, 40, 42, 54, 
56, 60, 64, 66, 78, 80, 84, 88, 90. 
1 


20 
<. Required probability = 100 5° 


3. If P(A) = 0.6, P(B) = 0.5 and P(B/A) = 04, find P(AUB) and P(A/B). [CBSE 2019 (65/5/1)] 
Sol. We have P(A) = 0.6, P(B) = 0.5and P(B/A) = 0.4 
P(AnB) 
P(A) 
=> P(A NB) = 0.6 x 0.4 = 0.24 
Now P(AUB)= P(A) * P(B)- P(AnB) 


P(B/A)- = P(AnB) = P(A) P(B/A) 


= 0.6 + 0.5 — 0.24 = 11-0.24 =0.86 
P(AnB) 024 
P(A/B) = (PO) (Q5 0.48 


2 4 
4. The probability of two students A and B coming to school in time are 7 and 7 respectively. 


Assuming that the events ‘A coming on time’ and ^B coming on time’ are independent, find the 


probability of only one of them coming to school on time. [CBSE 2019 (65/5/3)] 
2 4 
Sol. P(A)= 7 i.e; Ais coming on time, P(B) = 7 i.e.; Bis coming on time, 
wa c 2 -— 5 YY = 4 = 3 
P(A)-1-577, P(B)-1-7-75 


<. Probability of only one of them coming to school on time = P(A)P(B') + P(A’) P(B) 
23 54 6 20 26 
-7*7'7"7 49° 49 49 
5. Four cards are drawn one by one with replacement from a well-shuffled deck of playing cards. 
Find the probability that at least three cards are of diamonds. [CBSE 2019 (65/5/3)] 


Sol. Xbethe random variable of drawing at least three cards are of diamonds. 





P(At least three cards are of diamonds) 
= P(X =3)+ P(X =4) 
39 
- BC, xC i BC, 2d 
` C, 52C, 2C, 
152 | 13! 13! | 


[ope ^e] 





^ 4148! ae 


31 10! * 4! 9! 


1 
— 49x 50x 51x 52 a 10x11x12x13 


4x3x2x1 eer Re TL Pero! 
/— Ax8x2x1 puni e 











~ 49x 50x 51x52 4x3x2x1 


1 11x12x13 x 166 
-'doxspxsppg ee = orribla 





= 0.04 


6. The mean and variance of a binomial distribution are 12 and 3 respectively. Find the binomial 


distribution. 
Sol. Mean = np = 12 => np = 12 
and, variance = npq =3 => npq =3 
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"Pa 3 _1 => -1 = =1-g=1-— 
"p 12 4 1 4 iam 
_3 

> PX 

Now, np = 12 — axi 212 — n - 16 


.. Binomial distribution is 


1 
(16,7) 


Short Answer Questions-Il 


1. Assume that each born child is equally likely to be a boy or a girl. If a family has two children, 
what is the conditional probability that both are girls given that [CBSE Delhi 2014] 


(i) the youngest is a girl? (ii) atleast one is a girl? 
Sol. A family has 2 children, 
then sample space = S = {BB, BG, GB, GG}, where B stands for boy and G for girl. 


(i) Let A and B be two event such that 
A = Both are girls = {GG} and B= The youngest is a girl = (BG, GG} 





1 
AV P(AnB) 4 1 
AG) LM uu [- An B - (GG]] 
4 


(ii) Let C be event such that 
C =at least one is a girl = {BG, GB, GG} 
1 


1 
3 


P(ANC) 


PO) [- AM C= {GG} 





Now P(A/C) = - 


4 
2. Acommittee of 4 students is selected at random from a group consisting of 7 boys and 4 girls. 
Find the probability that there are exactly 2 boys in the committee, given that at least one girl 
must be there in the committee. [CBSE (East) 2016] 


Sol. Let A and B be two events such that 
A - selection of committee having exactly 2 boys. 
B = selection of committee having at least one girl. 


The required probability is (4) 




















A\_ P(ANB) 
Now, » B )- PB 
A07 4 7 A4 7 a4 
4C,x7C, + CX C, +4C,x7C,+4C, — qr apart 20r 205 ann 116 ^ 410! 

P(B) = Nc ~ 11! 

! 

417! 

7x6x5 4x3 7x6 
_ BB Tt DT Oe 2 7*1 — 140+126+28+1 _ 295 _ 59 
11x10x9x8 330 330 66 
4x3x2x1 


Probability 5O1 


cuc M 4x3, 736 

XC, _ DIX DBT 2xi*2x] _ 126 21 

MANDS we 7 HE ~~ 39 7339 755 
47! 











21 
Ai. 55 _21 66 126 
Hs 59 55°59 295 
66 
3. Inahockey match, both teams A and B scored same number of goals up to the end of the game, 
so to decide the winner, the referee asked both the captains to throw a die alternately and 
decided that the team, whose captain gets a six first, will be declared the winner. If the captain 
of team A was asked to start, find their respective probabilities of winning the match and state 
whether the decision of the referee was fair or not. [CBSE (AI) 2013] 


Sol. Let E,, E; betwo events such that 
E, = The captain of team ‘A’ gets a six. 





E, = The captain of team ‘P’ gets a six. 








1 1 i 1_5 ; 1 5 
Here, P(E)- g, P(E)- & PE)SISCCTONE)ed -- 
Now, P (winning the match by team A) = 16 2x 2X E+ 2X 2x 2x2 x6 + 
1l 45ri (B B 1.36 6 
=5+(2) e*(s) 6°" see 6l 
(s) 


P (winning the match by team B) = 1— £ = = 


a 

1-r ] 
Decision: Referee’s decision was fair became team spirit enhances co-operation and unity. 

4. A bag A contains 4 black and 6 red balls and bag B contains 7 black and 3 red balls. A die is 
thrown. If 1 or 2 appears on it, then bag A is chosen, otherwise bag B. If two balls are drawn at 
random (without replacement) from the selected bag, find the probability of one of them being 
red and another black. [CBSE Delhi 2015] 


Sol. Let E, F and A be three events such that 





[Note: If a be the first term and r the common ratio then sum of infinite terms S,, = 








E = selection of bag A and F = selection of bag B 
A = getting one red and one black ball out of two 
Here, P(E) = P(getting 1 or 2 in a throw of die) = Z = + 
1 2 
xs P(F) =1- 3. 9 
Ce Ci. d 
Also, P(A/E) = P (getting one red and one black if bag A is selected) = —j; C 25 
2 
. SÉ Cr. 
and P(A/F) = P (getting one red and one black if bag B is selected) = —; C. ^45 
2 


Now, by theorem of total probability, 
P(A) = P (E). P (A/E) + P (F). P (A/F) 
_1 24,2 21_8+14_ 22 
 3"45 3"45 45 45 
5. Baglcontains3 red and 4 black balls while another bag II contains 5 red and 6 black balls. One 
ballis drawn at random from one of the bags and itis found to be red. Find the probability that 
it was drawn from bag II. [CBSE Delhi 2011] 
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Sol. 


Sol. 


Sol. 


Let E; be the event of choosing the bag I, E, the event of choosing the bag II and A be the event of 
drawing a red ball. i 
Then P(E) = P(E) = 2 

3 


Also P(A/ E4) = P (drawing a red ball from bag 1) = 7 


5 
and P(A/E,) = P (drawing a red ball from bag II) = 1l 


Now, the probability of drawing a ball from bag II, being given that it is red, is P(E;/ A). By using 
Bayes' theorem, we have 


_ 35 
5 68 
11 


mä 
nfo 


P(E))P(A/E,) x 


P(E,)P(A/E,) +P(E,)P(A/E,) 1 





P(E,/A) = 


Xoy tX 


NI] QIN | 


MI 
Nj 


Suppose 5% of men and 0.25% of women have grey hair. A grey haired person is selected 
at random. What is the probability of this person being male? Assume that there are equal 
number of males and females. [CBSE Delhi 2011] 
Let E, , E; and A be event such that 

E, = Selecting male person 

E, = Selecting women (female person) 

A - Selecting grey haired person. 








1 1 
Then PE) = p P(E.) is 2 
A 5 AY 0.25 
ele) xs el) s 
; a o pl E 
Here, required probability is P Al 
E 
(8) P(E).Phg. 
P = 
A A 
P(E). P(E] + PC). Pl E 
1. 5 
o(2)- 2 % 100 _ 5 _50_ 20 
A 1 9 ,1,,025 5+025 525 21 





x x 
2 100 2 100 

Three persons A, B and C apply for a job of manager in a private company. Chances of their 
selection (A, B and C) are in the ratio 1 : 2 : 4. The probabilities that A, B and C can introduce 
changes to improve profits of the company are 0.8, 0.5 and 0.3 respectively. If the change does 
not take place, find the probability that it is due to the appointment of C. [CBSE Delhi 2016] 
Let E,, E, E, and A be events such that 

E, = person selected is A; E, = person selected is B; E; = person selected is C 

A = changes to improve profit does not take place. 


1 2 4 
Now P(E,) = z,P(E)) = 7P (E) = 7 


Probability D03 


E, 
We require P| —~ 


D 





A 
P(E (£) 3 ct. 
p( E). (E3) P\ E, _ 7 *10 
A A 4 A 1 2 p 2 D " 4 7 
P(E).Prg J* P(E).PUg |t P(ES.PUE. 710" 7°10 7^ 10 
28 70 28. * 
= 70 *2-10-28 ^ 40 10 
8. A bag contains 4 balls. Two balls are drawn at random (without replacement) and are found to 
be white. What is the probability that all balls in the bag are white? [CBSE (Central) 2016] 








Sol. There may be three situations as events. 
E, = bag contains 2 white balls, E, = bag contains 3 white balls, 
E, = bag contains all 4 white balls, A = getting two white balls. 


E 
We have required P 2) =? 


1 
Now, P(E,)=3; P(E,)=3; P(E) = 


B 
AY ?C, 1 Ai Lh 3 1 A\ ‘40 
E) esr: PEs P(E] sc =a 














A 
E, P(E).P E. 
Now, »()- A A A 
P(E,) P(E | PCE,)-P( z, }+ P(E) P(E 
1 1 1 
3*1 3 3 -1,18 3 
= Id 11-1730 3'19^5 
38" 5*g*5 39. Te "6's T8 


9. A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are 
drawn at random and are found to be both clubs. Find the probability of the lost card being of 


clubs. [CBSE Delhi 2010] 
Sol. Let A, E, and E, be the events defined as follows: 


A : cards drawn are both clubs 


E, : lost card is club; E, : lost card is not a club 


men pep- el, pg. 
P(A/E,) = Probability of drawing both club cards when lost card is club = E x oo 
P(A/E,) = Probability of drawing both club cards when lost card is not a club = = x = 
To find : P(E,/A) 
By Baye's Theorem, 
P(E,/A) = P(E )P(4/E)) 





P(E)P(A/E,) + P(E) P(A/E,) 
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1.12 11 


7 4 51” 50 12x11 1 nu 


4 4» 11 3 19 12 12X11-3x13x12 11439 50 
xX = X —+—X =X 
4 51 50 4 51 50 








10. Often itis taken that a truthful person commands, more respect in the society. A man is known 
to speak the truth 4 out of 5 times. He throws a die and reports that it is actually a six. Find the 
probability that it is actually a six. [CBSE Delhi 2017; (F) 2013] 


Sol. Let E, E; and E be three events such that 
E,-sixoccurs; E, = six does not occur and 


E = man reports that six occurs in the throwing of the dice. 


1 5 E\ 4 [E 4 1 
hows Pos gurin (E)E) 





. E 
We have to find P rj 





P(E (E) Loa 

pl £1) =- rE 7 Age 4 30 4 

E} E E 4,3 
PE) Pl Ee TIXEJLP E, 6 C5 6*5 

11. In shop A, 30 tin pure ghee and 40 tin adulterated ghee are kept for sale while in shop B, 50 
tin pure ghee and 60 tin adulterated ghee are there. One tin of ghee is purchased from one of 
the shops randomly and it is found to be adulterated. Find the probability that it is purchased 
from shop B. [CBSE (F) 2017] 
OR 

Inashop X,30 tins of ghee of type A and 40 tins of ghee of type B which look alike, are kept for 
sale. While in shop Y, similar 50 tins of ghee of type A and 60 tins of ghee of type B are there. 
One tin of ghee is purchased from one of the randomly selected shop and is found to be of 
type B. Find the probability that it is purchased from shop Y. [CBSE 2020 (65/5/1)] 

Sol. Letthe event be defined as 





E, = selection of shop A; E, = selection of shop B and 


A = purchasing of a tin having adulterated ghee 
1 1 A 40 4 A 60 6 
P E => P E = — P =z — = = 
( 1) 27 ( 2) 07 (£ 70 7! E, 
Required probability is given by 
A 
EA 1 6 3 
p(=2)= PEPE) Ru 7 1l 21 
A]. A AY 
P(E)? E, +P (E,)-P E, 


12. A random variable X has the following probability distribution: 





= 110 dd 












































X 0 il 2 3 4 5 6 y 
P(X) 0 k 2k 2k 3k e 2g 7) +k 
Determine: 
(i) k (ii) P (X < 3) (iii) P (X > 6) (iv) P(0« X <3) [CBSE (AI) 2011] 
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o O0+k+2k+2k+3k+kK 2/1 7I +k =1 
=> 108 + 9k-1=0 
> 10? +10k-k-1=0 > 10k (k +1) -1(k +1) 20 


=> (k+1)(10k-1)=0 = jns and kun 


1 
(i) ^ k can never be negative as probability is never negative then k = 15 


(ii) P(X < 3) = P(X 20) + P(X = 1) + P(X 22) 








NEM 
= O+k+2k=3k= 35 
(iii) be sey pene eae se 
100 10 100 
(iv) P(O < X < 3) = P(X =1) -P(X-2) = k+ 2k = 3k i 


13. Three numbers are selected at random (without replacement) from first six positive integers. If 
X denotes the smallest of the three numbers obtained, find the probability distribution of X. 
Also, find the mean and variance of the distribution. [CBSE (South) 2016] 


Sol. First six positive integers are 1, 2, 3, 4, 5 and 6. 
If three numbers are selected at random from above six numbers then the number of elements in 
sample space S is given by 
6! 6xX5x4 
313! 3x2 70 
Here X, smallest of the three numbers obtained, is random variable X may have value 1, 2, 3 
and 4. Therefore, required probability distribution is given as 





ie, n(s)- "E - 


P(X = 1) = Probability of event getting 1 as smallest number 


5C 5! 5x4 10 1 
2 — — = — 5 -— 1 
720 ^2131x20 2x20 20 2 [°C, = selection of two numbers out of 2, 3, 4, 5, 6] 





P(X = 2) = Probability of events getting 2 as smallest number. 


SLC E CNN. ^C, = selection of tw b t of 3,4,5,6 
20 ^2121x20 20 10 [ C5 = selection o o numbers out of 3, 4, 5, 6] 





P(X = 3) = Probability of events getting 3 as smallest number 
90... 31. 8 
20  281!x20 20 





PC, = selection of two numbers out 4, 5, 6] 


P(X = 4) = Probability of events getting 4 as smallest number. 



































2 
C; 1 2 
7700 20 [ C5 = selection of two numbers out of 5, 6] 
Required probability distribution table is 
X or x; 1 2 3 4 
P(X) or p; 1 3 2 1 
2 10 20 20 
Mean = E(X) = Xpyr; 
ixt+2x 2 +3 x a *t4X : 
i 2 10 20 20 
1.6 9 4 10+12+9+4 35 7 
= >+— ++ = = 
2 10 20 20 20 20 4 
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Variance = È x?p,-[E(X)]? 


2 
= {Px p+2x 2 +32x 5 +4?x 1 Hu 














10 20 20 4 
1,12,27,16 49 10*24*27*16 49 
72 10 20 20 16 20 ^ 16 
77 49 308-245 63 
~ 20 16 80 80 


14. Ina game, a man wins 35 for getting a number greater than 4 and loses 31 otherwise, when a fair 
die is thrown. The man decided to throw a die thrice but to quit as and when he gets a number 
greater than 4. Find the expected value of the amount he wins/loses. [CBSE (Central) 2016] 


Sol. Let X be random variable, which is possible value of winning or loosing of rupee occur with 
probability of getting a number greater than 4 in 1st, 2nd, 3rd or in any throw respectively. 


Obviously X may have value 35, 24, 33 and - 33 respectively. 
Now, P(X-5)- P (getting number greater than 4 in first throw) 
2: 1 


6 3 
P(X = 4) = P (getting number greater than 4 in 2nd throw) 
42 21 2 
6*6 3"3 9 
P(X = 3) = P (getting number greater than 4 in 3rd throw) 
-4 4 ue t le d 
"^b. 9 0. 3 9 A7 
P(X = 23) = P (getting number greater than 4 in no throw) 
4 44 2 22 8 
6*6*6 3"3"3 27 
Therefore, probability distribution is as 



































X or x; 5 4 9 E 
1 2 4 8 
Ded d 3 9 27 27 








Expected value of the amount he wins/loses = E (X) 





1 2 4 8 
E(X) = Xxp;-5x4 *t4xg t3x a7 *C3)*x37 


(5.8.12 24 _45+24+12-24 57 „19 ,.1 
=3 "9° 97-97 = 27 -»;7 99-329 





15. There are 4 cards numbered 1 to 4, one number on one card. Two cards are drawn at random 
without replacement. Let X denote the sum of the numbers on the two drawn cards. Find the 
mean and variance of X. [CBSE (F) 2017] 

Sol. If two cards, from four cards having numbers 1, 2, 3, 4 each are drawn at random then sample 
space S is given by 
S = {(1, 2), (1, 3), (1, 4), (2, 1), (2, 3), (2, 4), (4, 1), (4, 2), (4, 3), (3, 1), (3, 2), (3, 4)] 
Let X, sum of the numbers, be random variable. X may have values 3, 4, 5, 6, 7. 


2 1 
Now P(X = 3) = Probability of event getting (1, 2), (2, 1) = 4397€ 
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2 1 
P(X = 4) = Probability of event getting (1, 3), (3,1) 2 —— => 





















































(12 6 
4 1 
P(X = 5) = Probability of event getting (1, 4), (4, 1), (2, 3), (3, 2) = 12^3 
2 d 
P(X = 6) = Probability of event getting (4, 2), (2, 4) = 126 
2 1 
P(X = 7) = Probability of event getting (4, 3), (3, 4) = 126 
Thus, probability distribution is represented in tabular form as 
X 9 i D 6 7 
PX) 1 il 1 T 1 
6 6 3 6 6 
X.P(X) 3 4 5 9 2 
6 6 3 6 6 
XP 9 16 25 36 49 
6 6 3 6 6 
3.4 5 6 7 3+4+10+6+7 230 
Mean = XX.P(X) e'e 3'6 c 6 6 5 
Variance = XX? P(X) - (=X. P(X)? 
(E m.) 2 _ 9+164+50+36+49 25 
“\6"6 a $& sj = 6 7 
. 160 35 = 160-150 10 5 
6 ^ 6 6 3° 


16. The random variable X can take only the values 0, 1, 2, 3. Given that P(X = 0) = P(X = 1) = p and 











P(X = 2) = P(X = 3) = a such that X px; = 2} p;x, find the value of p. [CBSE Delhi 2017] 
Sol. Given X is a random variable with values 0, 1, 2, 3. Given probability distributions are as 
X(x;) 0 1 2 3 
P(x)(p;) p p a is 
Xipi 0 p 2a 3a 
x P; 0 p 4a 9a 




















“xp, =O+pt2at+3a=p+5a 
Xx?p,- 0p 4a-9a- p + 13a 


According to question 


Xpa-2Xpg 
pt+13a=2p+10a => p = 3a 
Also p+ptata=1 => 2pt+2a=1 
1-2p 
2a=1-2p => a= 
1-2 
p=3x 20 5 2p-3-6p 
> 8p =3 > p= 
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17. Three machines E, E, E; in a certain factory produce 50%, 25% and 25% respectively, of 
the total daily output of electric tubes. It is known that 4% of the tube produced on each of 
machines EF, and E, are defective and that 5% of those produced on E, are defective. If one tube 


is picked up at random from a day's production, calculate the probability that it is defective. 
[NCERT Exemplar; CBSE (F) 2015] 


Sol. Let A be the event that the picked up tube is defective. 
Let A,, Ay, A, be events such that 
A, = event of producing tube by machine E, 
A, = event of producing tube by machine E, 


A; = event of producing tube by machine E; 


2,50. 3 zd. de NE NE 

PAY= 00-2 PA) = Tog =a P^39710-714 

A\ 4 1. A\ 4 1 ub. s d 
Also, "(4-39 35: »(4-)= 305 = 25 and PA 5 735 


Now, P (A) is required. 
From concept of total probability, 


1,1-1. 1o T1 -1 4.1 








-o*235'*4"25 *4'20- B0 100 ' 80 
_8+4+5 17 _ 
309 = Goo = 00425 


18. Four bad oranges are accidentally mixed with 16 good ones. Find the probability distribution 
of the number of bad oranges when two oranges are drawn at random from this lot. Find the 
mean and variance of the distribution. [CBSE Sample Paper 2018] 


Sol. Let X be the number of bad oranges in two draws of orange from the lot. Here, X is random 
variable and may have value 0, 1, 2. 
A 16!  2!x18! 18x17x16x15 60 


— — 2 — —_ = 
Nowe SUE pe mc 20x14! X 20 20x19x18x17 95 





"QX"C 4x16x2 32. pue D E 
2C, 20x19 95’ mc 20x19 95 








P(X=1)= 


Now, required probability distribution is 
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19. A coin is biased so that the head is three times as likely to occur as tail. If the coin is tossed 
twice, find the probability distribution of number of tails. Hence find the mean of the number 
of tails. [CBSE 2020 (65/4/1] 


Sol. A coin is biased such that 
_3 1 
P(H) = = 1 and P(T) = 1 
Let X = No. of tails when coin is tossed twice. 


When X =0 (i.e. No Tail) 


P(X = 0) = P(H).P(H) = x = 


when X = 1 (i.e., only one tail) 


> P(X =1)=P(T).P(H)+P(H).P(T) 
13,3 1 6 
4*4 4^4 16 
when X =2 (i.e., both tails). 





> P(X=1)= 


1 


1 1 
P(X = 2) = P(T).P(T) = 4*4 7 4g 


Probability distribution is given by 





We have, mean = Lpi(X). Xi 





Mean = 0x i +1x s +2x : 
16 16 16 
_ 6 " 2 8 1 
16 16 16 2 
20. Five cards are drawn successively with replacement from a well-shuffled deck of 52 cards. 
What is the probability that 


(i) all the five cards are spades? 





(ii) only three cards are spades? 


Sol. Let X denote the number of spade card 


and, p = probability that drawn card is spade 
pio 
(52 4 
1 
> p= 4 
T : Lb 93 
q = probability that drawn card is not spade = 1- qo 
9 
> q= 4 


and n - 5. 


o rx«5-*e(1) 43) (ia 
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-({) - 1 
^44) ~ 1024 


(ii) P(X=3) = o(4) (3) = 2n (5) (3) 


EE 2 = 
(4)> 1024 512 


Long Answer Questions 


1. There are two boxes I and II. Box I contains 3 red and 6 black balls. Box II contains 5 red and ‘n’ 
black balls. One of the two boxes, box I and box II is selected at random and a ball is drawn at 
random. The ball drawn is found to be red. If the probability that this red ball comes out from 





























box II is x find the value of ‘n’. [CBSE 2019 (65/3/1)] 
Sol. We have events 
E,: bag I is selected; E; bag Ilis selected; A: getting a red ball 
al -1 -3-1 ee 
So, P(E)- z P(E) = y P(A/E) = 9^3 and P(A/E,) = 54H 
N EINS P(E).P(A/E,) 
OW EEA) P(E,)-P(A/E,) + P(E)).P(A/E,) 
T 5 5 
3. 2 5tn ||. 5btn 
> B I1 8. 1.5 
23 2 5+n 3 Stn 
<n) . J5 
T 5 5«n' (54n*15 20+n 
> 60+ 3n =75 > 3n 215 — n=5 


2. A card from a pack of 52 playing cards is lost. From the remaining cards of the pack three 
cards are drawn at random (without replacement) and are found to be all spades. Find the 
probability of the lost card being a spade. [CBSE Delhi 2014] 


Sol. Let E, E, E4, E, and A be event defined as 
E, = the lost card is a spade card, E, = the lost card is a non spade card 


and A= drawing three spade cards from the remaining cards. 














Dolap NE 
Now, P (E) = 52 gr (E= 52 ~ 4 
gini ey. 020 PN E. 
E 51C, ~ 90825’ E] 5C, ~ 20825 
E, 
Here, required probability = P ey 
A 
A 1. 220 
P(E.).P = 
: (E) (E) 7 4 * 20825 
A A 220 |3 " 286 
P(E) | E, Jena; P| E] 47" 20825 4” 20825 
220 220 10 





= 2203x286 1078 49 
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3. Bag I contains 3 red and 4 black balls and bag II contains 4 red and 5 black balls. Two balls 
are transferred at random from bag I to bag II and then a ball is drawn from bag II. The ball 
so drawn is found to be red in colour. Find the probability that the transferred balls were both 


black. [CBSE Delhi 2012] 
Sol. Let E, E, E, and A be events such that 


E, = both transferred balls from bag I to bag II are red. 
E, = both transferred balls from bag I to bag II are black. 
E4 = out of two transferred balls one is red and other is black. 
A = drawing a red ball from bag II. 
Here, P (=) is required. 


5C, 3! 21x5! 1 ^C, A4 2x5 2 
2 ! 1x3! . 2 ! LXOL- 
np oun" 7 eee opt p 7 








Now, P(E) = 


3C,x*C, 3x4 21551 4 
P (Ej) = C, -= 7 X = 


A 6 A 4 A 5 
oz.) rele) Tel Ha 











3 
; | E j- PE)P|E) 
5 PEPE J« PEPEPEPE] 
z 7r - 2 8 77 4 





T = ~ 77 * 34 ~ 
Pate ea tte 5 57 
4. There are three coins. One is two headed coin (having head on both faces), another is a biased 
coin that comes up head 75% of the times and third is an unbiased coin. One of the three coins 
is chosen at random and tossed, it shows heads, what is the probability that it was the two 
headed coin? [CBSE Delhi 2009, (F) 2011] 
Sol. Let E,, E, Ej and A be event defined as: 
E, = selection of a two headed coin; E, = selection of a biased coin 
E; = selection of an unbiased coin; A = coin shows head after tossing 
1 
3 
A A 75 _ 3 A| 1 
ol )=» (Ewe PE) 
PT E 
Here, required probability = »(4) 
By using Baye's theorem, 











Now, P(E) = P(E) = P(E) 











A 1 
: P(E).P| = id 
p{3}= 1 = 3 
A A A m ESI EL 
PUE P E, *P.).P E + P(E) -P E cia 3*1 3*5 
1 
3 1 _4 
C 3o 4-342 9 
i04) d 
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5. Anurn contains 4 white and 3 red balls. Let X be the number of red balls in a random draw of 
three balls. Find the mean and variance of X. [CBSE (F) 2010] 


Sol. Let X be the number of red balls in a random draw of three balls. 
As there are 3 red balls, possible values of X are 0, 1, 2, 3. 


3Cyx*C, A4x3x2 4 3C,x"C, 3x6x6 18 























PO Te -7x6éxs 35 OU 7c ""7x6x5 35 
4 4 
jupes C, 3x4x6 12 P(3) = <2 Cj 1x1x6 1 
"E. 7x6x5 35 "ES 7x6x5 35 
For calculation of Mean & Variance 
X PX) XP(X) X?P(X) 
0 4/35 0 0 
i 18/35 18/35 18/35 
2 127/35 24/35 48/35 
3 135 3/25 9/35 
Total 1 9/7 15/7 




















Mean = £ XP(X) = 2 


Variance = £ X?.P(X) - (£ X. P (X))? = Lm = E 


6. A beg contains 5 red and 3 black balls and another bag contains 2 red and 6 black balls. Two 
balls are drawn at random (without replacement) from one of the bags and both are found to 
be red. Find the probability that balls are drawn from first bag. [CBSE 2019 (65/5/3)] 


Sol. 5 Red 


Bi i 
3 Black 
2 Red 
B2 E 
6 Black 
Let E be the event of drawing two red balls. 
Let B, be the event that first bag is chosen and B, be the event that second bag is chosen. 








1 5 20 
P(B)=P(B)=5, PE/B)= 3*7 = zc 
i 2 
P(E/B) = aX a = z6 
P(B,)xP(E/B,) 
- P(B,/E) = 1 1 
P(B) xP (E/B) + P(B,) P(E/B,) 
1 20 
2% 56 
1 20 1 2 
2"56 2%56 
20 20 10 





20.2 22 11 
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7. Ina certain college, 4% of boys and 1% of girls are taller than 1.75 metres. Furthermore, 60% 
of the students in the college are girls. A student is selected at random from the college and is 
found to be taller than 1.75 metres. Find the probability that the selected student is a girl. 

[CBSE (F) 2012] 
Sol. Let E,, Ej, A be events such that 
E, = student selected is girl; E, = student selected is boy 
A - student selected is taller than 1.75 metres. 


E. 
Here P| — | is required. 





A 
60 3 _ 40 2 Had. up de. 
Now, P(E,)= 100 ^ 5’ P(E,) 100 5 P(E) 100 ' P(E] 100 
P(E,).P 2 
E (E. E, 
P A = A A 
P(E).P(g |+ P(E)-P( E 
301 3 





$2,201,234. 3 B "500711 11 
5*100 5100 500 500 





8. A factory has two machines A and B. Past record shows that machine A produced 60% of the 
items of output and machine B produced 40% of the items. Further, 2% of the items produced 
by machine A and 1% produced by machine B were defective. All the items are put into one 
stockpile and then one item is chosen at random from this and is found to be defective. What 
is the probability that it was produced by machine B? [CBSE (F) 2011] 

Sol. Let E, E; and A be event such that 
E, = Production of items by machine A 
E, = Production of items by machine B 
A - Selection of defective items. 
A A 
P6) 3g $6273 73^ [5-65 s [E] 06 


E 
(2 is required 








A 
By Baye’s theorem 
A 
$ P(E,) (E) 
P 2 |= 
(2) A A 
P(E).P| p. | + P(E)-P| g. 

2.1. 2 
5 * 100 500 2 500 1 





ON NR 3 2 500" Gao 4 
5*50*5*100 250 500 


T 





9. A bag I contains 5 red and 4 white balls and a bag II contains 3 red and 3 white balls. Two balls 
are transferred from the bag I to the bag II and then one ball is drawn from the bag II. If the 
ball drawn from the bag II is red, then find the probability that one red and one white ball are 
transferred from the bag I to the bag II. [CBSE Sample Paper 2016] 
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Sol. Let E, E,, E and A be event such that 
E, = Both transferred balls from bag I to bag II are red. 
E, = Both transferred balls from bag I to bag II are white. 
E, = Out of two transferred balls one is red and other is white. 


A = Drawing a red ball from bag II 























5C, 5x4 20 5 I Ul 
2 
PIE) = 3c 7 9x8 7 72 - 18 
4C 5 Red 3 Red 
2. 4x3 12 3 
ic 7 °C, (9x8 72 18 4 White 3 White 
Tm 5Cx'C, 5x4x2 40 _ 10 
(E) = 9C, ~ 9x8 72 18 
E)-v P(g) P(E) =S 
P = P =>. P = 
(£) 8’ (E) 8 "Ej 8 
s fE; 
We require P urb 
Now, by Baye's theorem 
A 
EX P(Es) PLE, 
irr A A A 
P(E,)-P\ p |* P(E) PE, )* PE)P| E 
10 4 40 
- 18 *8 - 144 _ 40 144 20 





5 5 3 8,10 4 - 25. 9 . 40 144*74 ~ 37 
18*8 18"8 18*8 144° 144° 144 





PROFICIENCY EXERCISE 





m Objective Type Questions: [1 mark each] 


1. Choose and write the correct option in the following questions. 


3 4 
(i) If A and B are two independent events with P(A) = 5 and P(B) = 9 then P(A' NB’) equals 


(a) M (P) a (c) E (d) 2 
(ii) If A and B are two events and A # 6$, B Z $, then 
P(AnB 
(a) P(A | B) = P(A). P(B) () PAI B= bam 
(c) P(A | B.P(B| A)=1 (d) P(A | B)= P(A) | P(B) 


(iii) If two events are independent then 
(a) they must be mutually exclusive 
(b) the sum of their probabilities must be equal to 1 
(c) both (a) and (b) are correct. 
(d) None of the above 
(iv) If the events A and B are independent, then P (A N B) equals 
(a) P(A) + P(B) (b) P(A) - P(B) (c) P(A) . P(B) (d) P(A)/P(B) 
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(v) For the following probability distribution: 


























X 1 D 3 4 
P(X) x i os 2 
10 5 10 5 
E(X?) is equal to 
(a) 3 (b) 5 (c) 7 (d) 10 
(vi) Eight coins are tossed together. The probability of getting exactly 3 heads is 
1 7 5 3 
(@) 556 (b) 35 (c) 35 a) 35 
(vii) A card is picked at random from a pack of 52 playing cards. Given that the picked card is a 
queen, the probability of this card to be a card of spade is [CBSE 2020 (65/5/1)] 
1 4 1 1 
a) 3 (b) 73 (c) T @) > 


(viii) A die is thrown once. Let A be the event that the number obtained is greater than 3. Let B be 
the event that the number obtained is less than 5. Then P(A UB) is [CBSE 2020 (65/5/1)] 


2 
a) $ O) 5 (0) 0 (a) 1 
2. Fill in the blanks. 
(i) If P(A) = 0.8, P (B) = 0.5, P(B/ A) = 0.4 then the value of P(A/B) is equal to 
(ii) The probability distribution of a random variable X, is given below: 





X 0 1 2 





P(X) 0.2 0.5 k 

















then the value of k is 
(iii) If the mean and variance of a binomial variate X are 2 and 1 respectively, then P(X = 1) = 


W Very Short Answer Questions: [1 mark each] 
3. Two coins are tossed. What is the probability of coming up two heads if it is known that at least 
one head comes up? 
4. Four cards are drawn from 52 cards with replacement. Find the probability of getting at least 
3 aces. 


5. A bag contains 5 white and 4 red balls. 2 balls are drawn from the bag. Find the probability that 
both balls are white. 

i. He fires 64 times. Find the expected number (u) of 
times he will hit the target and also the variance (0°). 

7. If P(A) = 04, P(B) = p, P(A U B) = 0.6 and A and B are given to be independent events, find the 
value of ‘p’. [CBSE (F) 2017] 


6. The probability that Hari hits a target is 


B Short Answer Questions-I: [2 marks each] 
8. Find the binomial distribution of which the mean is 4 and variance is 3. 
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10. 


11. 


12. 


13. 


m Short Answer Questions-II: 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Events A and B are such that P(A) = i P(B) = 5 and P (not A or not B) = i. State whether A 


and B are independent. 


Find the mean of the binomial distribution B (4 3] : 


If P(A) = Z P(B) =£ and P(AUB) == then find jt). (4). 


In a girl's hostel's, 60% of the students read Hindi newspaper, 40% read English newspaper and 
20% read both Hindi and English newspaper. A student is selected at random. If she reads English 
newspaper, then find the probability that she reads Hindi newspaper also. 


The probability of simultaneous occurrence of atleast one of two events A and B is p. If the 
probability that exactly one of A, B occurs is q, then prove that P(A) + P(B) =2-2p+q. 
[3 marks each] 


A and B throw a pair of dice alternately. A wins the game if he gets a total of 7 and B wins the game 
if he gets a total of 10. If A starts the game, then find the probability that B wins. [CBSE Delhi 2016] 


A random variable X has the following probability distribution: 





X 0 1 2 3 4 5 6 
P(X) G NE XE 3C E Das GG 
[CBSE (East) 2016] 


A and B throw a pair of dice alternately, till one of them gets a total of 10 and wins the game. Find 
their respective probabilities of winning, if A starts first. [CBSE (North) 2016] 
A box has 20 pens of which 2 are defective. Calculate the probability that out of 5 pens drawn one 
by one with replacement, at most 2 are defective. [CBSE (F) 2016] 


Let, X denote the number of colleges where you will apply after your results and P(X = x) denotes 
your probability of getting admission in x number of colleges. It is given that 



































Find the value of C and also calculate mean of the distribution. 


kx, ifx=Oorl 
2kx , ifx=2 

Figcaje k(5- x), ifx-3or4 
0 ifx>4 


where k is a positive constant. Find the value of k. Also, find the probability that you will get 
admission in (i) exactly one college (ii) at most 2 colleges (iii) at least 2 colleges. [CBSE (F) 2016] 


There are 4 cards numbered 1, 3, 5 and 7, one number on one card. Two cards are drawn at 
random without replacement. Let X denote the sum of the numbers on the two drawn cards. Find 
the mean and variance of X. [CBSE AI 2017] 


P speaks truth in 70% of the cases and Q in 80% of the cases. In what percent of cases are they 
likely to agree in stating the same fact? [CBSE Delhi 2013] 


In a group of 50 scouts in a camp, 30 are well trained in first aid techniques while the remaining 
are well trained in hospitality but not in first aid. Two scouts are selected at random from the 
group. Find the probability distribution of number of selected scouts who are well trained in first 
aid. Find the mean of the distribution also. [CBSE (F) 2013] 


Of the students in a school; it is known that 30% have 100% attendance and 70% students are 
irregular. Previous year results report that 70% of all students who have 100% attendance attain 
A grade and 10% irregular students attain A grade in their annual examination. At the end of the 
year, one student is chosen at random from the school and he has A grade. What is the probability 
that the student has 100% attendance? [CBSE (AI) 2017] 
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23. 


24. 


25; 


26. 


27; 


28. 


How many times should a man toss a fair coin so that the probability of having at least one head 
is more than 90%? 


Three numbers are selected at random (without replacement) from first six positive integers. Let 
X denote the largest of the three numbers obtained. Find the probability distribution of X. Also, 
find the mean and variance of the distribution. [CBSE (North) 2016] 


Suppose 10000 tickets are sold in a lottery each for 31. First prize is of 33000 and the second prize 


is of 32000. There are three third prizes of 3500 each. If you buy one ticket, then what is your 
expectation? [NCERT Exemplar] 


The probability that A hits a target is L and the probability that B hits it is 2 If each one of A 
and B shoots at the target, what is the probability that 

(i) the target is hit? (ii) exactly one of them hits the target? [CBSE (F) 2009] 
A bag X contains 4 white balls and 2 black balls, while another bag Y contains 3 white balls and 
3 black balls. Two balls are drawn (without replacement) at random from one of the bags and 
were found to be one white and one black. Find the probability that the balls were drawn from 
bag Y. [CBSE (North) 2016] 


The probabilities of two students A and B coming to the school in time are - and 2 respectively. 


Assuming that the events, ‘A coming in time’ and 'B coming in time’ are independent, find the 
probability of only one of them coming to the school in time. [CBSE (AI) 2013] 


W Long Answer Questions: [5 marks each] 


2H. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Find the probability distribution of the random variable X, which denotes the number of doublets 
in four throws of a pair of dice. 


Hence, find the mean of the number of doublets (X). [CBSE 20120 (65/2/1)] 


An insurance company insured 3,000 scooters, 4,000 cars and 5,000 trucks. The probabilities 
of the accident involving a scooter, a car and a truck are 0:02, 0:03 and 0:04 respectively. One 
of the insured vehicles meet with an accident. Find the probability that it is a (a) scooter 
(b) car (c) truck. [CBSE (AI) 2008] 


In a bolt factory, three machines A, B and C manufacture 25, 35 and 40 per cent of the total bolts 
manufactured. Of their output, 5, 4 and 2 per cent are defective respectively. A bolt is drawn at 
random and is found to be defective. Find the probability that it was manufactured by either 
machine A or C. [CBSE Allahabad 2015] 


In a factory which manufactures bolts, machines A, B and C manufacture respectively 30%, 50% 
and 20% of the bolts. Of their outputs 3, 4, 1 per cent respectively are defective bolts. A bolts is 
drawn at random from the product and is found to be defective. Find the probability that this is 
not manufactured by machine B. [CBSE Allahabad 2015] 


Find the mean, the variance and the standard deviation of the number of doublets in three throws 
of a pair of dice. [CBSE Sample Paper 2016] 


A, B and C throw a pair of dice in that order alternately till one of them gets a total of 9 and wins 
the game. Find their respective probabilities of winning, if A starts first. [CBSE (East) 2016] 
Bag A contains 3 red and 5 black balls, while bag B contains 4 red and 4 black balls. Two balls are 
transferred at random from bag A to bag B and then a ball is drawn from bag B at random. If the 
ball drawn from bag B is found to be red, find the probability that two red balls were transferred 
from A to B. [CBSE (F) 2016] 


An urn contains 3 white and 6 red balls. Four balls are drawn one by one with replacement from 
the urn. Find the probability distribution of the number of red balls drawn. Also find mean and 
variance of the distribution. [CBSE Delhi2016] 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 





Five bad oranges are accidently mixed with 20 good ones. If four oranges are drawn one by one 
successively with replacement, then find the probability distribution of number of bad oranges 


drawn. Hence find the mean and variance of the distribution. [CBSE (Central) 2016] 
If A and B are two independent events such that P(AnB) = E and P(ANB) = L, then find 


P(A) and P(B). [CBSE Delhi 2015] 
An urn contains 5 red and 2 black balls. Two balls are randomly drawn, without replacement. Let 
X represent the number of black balls drawn. What are the possible values of X? Is X a random 
variable? If yes, find the mean and variance of X. [CBSE Ajmer 2015] 
A man is known to speak truth 3 out of 5 times. He throws a die and reports that it is 4. Find the 
probability that it is actually a 4. [CBSE Bhubaneswar 2015] 
There are two boxes I and II. Box I contains 3 red and 6 black balls. Box II contains 6 red and ‘n’ black 
balls. One of the two boxes, box I and box II is selected at random and a ball is drawn at random. 
The ball drawn is found to be red. If the probability that this red ball comes out from box II is S , 
find the value of ‘n’. [CBSE 2019 (65/3/1)] 


A girl throws a die. If she gets a 5 or 6, she tosses a coin three times and notes the number of 
heads. If she gets 1, 2, 3 or 4, she tosses a coin two times and notes the number of heads obtained. 
If she obtained exactly two heads, what is the probability that she threw 1, 2, 3 or 4 with the die? 


[CBSE Delhi 2012] 
A bag contains 4 balls. Two balls are drawn at random and are found to be white. What is the 
probability that all balls are white? [CBSE (AI) 2010] 


Two groups are competing for the position on the Board of Directors of a corporation. The 
probabilities that the first and the second group will win are 0. 6 and 0 .4 respectively. Further, if 
the first group wins, the probability of introducing a new product is 0.7 and the corresponding 
probability is 0.3, if the second group wins. Find the probability that the new product was 
































introduced by the second group. [CBSE Delhi 2009] 
Answers 
1. (i) (d) (ii) (b) (ii) (d) (iv) (c) (v) (d) (vi) (b) 
vii) (c vill) (d 
2 on ' " s ay m 4l EE 2 
TRU ' 16 3 ` 28561 ' 18 
1 al pe ee 1) 
6. 16,12 7. 3 8. p- pan 16; B(16,4 9. No 
4 7 1 5 NS 
10. 3 11. 12 12. > 14. 17 15. C= 107 2.66 
12 11 99144 1 sd 2B mE d 
16. 53:23 17. 400000 18. k= g (i) 8 (ii) 8 (iii) 8 
20 x 0 1 p 
19. 83 20. a or 62% 21. ; mean -SE 
pop | 9 | 120 o£ 
245 245 245 
22. + 23. n24 
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24. 


25, 


29, 


30. 


31. 


34. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 























x 3 4 5 6 
P(X) de 3 Los 10 
20 20 20 20 





Mean = 5.25, variance = 0.79 
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KO D 9 26 
0.65 26. (i) 5 (ii) 15 27 17 28. 49 
X 0 1 2 3 4 
PO) 625 500 150 20 1 ; Mean - 
1296 1296 1296 1296 1296 
3 6 10 
Ow Ow Ow 
41 11 1. 5 cn. ¥15 
69 32. 3l 33. Mean = 27 Var- 127 SD 6 
81 72 64 a d 
217’ 217’ 217 ' 33 
Mean = $ Var= Š Xorx 0 1 2 3 4 
P(X) or 1 8 24 32 16 
po) 81 81 81 81 81 
X 0 1 2 3 4 
Mean = t Var = 1e 
P(X) 256 | 256 96 16 1 
625 625 625 625 625 
1 1 
P(A) = 5, P(B) = 
Hint: Apply P (A ^B) =P (A).P(B) 
P (A ^ B) =P (A). P (B) 
P(An^B)- P(A).P (B) 
X is random variable and have values 0, 1, 2 


4 : 50 
Mean = 7 and variance = 147 


ant P(X =0)=7¢2, P(X=1) — P(X 22) - 7c 
int: = —-, = 2—1-—1 = as 
TC "C "ES 
3 
13 
Hint: Let E} = 4 occurs; E, = 4 does not occur; A = man report that 4 occurs. 
P(E)- GPE) * 5, P(A/E) = 5 A/E) Hs 
P (E, / A) = required 
n=5 
4 3 
7 43. 5 44. g 
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SELF-ASSESSMENT TEST 
Time allowed: 1 hour Max. marks: 30 


1. Choose and write the correct option in the following questions. (4x1=4) 
(i) If two events are independent, then 


(a) they must be mutually exclusive 

(b) the sum of their probabilities must be equal to 1 
(c) both (a) and (b) are correct 

(d) none of the above is correct 


(ii) Three person A, B and C, fire at a target in turn, starting with A. Their probability of hitting 
the target are 0.4, 0.3 and 0.2, respectively. The probability of two hits is 


(a) 0.025 (b) 0.188 (c) 0.339 (d) 0.475 


(iii) In a college, 30% students fail in Physics, 25% fail in Mathematics and 10% fail in both. One 
student is chosen at random. The probability that she fails in Physics, if she has failed in 
Mathematics is 


3 2 7 1 
(2) i9 (b) 5 (c) gg (d) 3 
(iv) In a box containing 100 bulbs, 10 are defective. The probability that out of a sample of 5 bulbs, 


none is defective is 


(a) 107 (b) (5) © (2) a 2 


2. Fillin the blanks. (2x122) 


(i) Two dice are thrown. The probability of getting an odd number on first and a multiple of 3 on the 
other die, is 


(ii) If A and B' are independent events then P(A’ UB) = 1- 


m Solve the following questions. (2x122) 
3. Given that E and F are events such that P(E) = 0.6, P(F) = 0.3 and P(E A F) = 02, find P(E/F) and 
P(F/E). 


4. Compute P(A/B) if P(B) = 0.5 and P(A n B) = 0.32. 
m Solve the following questions. (4 x 2 = 8) 


ic A 
5. Given that P(A) = 04, P(B) = 02 and P( =) = 0.5. Find P(A U B). 
6. 10% of the bulbs produced in a factory are of red colour and 2% are red and defective. If one bulb 
is picked up at random, determine the probability of its being defective if it is red. 


7. Events A and B are such that P(A) = 1, P(B) = & and P (not A or not B) = i. State whether A 


and B are independent. 


8. The probability of simultaneous occurrence of atleast one of two events A and B is p. If the 
probability that exactly one of A, B occurs is q, then prove that P(A) + P(B) - 2-2p * q. 
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B Solve the following questions. (3 x329) 


9. A and B throw a pair of dice alternately, till one of them gets a total of 10 and wins the game. Find 
their respective probabilities of winning, if A starts first. 


10. There are 4 cards numbered 1, 3, 5 and 7, one number on one card. Two cards are drawn at 
random without replacement. Let X denote the sum of the numbers on the two drawn cards. Find 
the mean and variance of X. 


11. Of the students in a school; it is known that 30% have 100% attendance and 70% students are 
irregular. Previous year results report that 70% of all students who have 100% attendance attain 
A grade and 10% irregular students attain A grade in their annual examination. At the end of the 
year, one student is chosen at random from the school and he has A grade. What is the probability 
that the student has 100% attendance? 


m Solve the following question. (1x52 5) 
12. Five bad oranges are accidently mixed with 20 good ones. If four oranges are drawn one by one 


successively with replacement, then find the probability distribution of number of bad oranges 
drawn. Hence find the mean and variance of the distribution. 














Answers 
1. (i) (d) (i) (b) (iii) (b) (iv) (c) 
2. (4 (i) P(A).P(B') 
21 16 1 12 11 
3. 33 4. 25 5. 07 6. 5 7. No 9. 23'23 
Hk Menses Vans an 3i Means = Ware? 
. Mean = 8, Variance = 3 an . Mean = 5/ ar-, 
EM o 1 2 3 4 
EE 256 | 256 | 9 16 1 
EM o | 625 | 625 | 625 | 625 
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PARI-B 





COMPETENCY-BASED 
QUESTIONS 


(CASE STUDY BASED QUESTIONS) 


A MATHEMATICS 





Case Study Based 
Questions 






Chapter-1: Relations and Functions 





1. 


Read the following and answer any four questions from (i) to (v). 
A general election of Lok Sabha is a gigantic exercise. About 911 million people were eligible to 
vote and voter turnout was about 67%, the highest ever 


ONE - NATION 
ONE - ELECTION 
FESTIVAL OF 
DEMOCRACY 
GENERAL ELECTION- 2019 


MY VOTE 
MY VOICE 





Let I be the set of all citizens of India who were eligible to exercise their voting right in general 
election held in 2019. A relation ‘R’ is defined on I as follows: 


R= (V4, V2) : Vj, V; e I and both use their voting right in general election — 2019} 
[CBSE Question Bank] 


Answer the questions given below. 


(i) Two neighbours X and Y e I. X exercised his voting right while Y did not cast her vote in 
general election — 2019. Which of the following is true? 


(a) (X, Y) e R (b) (Y, X) eR 
(c) (X, X) eR (d) (X, Y € R 
(ii) Mr.'X' and his wife "W' both exercised their voting right in general election -2019, Which 
of the following is true? 
(a) both (X, W) and (W,X) e R (b) (X, W) € R but (W,X) e R 
(c) both (X, W) and (W,X) e R (d) (W,X) e R but (X;2W) e R 
(iii) Three friends F,, F, and F, exercised their voting right in general election- 2019, then 
which of the following is true? 
(a) (Fi, F2 ) € R, (F, F3) € R and (F}, F3) € R 
(b) (F1, Fo) € R, (Fo, F3) € R and (F,, F3) eR 
(c) (F,, F2 ) € R, (Fz Fo) ER but (F3, F3) eR 
(d) (F,, Fy) £ R, (F, F3) e R and (F, F3) eR 
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(iv) The above defined relation R is 
(a) Symmetric and transitive but not reflexive 
(b) Universal relation 
(c) Equivalence relation 
(d) Reflexive but not symmetric and transitive 
(v) Mr. Shyam exercised his voting right in General Election - 2019, then Mr. Shyam is 
related to which of the following? 
(a) All those eligible voters who cast their votes 
(b) Family members of Mr.Shyam 
(c) All citizens of India 
(d) Eligible voters of India 
Sol. We have a relation 'R' is defined on I as follows: 
Rz (V4, Vo}: Vj, V; e Land both use their voting right in general election — 2019} 
(i) Two neighbors X and Y e I. Since X exercised his voting right while Y did not cast her vote 
in general election — 2019 
Therefore, (X, Y) € R 
-. Option (d) is correct. 
(ii) Since Mr. 'X' and his wife 'W' both exercised their voting right in general election — 2019. 
-. Both (X, W) and (W, X) e R. 
-. Option (a) is correct. 
(iii) Since three friends F}, F, and F, exercised their voting right in general election — 2019, 
therefore 
(F,FE)eR,(F,F)eRand(F,F)eR 
-. Option (a) is correct. 
(iv) This relation is an equivalence relation. 
-. Option (c) is correct. 
(v) Mr. Shyam exercised his voting right in General election — 2019, then Mr. Shyam is related 
to all those eligible votes who cast their votes. 
-. Option (a) is correct. 
2. Read the following and answer any four questions from (i) to (v). 
Sherlin and Danju are playing Ludo at home during Covid-19. While rolling the dice, Sherlin's 
sister Raji observed and noted the possible outcomes of the throw every time belongs to set 
{1,2,3,4,5,6}. Let A be the set of players while B be the set of all possible outcomes. 


t be 
à WE 
[CBSE Question Bank] 





A ={S, D}, B = {1,2,3,4,5,6} 
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Answer the questions given below. 
(i) Let R : B— B be defined by R = {(x, y): y is divisible by x} is 
(a) Reflexive and transitive but not symmetric 
(b) Reflexive and symmetric and not transitive 
(c) Not reflexive but symmetric and transitive 
(d) Equivalence 


(ii) Raji wants to know the number of functions from A to B. How many number of functions 


are possible? 
(a) 6? (b) 26 (c) 6! 0027 


(iii) Let R be a relation on B defined by R = {(1,2), (2,2), (1,3), (3,4), (3,1), (4,3), (5,5)}. Then R is 


(a) Symmetric (b) Reflexive (c) Transitive (d) None of these three 


(iv) Raji wants to know the number of relations possible from A to B. How many numbers of 


relations are possible? 


(a) 6? (b) 2° (c) 6! (d) 2” 

(v) Let R: B —> B be defined by R={(1,1),(1,2), (2,2), (3,3), (4,4), (5,5),(6,6)}, then R is 
(a) Symmetric (b) Reflexive and Transitive 
(c) Transitive and symmetric (d) Equivalence 


Sol. (i) | Given : B 2 B be defined by 
R = {(x, y) : y is divisible by x} 
Reflexive : Let x € B, since x always divide x itself. 
“(x,x) ER 
It is reflexive. 
Symmetric : Let x, y € B and let (x, y) € R. 
= y is divisible by x. 


=> E = k, where k is an integer. 
> m * # integer. 
(y, X) e R 


Itis not symmetric. 


Transitive : Let x, y, z e B and 


ze k, , where k; is an integer. 


let(,y) eR > 7% 


z ; 
7, =k,, where k, is an integer. 


and, (y, z) eR > y 


y . 
xy "hd 7 E (integer) 
Z 

> 0k > (%z)ER 


It is transitive. 


Hence, relation is reflexive and transitive but not symmetric. 
Option (a) is correct. 
(ii) We have, 
A={S,D} => n(A)=2 
and, B={1,2,3,4,5,6} = n(B)=6 
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Number of functions from A to B is 6”. 
Option (a) is correct. 
(iii) Given, 
R bea relation on B defined by 
R= ({(1, 2), (2, 2), (1, 3), (3, 4), (3, 1), (4, 3), (5, 5)] 
R is not reflexive since (1, 1), (3, 3), (4,4) e R 
Ris not symmetric as (1, 2) e R but (2,1) e R 
and, Ris not transitive as (1,3) e Rand (3,1) eR but (1,1) e R 
R is neither reflexive nor symmetric nor transitive. 
-. Option (d) is correct. 
(iv) Total number of possible relations from A to B = 2 
-. Option (d) is correct. 
(v) Given R : B 2 B be defined by R = {(1, 1), (1, 2), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} 
. Ris reflexive as each elements of B is related to itself and R is also transitive as (1,2) € R 
and (2,2)e R > (L2)eR. 
R is reflexive and transitive. 
-. Option (D) is correct. 
3. Read the following and answer any four questions from (i) to (v). 


An organization conducted bike race under 2 different categories-boys and girls. In all, there 
were 250 participants. Among all of them finally three from Category 1 and two from Category 2 
were selected for the final race. Ravi forms two sets B and G with these participants for his college 
project. 

Let B = (b, by, b4] G={g1, 82} where B represents the set of boys selected and G the set of girls who 
were selected for the final race. [CBSE Question Bank] 





Answer the questions given below. 


(i) Ravi wishes to form all the relations possible from B to G. How many such relations are 
possible? 
(a) 2° (b) 2° (c) 0 (d) 2° 
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(ii) Let R: B B be defined by R = {(x, y) : x and y are students of same sex}, Then this relation 
Ris 
(a) Equivalence (b) Reflexive only 
(c) Reflexive and symmetric but not transitive 
(d) Reflexive and transitive but not symmetric 


(iii) Ravi wants to know among those relations, how many functions can be formed from 


B to G? 
(a) 2? (b) 2? (c) 3 (d) 2° 
(iv) Let R: B > G be defined by R = { (b, g1), (bz 85), (b4,21)), then R is 
(a) Injective (b) Surjective 
(c) Neither Surjective nor Injective (d) Surjective and Injective 


(v) Ravi wants to find the number of injective functions from B to G. How many numbers of 
injective functions are possible? 


(a) 0 (b) 2! (c) 3! (d) 0! 
Sol. We have sets 
B = (b, b, b3}, G = {81 82} 
=> n(B)=3andn(G)=2 
(i) Number of all possible relations from B to G = 2°*? = 96 
Option (a) is correct. 
(ii) Given relation R = [(x, y) : x and y are student of same sex} 
On the set B. 
Since the set is B = {b}, by, b3} = all boys 
It is an equivalence relation. 
Option (a) is correct. 
(iii) We have, 
B = {b}, bo, b3} => n(B)=3 
G= {8,8} = n(G)=2 
Total no. of possible functions from B to G = 2? 
Option (d) is correct. 
(iv) We have, 
R:B— G be defined by 
R = {(b;, 83), (bz 82), (bz, 8) 
It is not injective because (b4, 894) e Rand (b, g4) € R 
So b,# b, — same image g. 
It is surjective because its Co-domain = Range. 
R is surjective. 
Option (b) is correct. 
(v) Since R is not injective therefore number of injective functions = 0. 


Option (a) is correct. 
4. Read the following and answer any four questions from (i) to (v). 


Students of Grade 9, planned to plant saplings along straight lines, parallel to each other to one 
side of the playground ensuring that they had enough play area. Let us assume that they planted 
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one of the rows of the saplings along the line y = x — 4. Let L be the set of all lines which are 
parallel on the ground and R be a relation on L. [CBSE Question Bank] 





Answer the questions given below. 


(i) Let relation R be defined by R = ((L4, Lj): L4 || L; where L4, L, € L} then R is relation 
(a) Equivalence (b) Only reflexive 
(c) Not reflexive (d) Symmetric but not transitive 


(ii) Let R = (U4, Lj: L4 L L, where L4, L, <= L} which of the following is true? 
(a) R is Symmetric but neither reflexive nor transitive. 
(b) R is Reflexive and transitive but not symmetric. 
(c) R is Reflexive but neither Symmetric nor transitive. 
(d) R is an Equivalence relation. 
(iii) The function f: R > R defined by f(x) = x - 4 is 


(a) Bijective (b) Surjective but not injective 

(c) Injective but not Surjective (d) Neither Surjective nor Injective 
(iv) Let f: R — R be defined by f(x) = x - 4. Then the range of f(x) is 

(a) R (b) Z (c) W (d) Q 


(v) Let R = (04, L, ) : L; is parallel to L, and L; : y = x - 4} then which of the following can be 
taken as L, ? 


(a) 2x-2y+5=0 (b)2x+y=5 (c) 2x + 2y+7=0 (d)x+y=7 
Sol. (i) Given relation R defined by 
R = {(L,, Lj) : L4 || La where L,, L, € L} 
Reflexive : Let L; € L > L || L; > (Li Lj) ER. 
It is reflexive. 

Symmetric : Let L}, L, € L and let (L4, Lj) € R. 

> LL > LL 

=> (L,Lj)eR 
It is symmetric. 


Transitive : Let L4, L5, L4 € L. 
and, let (Lj, Ly) € R and (Ly, L3 € R 
L, || Ly and Ly || Lg 
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=> Lll, => (L,L;)¢R 
It is transitive. 
Hence R is an equivalence relation. 
Option (4) is correct. 
Given relation R defined by R = {(L,, Ly) : Lj L L, where L4, L, € Lj 
Reflexive : Since every line is not perpendicular to itself. 
^ (Ly lL) € R 
It is not reflexive. 
Symmetric : Let Lj, Ly € Land let (L4, L5) € R 
> LLL > LIL, 
=> (L,Lj)eR 
It is symmetric. 
Transitive : Let Lj, L,, Lz € L 


(ii 


— 


and, let (L4, Ly) € R and (Ly, La) € R 
Lı LL, and L, L L4 
= LL 
=> (Lp L} R 
It is not transitive. 
Hence relation R is symmetric but neither reflexive nor transitive. 
Option (a) is correct. 
Given function f : R > R defined by f(x) = x - 4 
Injective : Let xj, x; € R such that x, # x». 
> a -4sx,-Afpn) v foc) 
It is injective. 


(iii 


— 


Surjective: Lety 2x -4 > x=y+4 
for every y € R there exists x e R. 
ie, Co-domain = Range 
It is surjective. 
Hence given function is bijective. 
Option (a) is correct. 
Given function f : R > R defined by f(x) = x - 4 
Let y=fx%) > y=x-4 => xzy*4 


(iv 


— 


— xeR => yeR 
Range of f(x) is R (Set of real numbers). 
Option (a) is correct. 
(v) Option (a) is correct choice, because the equation of line 2x - 2y + 5 = 0 is parallel to y = x - 4. 
Option (a) is correct. 
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Chapter-2: Inverse Trigonometric Functions 


1. Read the following and answer any four questions from (i) to (v). 








Two men on either side of a temple 30 meters high observe its top at the angles of elevation a and 
p respectively. (as shown in the figure above). The distance between the two men is 40/3 metres 


and the distance between the first person A and the temple is 30/3 metres. Based on the above 
information answer the following: 


[CBSE Question Bank] 
Answer the questions given below. 
(i) ZCAB=a= 
2 1 J3 
EE - -1/ 4 Se | - -1f V9 
(a) sin (45) (b) sin (5) (c) sin (2) (d) sin 2 ) 
(ii) ZCAB=a= 


Oo) Meos(Z) ^ ee) ^ es; 
(iii) ZBCA =f = 


| (a) tan! (5) (b) tan (2) (c) tan? (=z) (d) tan! (/3) 

(iv) ZABC = 

(a) 4 (b) — () > () 2 
(v) Domain and Range of cos! x are respectively 

(a) (-1, 1), (0, n) (b) [-1, 1], (0, n) (c) [-1, 1], [0, Tt] (d) (-1, 1) E 2| 

Sol. We have, 
B 
LN E (\ 


= 3043m P10Bm © 


(i) Now in AABD (right angled) 
BD 30 1 1 

=> tana=—==tan 30° 
AD 30/8 ¥3 v3 








tan Q = 
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> a = 30° 


U 


sin a = sin 30°= 5 


(2) 
> qa=sin 2 
Option (b) is correct. E 
(ii) We have from (i)a =30° = | cosa 7 cos 30? = E 
E 
=> Q-2cos |—- 


2 
Option (c) is correct. 


(iii) In right ABCD, we have 


BD: 4.30 _~ 3 _ 
tanb = pc => tanb 10/8 3 nel 
=> -tan'!(/3) 


Option (d) is correct. 
(iv) In AABC, we have, 
ZABC + ZBAC + ZACB = 180° 


=> ZABC+a+P=180° = ZABC+30°+ 60° = 180° [From (iii) B = tan! (/3) = 60°] 


=> ZABC=90° 
= ZABC=> 
Option (c) is correct. 
(v) Let cos! x = y => x=cosy 
-1 < cosy <1 > -1<x<1 => Domain = [-1, 1] 





0xyzm => Range -[0,m]. 
Option (c) is correct. 
Read the following and answer any four questions from (i) to (v). 


The Government of India is planning to fix a hoarding board at the face of a building on the road 
of a busy market for awareness on COVID-19 protocol. Ram, Robert and Rahim are the three 
engineers who are working on this project. “A” is considered to be a person viewing the hoarding 
board 20 metres away from the building, standing at the edge of a pathway nearby. Ram, Robert 
and Rahim suggested to the firm to place the hoarding board at three different locations namely 
C, D and E. "C" is atthe height of 10 metres from the ground level. For the viewer A, the angle of 
elevation of "D" is double the angle of elevation of "C" The angle of elevation of “E” is triple the 
angle of elevation of "C" for the same viewer. Look at the figure given and based on the above 


information answer the following: [CBSE Question Bank] 
E 
D 
C 
10m 
A 5m A 20m B 
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Answer the questions given below. 
(i) Measure of ZCAB = 


(a) tan (2) (b) tan! (5) (c) tan *(1) (d) tan !(3) 
(ii Measure of ZDAB = 

(a) tan! (3) (b) tan! (3) (c) tan! (5) (d) tan (4) 
(iii) Measure of ZEAB = " - 

(a) tan! (11) (b) tan (3) (c) tan? (=) (d) tan! (>) 


(iv) A’ Is another viewer standing on the same line of observation across the road. If the 
width of the road is 5 metres, then the difference between ZCAB and ZCA’B is 


afl 4/1 {2 4/11 
(a) tan iei (b) tan (5) (c) tan (2) (d) tan (37) 
(v) Domain and Range of tan™ x are respectively 


exhi orli) orii exi 


Sol. Let ZCAB = a, therefore ZDAB = 2a and ZEAB = 3a. 
(i) In right AABC, we have 


TE -10-1 
ana= Ap 320.2 10m 


1 
=> a =tan7! i 


1 A 
=> ZCAB= tan! (=) 20m B 


Option (b) is correct. 
(ii) We have, tana = i (from (1)) D 


2tana zl 


1- tan?a dis 





tan 2a = 


BIL RN [eR 
o 
3 


4 
3 ae 


N 

o 

3 
UJ 


=> ZDAB= tan! ( 


Option (c) is correct. 


(iii) We have, tan q= - 


3tana - tana 
1-3tan?a 


1 fiv 
3*3-(2) 


Ly 10m 








tan 3a 


a 
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tan 3a = 


11 11 
> 3a = tant (5) > ZEAB= tan (5. 


Option (d) is correct. 








(iv) Let ZCA'B- p C 
We have, In A'CB 
_ BC _ 10 
tenB- a 2045 
10 2 10m 
> tan B= 25 5 
=> p-tan'! ($) = L 
5 A' 5m A 20m B 
2 1 
=>  ZCAB-tan! (3) and we already know ZCAB = tan! (5) 
L E 1 ES 2 
ZCAB- ZCA'B-tan | -tan 5 
12 5-4 
4| 2 5 4| 10 
-tan 1 2 tan 12 
+x T 
2 5 10 
1 
24and(|-—— 
=tan (5 | 
Option (a) is correct. 
(v) Domain and Range of tan ! x are respectively (—o, œ) and 2 2) ie R, z 2) 
Option (c) is correct. 
Hil 


Chapter-3: Matrices 


1. Read the following and answer any four questions from (i) to (v). 
A manufacturer produces three stationery products Pencil, Eraser and Sharpener which he sells 
in two markets. Annual sales are indicated below 


The Little 


n Shop é 


Greeting Cards, Art & Craft Items + Much More 
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Products (in numbers) 


Market 


If the unit sale price of Pencil, Eraser and Sharpener are 32.50, 31.50 and 31.00 respectively, and 
unit cost of the above three commodities are 32.00, 1.00 and 30.50 respectively, then, 























[CBSE Question Bank] 
Answer the questions given below. 
(i) Total revenue of market A is 
(a) %64,000 (b) 360,400 (c) 746,000 (d) 340,600 
(ii) Total revenue of market B is 
(a) 735,000 (b) $53,000 (c) 850,300 (d) 330,500 
(iii) Cost incurred in market A is 
(a) 713,000 (b) 330,100 (c) 310,300 (d) 331,000 
(iv) Profit in market A and B respectively are 
(a) (15,000, 317,000) (b) (317,000, 315,000) 
(c) (851,000, 371,000) (d) ( 10,000, 320,000) 
(v) Gross profit in both market is 
(a) 323,000 (b) 320,300 (c) 332,000 (d) 330,200 
2.50 
Sol. (i) Total revenue for market A -|10,000 2000 18000 || 1.50 
1.00 
= 10,000 x 2.50 + 2000 x 1.50 + 18000 x 1.00 
= 346000 
Option (c) is correct. 2.50 
(ii) Total revenue for market B=|6,000 20,000 8,000 | 1.50 
1.00 
= 6,000 x 2.50 + 20,000 x 1.50 + 8,000 x 1.00 
= 353000 
Option (b) is correct. 2.00 
(iii) Cost incurred in market A-/10,000 2000 18000 || 1.00 
0.50 
= 10,000 x 2.00 + 2000 x 1.00 + 18000 x 0.50 
= 331000 
Option (d) is correct. 
(iv) We have, 2.00 
Cost incurred in market B -/6,000 20,000 8,000 || 1.00 
0.50 








= 6,000 x 2.00 + 20,000 x 1.00 + 8,000 x 0.50 
= 12,000 + 20,000 + 4000 
= 336,000 

Profit in market A = 46,000 — 31,000 = 15,000 
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and profitin market B = 53,000 — 36,000 = 17,000 
-. Option (a) is correct. 
(v) Gross profit = Total SP - Total CP for both market A and B. 
= (46,000 + 53,000) — (31,000 + 36,000) 
= 32,000 
-. Option (c) is correct. 


2. Read the following and answer any four questions from (i) to (v). 


Amit, Biraj and Chirag were given the task of creating a square matrix of order 2. Below are the 
matrices created by them. A, B , C are the matrices created by Amit, Biraj and Chirag respectively. 


etes 


sa) du. 
If a = 4 and b = 2, based on the above information answer the following: [CBSE Question Bank] 








Answer the questions given below. 
( Sum of the matrices A, B and C , A + (B + C) is 




















16 61 7 2 21 
a) |» | (b) E | (c) : J (d) P | 
(ii) (AD)! is equal to 
12 2 1 1-1 2.3 
Wis (b) E E (c) l J (d) E l 
(iii) (DA)! is equal to 
2 4 35 m -6 2 
a PE © L4 E ©) i n @) E z 
(iv) AC- BC is equal to 
-4 -6 4-4 4-4 rE 
@ |4 Hj eh LE (*) |_¢ H RI È 4 
(v) (a + b)B is equal to 
0 8 2 10 8 0 2 0 
 |10 J e l 3 (c) b " (i) f o 





Sol. (i) We have, 


A+(B+C)= E eth shh Sh 


ZE SUE | 
A 


-. Option (c) is correct. 
(ii) We have, 


=> A+B+0-| 








are[ 2] MiS. 
~|{-1 3| |2 3 

T 
ena 2 
= (4) T. 








-. Option (a) is correct. 
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(iii) We have, 


puros 12| [2 4 
“Tat 3| |2 -6 
T 
7 _|-2 A| |-2 2 
om) E E dr 2| 
-. Option (D) is correct. 
(iv) We have, 


ac~Bc-| 7, ls ghi sli 5 


4-4] [8 0] [4-4 
"| ei ao| |-6 4 








-. Option (c) is correct. 
(vc) We have 4 40 
(a+byp= a -m n s-a J 
0 


-$ 10 


-. Option (c) is correct. 
3. Read the following and answer any four questions from (i) to (v). 
Three schools DPS, CVC and KVS decided to organize a fair for collecting money for helping the 
flood victims. They sold handmade fans, mats and plates from recycled material at a cost of 325, 
3100 and 350 each respectively. The numbers of articles sold are given as 
X" CUN 





[CBSE Question Bank] 
Answer the questions given below. 
(i) What is the total money (in 3) collected by the school DPS? 
(a) 700 (b) 7,000 (c) 6,125 (d) 7875 


538 Xam idea Mathematics-XIl 


(ii) What is the total amount of money (in 3) collected by schools CVC and KVS? 


(a) 14,000 (b) 15,725 (c) 21,000 (d) 13,125 
(iii) What is the total amount of money collected by all three schools DPS, CVC and KVS? 
(a) 315,775 (b) 314,000 (c) 321,000 (d) 317,125 


(iv) If the number of handmade fans and plates are interchanged for all the schools, then 
what is the total money collected by all schools? 
(a) 318,000 (b) 36,750 (c) 35,000 (d) 321,250 
(v) How many articles (in total) are sold by three schools? 
(a) 230 (b) 130 (c) 430 (d) 330 
Sol. (i) Total money (in Rupees) collected by the school DPS 


Handmade fans Mats Plates m 
i 40 50 20 50 


= 40 x 25 + 50 x 100 + 20 x 50 = 1000 + 5000 + 1000 
= 37000 
-. Option (D) is correct. 
(ii) Amount of money collected by CVC and KVS 


-la 40 | ^ 


100 
35 50 40 50 


25x25 40x100+ ps iua 


35x 25+ 50x100+ 40x50| |7875 


Total amount of money collected by CVC and KVS 
= 6125 + 7875 = 314,000 
-. Option (a) is correct. 





(iii) Total amount of money collected by all three schools 
= 7000 + 6125 7875 = 321,000 
-. Option (c) is correct. 
(iv) After interchanging the number of handmade fans and plates, 
We have 
School/Article 
Handmade fans 


Mats 





Plates 


Amount of money collected by all schools 

20 50 40]|25| |20x25 + 50x100 + 40x50 
30 40 25||100/2|30x25 + 40x100 + 25x50 
40 50 35|[50] |40x25 + 50x100 + 35x50 


7500 
6000 
7750 


Total amount = 7500 + 6000 + 7750 = 321,250 
-. Option (d) is correct. 


L——————À 
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(v) Total number of articles sold by three schools 
= (40 + 25 + 35) + (50 + 40 + 50) + (20 + 30 + 40) 
= 100 + 140 + 90 = 330 
-. Option (d) is correct. 
4. Read the following and answer any four questions from (i) to (v). 
On her birth day, Seema decided to donate some money to children of an orphanage home. 
If there were 8 children less, everyone would have got X10 more. However, if there were 16 


children more, everyone would have got 310 less. Let the number of children be x and the amount 
distributed by Seema for one child be y (in 3). [CBSE Question Bank] 





Answer the questions given below. 


(i) The equations in terms of x and y are 


















































(a) 5x - 4y = 40 (b) 5x - 4y = 40 (c) 5x — 4y = 40 (d) 5x + 4y = 40 
5x — 8y = -80 5x — 8y = 80 5x + 8y = -80 5x — 8y = -80 
(ii) Which of the following matrix equations represent the information given above? 
5 A|x| | 40 5 -A|[x| |40 
(e) l 8 | i e Q l -8ky| [80 
5 -A|x| | 40 5 4|x| |40 
{c} l -8lv|- a (d) l -8lv!- E 
(iii) The number of children who were given some money by Seema, is 
(a) 30 (b) 40 (c) 23 (d) 32 
(iv) How much amount is given to each child by Seema? 
(a) 332 (b) S30 (c) S62 (d) 326 
(vo) How much amount Seema spends in distributing the money to all the students of the 
orphanage? 
(a) X609 (b) 3960 (c) 3906 (d) S690 


Sol. (i) We have number of children be x and amount for one child be ®y. 
Total amount distributed by Seema - 3 xy 

Now, according to question 

(x-8)(y+10)=xy = 10x-8y=80 
=> 5x-4y=40 ..(i) 

Also, 
(x +16) (y-10)=xy => xy-10x + 16y -160 = xy 

> -10x + 16y =160 = 5x-8y--80 (i) 
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Equations be 
5x — 4y = 40 
5x — 8y = -80 
Option (4) is correct. 
(ii) Given equation can be written in matrix form as follows: 
_|5 -4||x|. | 40 | 

















5 -8]||y| |-80 


Option (c) is correct. 
(iii) We have, 














7 | 40 
5 -8}ly| |-80 
hk od 
=> AX=B => X=A"B (iii) 





5 4 5 -4 
a-l S| > a à| =-40+20= -2040 


. Inverse of Matrix A exists. 
'. Co-factors of Matrix A are 





Cy =-8, Cy = 
Cy =-5, Cy. = 5 
f -8 4 4, adja 
als | A A 
4. [78 4 
= 4 =90|-5 5 


inii in ie we get 
7 -8 4 1 [-320 -320 
E -» 55 PIE ~ 20 |-200 -400 


32 
“fe > x = 32, y = 30 








x 
y 
Number of children - 32 
Option (d) is correct. 
(iv) Amount given to each child = y 











= 330 
Option (b) is correct. 
(v) Total amount be distributed by Seema - xy 
= 32 x 30 
=F 960 
Option (D) is correct. 
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Chapter-6: Continuity and Differentiability 


1. Read the following and answer any four questions from (i) to (v). 


A potter made a mud vessel, where the shape of the pot is 
based on f(x) = |x -3| + | x - 2|, where f(x) represents the 


height of the pot. 





[CBSE Question Bank] 
Answer the questions given below. 
(i) When x > 4 What will be the height in terms of x ? 
(a) x - 2 (b) x -3 (c) 2x - 5 (d) 5 - 2x 
(ii) Will the slope vary with x value? 
(a) Yes (b) No 
(c) may or may not vary (d) none of these 
(iii) What is ae atx 237 
dx 
(a) 2 (b) -2 
(c) Function is not differentiable (d) 1 
(iv) When the x value lies between (2, 3) then the function is 
(a) 2x - 5 (b) 5 - 2x (c) 1 (d) 5 
(v) If the potter is trying to make a pot using the function f(x) = [x] , will he get a pot or not? 
Why? 


(a) Yes, because it is a continuous function 
(b) Yes, because it is not continuous 
(c) No , because it is a continuous function 
(d) No , because it is not continuous 


Sol (i) We have, f(x) = |x -3| + |x-2| 
When x > 4 
f(x) = (x - 3) + (x-2) =2x-5 
-. Option (c) is correct. 
(ii) Yes, because when 2 < x < 3, we have 
fix) --(-3)*(x-2)-1 
=> Slope =f'(x) =0 
but when x > 3, we have 
f(x) =x-34+x-2=2x-5 
then slope = f'(x) = 2 
-. Option (a) is correct. 


(ii) Atx=3 — @3-A)- 3) . .(38.A-3)4(3-A-2-1 
- lim 











L.H.D- li 
ee; =k A0 E 
A*1-A-1 0 
- ]i = li = 
od —A Du: —A i 
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fK3*X)-f3) 











R.H.D- lim 
A-—0 A 
. (3*A-3)*(3*A-2)-1 
= lim 
A-—0 A 
Saa AT1*A-1 
o 3 ^ 


L.H.D#R.H.D at x =3 
f(x) is not differentiable at x = 3 
-. Option (c) is correct. 
(iv) When 2 « x «3, we have 
fix) = -(x-3) * (x-2)-1 
-. Option (c) is correct. 


(v) We have the function f(x) = [x] € x, where x is an integer. 
Y 





It is not a continuous function, so the potter can not make a pot using the function f(x) = [x]. 
-. Option (d) is correct. 


T 
Chapter-10: Differential Equations 


1. Read the following and answer any four questions from (i) to (v). 


A Veterinary doctor was examining a sick cat brought by a pet lover. When it was brought to 
the hospital, it was already dead. The pet lover wanted to find its time of death. He took the 
temperature of the cat at 11.30 pm which was 94.6°F. He took the temperature again after one 
hour; the temperature was lower than the first observation. It was 93.4°F. The room in which the 
cat was put is always at 70°F. The normal temperature of the cat is taken as 98.6°F when it was 


alive. The doctor estimated the time of death using Newton law of cooling which is governed 
by the differential equation: Ta (T -70), where 70°F is the room temperature and T is the 
temperature of the object at time t. 

Substituting the two different observations of T and t made, in the solution of the differential 


equation E k (T - 70) where k is a constant of proportion, time of death is calculated. 


P [CBSE Question Bank] 
Answer the questions given below. 
(i) State the degree of the above given differential equation. 
(a) 0 (b) 1 (c) 2 (d) Not defined 
(ii) Which method of solving a differential equation helped in calculation of the time of 


death? 
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(a) Variable separable method (b) Solving Homogeneous differential equation 
(c) Solving Linear differential equation (d) all of the above 
(iii) If the temperature was measured 2 hours after 11.30 pm, will the time of death change? 


(Yes/No) 

(a) Yes (b) No 
(c) Cannot be determined (d) None of these 

(iv) The solution of the differential equation A -k(T - 70)is given by, 
(a) log |T -70| =kt+C (b) log |T - 70| =log |kt|+ C 
(c) T- 702 kt « C (d) T -70 - kt C 
(v) If £2 0 when T is 72, then the value of C is 
(a) -2 (b) 0 (c) 2 (d) Log 2 
Sol. (i) We have differential equation 
dT 


a k (T - 70) with degree 1 
“. Option (D) is correct. 
(ii) To solve the differential equation 
dT 
E -k (T m 70) 
Variable- Separable method is useful. (Helpful) 
-. Option (a) is correct. 
(iii) No, the time of death would not change. 
-. Option (D) is correct. 
(iv) We have, 
dT 





2t =k(T-7 

dt mA 0) 
dT _ 

J pap = J kat 


=> log |T-70| =kt+C 
Option (a) is correct. 
(v) Given t = 0 when T = 72 
Now,log|T-70| =kt+C 
=>  1og|72-70| =kx04+C 
=> log2=C 
Option (d) is correct. 
2. Read the following and answer any four questions from (i) to (v). 
Polio drops are delivered to 50K children in a district. The rate at which polio drops are given is 
directly proportional to the number of children who have not been administered the drops. By 
the end of 2"* week half the children have been given the polio drops. How many will have been 
given the drops by the end of 3'* week can be estimated using the solution to the differential 


equation ehe (50 - y) where x denotes the number of weeks and y the number of children who 
have been given the drops. [CBSE Question Bank] 
Answer the questions given below. 

(i) The order of the above given differential equation is 


(a) 1 (b) 2 (c) 3 (d) none of these 
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d 
(ii) Which method of solving a differential equation can be used to solve Ta k (50 - y)? 
(a) Variable separable method (b) Solving Homogeneous differential equation 
(c) Solving Linear differential equation (d) all of the above 


d 
(iii) The solution of the differential equation n =k (50 — y) is given by, 


d 
(a) log|50- y |= kx + C (b) log|50- y| 2 kx +C 
(c) log|50- y| =log|kx|+C (d) 50-y=kx+C 
(iv) The value of c in the particular solution given that y(0)=0 and k = 0.049 is. 
(a) log 50 (b)log x (c) 50 (d) -50 


(v) Which of the following solutions may be used to find the number of children who have 
been given the polio drops? 


(a) y - 50 - e (b) y = 50- e (c) y=50(1-e*) (d) y=50 (e*-1) 
Sol. (i) Given differential equation 
dy 
qe K00- v) 
has order 1. 


-. Option (a) is correct. 


d 
(ii) Variable Separable method can be used to solve differential equation = =k(50- y) 


-. Option (a) is correct. 
(iii) We have, 


dy 
ax E07 y) 
dy 
=> Boy ska => -log|50-y| =kx+C 


-. Option (D) is correct. 
(iv) Given y(0) = 0 and k = 0.049 
 -log|50-y| =kx+C 
=>  -log|50-0| =0.049x0+C 
-log 50 = C > C= log a5 
Option (D) is correct. 
(v) We have, 
-log|50 - y |= kx + log zp (from (iv) 


E -kx = log| 50 - y | log 











T 50-y 
>  -kx=log— 
50-y y 
-kx _ 
= B 50 1-80 
2 un1.Q2X = _ p kx 
^ gg l-* => y=50(1- e") 
This is the required solution to find the number of children who have been given the polio 
drops. 


-. Option (c) is correct. 
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Chapter-11: Vector Algebra 


1. Read the following and answer any four questions from (i) to (v). 
Solar Panels have to be installed carefully so that the tilt of the roof, and the direction to the sun, 
produce the largest possible electrical power in the solar panels. 
A surveyor uses his instrument to determine the coordinates of the four corners of a roof where 
solar panels are to be mounted. In the picture , suppose the points are labelled counter clockwise 
from the roof corner nearest to the camera in units of meters P, (6,8,4) , P; (21,8,4), P4 (21,16,10) 
and P, (6,16,10) [CBSE Question Bank] 





Answer the questions given below. 
(i) What are the components to the two edge vectors defined by A = PV of P,- PV of P, and 
B = PV of P,- PV of P4? (where PV stands for position vector) 
(a) (15, 8, 4), (0, 8, 6) (b) (15, 0, 0), (6, 8, 0) 
(c) (15, 0, 0), (0, 8, 6) (d) (15, 8, 4), (6, 8, 0) 
(ii) The vector in standard notation with i, j and k, (where f, j and k are the unit vectors along 
the three axes) are 


(a) (151 + 8j + 4k), (01 +8) + 6K) (b) (15i + 0j + Ok), (6i + 8) + 6k) 
(c) (157 + 0j + Ok), (07 +8) + 6k) (d) (151 + 8j + 4k), (67 + 8j + 6k) 
(iii) What are the magnitudes of the vectors A and B ? 
(a) /325 units, 10 units (b) 15 units, /136 units 
(c) 15 units, 10 units (d) /325 units, 136 units 
(iv) What are the components to the vector N, perpendicular to A and B and the surface of 
the roof? 
(a) 0, —90, 120 (b) 0, —90, -120 (c) 0, 90, 120 (d) 0, 90, 2120 
(v) The sun is located along the unit vector S= i i- 2j * ak, If the flow of solar energy is 


given by the vector F = 910 S units of watts/meter’, what is the dot product of vectors É 
with N , and the units for this quantity? 
(a) 84,800 watts (b) 85,800 watts (c) 54600 watts (d) 86255 watts 
Sol. Given points are P, (6,8,4) , P; (21,8,4), P4 (21,16,10) and P, (6,16,10). 
(i) We have, A = P.V of P, — P.V of P, - (21i + 8j + 4k) - (61 + 8j + 4k) 
A =15i + 0j + 0k 


Components of vector A are 15, 0,0 
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and B = P.V of P, - P.V of P, = (61 + 16j + 10k) — (61 + 8j + 4k) 
= 0i + 8j + 6k 

Components of vector B are 0, 8, 6 
Option (c) is correct. 

(ii) A =15i+0j + 0k and B =0i +8) + 6k 
Option (c) is correct. 

(iii) We have, 
[X |= V 157 + (0) + (OY =15 units 


|B |= (0f + (8° + (6) = /64 + 36 = /100 =10 units 


-. Option (c) is correct. 





(iv) We have, i 7 k 
N=AxB=|15 0 0 
086 





=1(0-0)- j (90-0) +k(120 - 0) 
= 0i — 90j + 120k 
Its components are 0, —90, 120. 


-. Option (a) is correct. 





(v) F=910(5i- oi + =k) = 4557 — 780j +130% 
The dot product is F.N = 455 (0) — 780(-90) + 130(120) = 85,800 watts. 
“. Option (b) is correct. 

2. Read the following and answer any four questions from (i) to (v). 


A class XII student appearing for a competitive examination was asked to attempt the following 
questions. 


Let a, b and c be three non zero vectors. [CBSE Question Bank] 
Answer the questions given below. 
(i) If a and b are such that |a +b |=|a - b |then 
(a) alb (b) a | b (c) a=b (d) None of these 
(ii) If a=i- 2j, b -2i* j* 3k then evaluate (2a + ) [a +b)x(a - 2b)| 
(a) 0 (b) 4 (c) 3 (d) 2 
(iii) If a and D are unit vectors and 0 be the angle between them then la - b | is 





NID 


(a) sin (b) 2sin$ (c) 2cos (d) coss. 


(iv) Leta,b andc be unit vectors such thata.b =a.c =Oand angle between b and c is 
is ^- then a- 
(a) 2(b xc) (b) -2(b xc) (c) 2(b xc) (d) e(b +c) 


(v) The area of the parallelogram formed by a andb as diagonals is 


(a) 70 (b) 35 (c) T (d) /70 
Sol. (i) Given, |a +b |-|a - b | 


"D 
— la *b | =la -b | 
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Iz «I8 [212 [8 lcos@=|a[ +18 [212 [8 |cos 
(Where 0 is the angle between í and b .) 
=> Ala |b |cos8=0 > cos 9 = 0 = cos, 
T 
m => 07 
a Lb 
-. Option (a) is correct. 
(ii) We have, 





a -i-2jandb 22i +] +3k 
2a +b -2i - 4j «2i + j + BÉ - Ad - 3j +3k 
a+b =3i-j+3kand a -2b - (i - 27) - (4i * 2j + 6k) - -8i - 4j - 6k 
PP 
(a *P)x(a -20)2|3 -1 3 |=i(6+12)- j-18*9) - £2 - 3) 
-8 -4 -6 
= 18i + 9j — 15k 


(2a +b).[(a +b) x(a -2b)]- (4i - 3j + 3X). (18i + 9j - 15K) 
=4x18-3x9+4+3x-15 
= 72-27-45 = 72-72 = 0 
-. Option (a) is correct. 
(iii) Given |a |=|b |=1 
cy. ak) gx: ake DO eap! cen. 
la - b | =|a| *|b | -2|a |b |cos 0 


> 22 
=>  |s-b|[-21*1-2x1x1xcos0-2-2cos0 
-2(1- cos0) -2x2sin? = sin? S 
2 |i -8|-2sin$ 


-. Option (D) is correct. 
(iv) We have, 


> ab=0 > 
and a.c =0 > 
Since angle between b and € is x 
a =+ 2(b x c) 
-. Option (c) is correct. 
(v) The area of the parallelogram formed by aand D as 


diagonals is 1 a xb| 





A- T4 x5] NO 
i jk . . 
Now, axb-1 -2 0|-i(-6-0)-j(3-0) - K(1* 4) 
2-1. 8 
--6i — 3j + 5k 





la xb |= (6) + (3 + (5? = 36494 25 
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= /70 
Area = i450 Sq. units 


Option (c) is correct. 
3. Read the following and answer any four questions from (i) to (v). 
A cricket match is organized between two Clubs A and B for which a team from each club is 
chosen. Remaining players of Club A and Club B are respectively sitting on the plane represented 
by the equation r.(27 - 7 + Kk) -3and rz + 3j * 2k) =8 to cheer the team of their own clubs. 
[CBSE Question Bank] 





Answer the questions given below. 
(i) The Cartesian equation of the plane on which players of Club A are seated is 
(a) 2x -y * z «3 (b)2x-y+2z=3 (c)2x-y+z=-3 (d)x-y+z=3 
(ii) The magnitude of the normal to the plane on which players of club B are seated, is 
(a) y15 (b) V14 (c) /17 (d) /20 


(iii) The intercept form of the equation of the plane on which players of Club B are seated is 


ET E. CE NEN Um Law AM EE E 
gigi gt Wet gta Qa. T) ete yo 
3 3 
(iv) Which of the following is a player of Club B? 
(a) Player sitting at (1, 2, 1) (b) Player sitting at (0, 1, 2) 
(c) Player sitting at (1, 4, 1) (d) Player sitting at (1, 1, 2) 
(v) The distance of the plane, on which players of Club B are seated, from the origin is 
8 6 7 9 
a) ——units b) ——units c) ——units d) ——units 
Uu 0 7 Oa € Us 
Sol. (i) The players of club A are seated is 
r.Qi-j*-3 


=> (xityjtzk).(2i-j+k)=3 
=> 2x-y+z=3 
Which is the Cartesian equation. 
Option (a) is correct. 
(ii) Given equation of the plane in players of club B are sitting be 
7.(i + 3] + 2k) = 
Normal vector to the plane N =i+ 3j + 2k 
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IN |= V1 « GY « QY 
-/1«9*4- 14 
-. Option (D) is correct. 
(iii) Equation of the plane for the players of club B 
7.(i +3) + 2k)=8 
=> x«+3y+2z=8 


x SY 22. x SY z 
8 
3 





1 3> * 


^ $8'g'sg 8 


which is intercept form 
-. Option (a) is correct. 
(iv) We have Cartesian equation of the player of club B is 
x+3y+2z=8 ws (2) 
and the point (1, 1, 2) satisfy the equation. elt) 
ie 14+3x14+2x2=8 
=> 8=8 
-. Option (d) is correct. 
(v) The distance of the plane x + 3y + 2z — 8 = 0 from the point (0, 0, 0) i.e. origin is given by 
pa 0+3x0+2x0-8 __ 8 
Jay «Gy«Qy | yn 


-. Option (a) is correct. 








units 


4. Read the following and answer any four questions from (i) to (v). 


The Indian coast guard, while patrolling, saw a suspicious boat with people. They were nowhere 
looking like fishermen. The coast guard were closely observing the movement of the boat for an 
opportunity to seize the boat. They observed that the boat is moving along a planar surface. At 
an instant of time, the coordinates of the position of the coast guard helicopter and the boat is 
(1, 3, 5) and (2, 5, 3) respectively. [CBSE Question Bank] 
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Answer the questions given below. 
(i) If the line joining the positions of the helicopter and the boat is perpendicular to the 
plane in which the boat moves, then the equation of the plane is 
(a) -x + 2y-2z=6 (b)x+2y+2z=6 (c)x+2y-2z=6 (d) x-2y-2z=6 
(ii) If the coast guard decide to shoot the boat at that given instant of time, then what is the 
distance (in meters) that the bullet has to travel? 
(a) 5m (b) 3m (c) 6m (d) 4m 
(iii) If the coast guard decides to shoot the boat at that given instant of time, when the speed 
of bullet is 36m/sec, then what is the time taken for the bullet to travel and hit the boat? 


1 1 1 1 
(a) g seconds (b) 14 Seconds (c) 10 Seconds (d) 12 seconds 


(iv) At that given instant of time, the equation of line passing through the positions of the 
helicopter and boat is 






































x-1 Y-3 z.5 x-1 yt3 7-5 
@ 71 2 = (7 1 -2 
x*1 Y-3 z-5 x-1 Yt3 z+5 
05-3 2 @) 5 E] 2 


(v) At a different instant of time, the boat moves to a different position along the planar 
surface. What should be the coordinates of the location of the boat if the coast guard 

















-1 =! 
shoots the bullet along the line whose equation is : ae 23 7 Z 1 : for the bullet to hit 
the boat? 
-8 19 -14 8 -19 -14 8 -19 14 
(a) ( 3'3 zc (5: 3 xc C fe 3 s (d) none of the above 


Sol. We have positions of helicopter and the boat are respectively (1, 3, 5) and (2, 5, 3). 
(i Let a 22i +5) *3K, n =(2-1)i+(5-3)/+(-5)k 


Perdea 
p+ of -2k 
a 


The equation of the plane in which boat moves is given by 

(T -a).n =0 ol 
> (7 -Gi «sj «a6. E - 
=>  7.(i+2)-2k)-(2+10-6)=0 


=> x+2y-2z-6=0 => x+2y-2z=6 





-. Option (c) is correct. 
(ii) Distance that bullet has to travel = /(2 -1Y«(5-3y«(8-5y 





=y1+4+4=3m. 
-. Option (D) is correct. " i 
(iii) Time taken for the bullets to travel and hit the boat = 36 12 seconds. 


-. Option (d) is correct. 
10 e have position of helicopter be(1, 3, 5) and the boat be (2, 5, 
(iv) Weh positi f helicopter be(1, 3, 5) and the b be (2, 5,3) 


Equation of line passing through the positions of the helicopter and boat is given by 
x-1 7-9 z-5 
2-1 5-3 3-5 
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x-1 _ 1-3 25 
1 2 -2 


Option (a) is correct. 





> 


(v) Given line of the bullet be 
ger 4- 

1 2 

Any point on the line be (k + 1, 2k + 1, k + 2) 





3 7-5 
- =k (let) 


Since the points lies on the plane 
x-2y-2z-6 

k+2(2k + 1)-2(k+ 2) =6 

=> 3k=8 > k= s 
Co-ordinate of the location be 

(3-373) 
3’ 3’ 3 
-. Option (d) is correct. 





5. Read the following and answer any four questions from (i) to (v). 


The equation of motion of a missile are x = 3t, y = — 4t, z = t, where the time ‘t’ is given in seconds, 
and the distance is measured in kilometres. [CBSE Question Bank] 





Answer the questions given below. 


(i) What is the path of the missile? 


(a) Straight line (b) Parabola (c) Circle (d) Ellipse 
(ii) Which of the following points lie on the path of the missile? 
(a) (6, 8, 2) (b) (6, -8, -2) (c) (6, -8, 2) (d) (-6, -8, 2) 


(iii) At what distance will the rocket be from the starting point (0, 0, 0) in 5 seconds? 


(a) /550 kms (b) /650 kms (c) /450 kms (d) /750 kms 


(iv) If the position of rocket at a certain instant of time is (5, —8, 10), then what will be the 
height of the rocket from the ground? (The ground is considered as the xy - plane). 


(a) 12 km (D) 11 km (c) 20 km (d) 10 km 
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(v) Atacertain instant of time, if the missile is above the sea level, where the equation of the 
surface of sea is given by 2x + y + 3z = 1 and the position of the missile at that instant of 
time is (1, 1, 2), then the image of the position of the rocket in the sea is 


-9 -1 -10 9 -1 -10 -9 1 -10 -9 -] 10 
e (T) ec) ee) e) 
Sol. (i) Given equation of motion of a missile be 


x= 3t, y =—4t,z =t 


x Yy z E ; : 
a" r4 which is a straight line. 


Hence, the path of the missile is a straight line. 




















-. Option (a) is correct. 
(ii) We have equation of the path of the missile as 
x V z 


a 4. 1 
and the point (6, —8, 2) satisfy the equation 
Point is (6, -8, 2) lie on the path of missile. 
-. Option (c) is correct. 
(iii) After 5 seconds position of the rocket be 
x=3t=3x5=15 
y=-4t=-4x5=-20 
Z=E=5 
Point is (15, —20, 5). 
Its distance from origin (0, 0, 0) is / 15 - 0 + (-20 -07 + (5 - 0° 
= /225 + 400 + 25 = /650 km 
-. Option (D) is correct. 
(iv) Given position of the rocket at a time is (5, -8, 10) 











Height of the rocket from the ground 
= Distance between the points (5, -8, 10) and (5, -8, 0). 
(Since ground is considered as the XY-Plane) 





= /(5 - 5Y +(-8 +8) + (10-0) - 10 Km P (1,1,2) 

-. Option (d) is correct. 
(v) Let R(x, y, z) be the image of the point P(1, 1, 2). 

Let Q(a, D, y) be the mid point of PR lie on the plane. 

2a + p-3y =1 sa) 
Direction ratio of the line PQ be 

a-1p-1y-2 

a-1 BP-1 v-2 

2 1 3 

> a=2k+1,Pp=k+1,y=3k+2 











k 





from (i), we have 
2(2k+1)+(k+1)+3k+2)=1 > 14k= 


=> k= 


-8 
m R (x,y,z) 
7 
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a=2k+1=Ž+1= 























7 
7 4... 3 -12 2 
pektis ris r and y=sk+2=——+2=— 
Since Q(a, p, y) be the mid point of PR 
co x*1 -1 22b go 
2 RII ua ADEL £C 7 
y*1.g N yti $ 5 Z5 wo 
2 2 7 JU. 
z*t2 z+2 2 _4 _4 
and, 2 =y > 2 77 > zt:2-,5 => z= 7-2 
= ge! 
7 


l -9 1 -10 
Co-ordinates of image be ( 7'-9 9 | 


Option (a) is correct. 


6. Read the following and answer any four questions from (i) to (v). 
Suppose the floor of a hotel is made up of mirror polished Salvatore stone. There is a large crystal 
chandelier attached to the ceiling of the hotel room. Consider the floor of the hotel room as a plane 
having the equation x — y + z = 4 and the crystal chandelier is suspended at the point (1, 0, 1). 
. [CBSE Question Bank] 


VIE 
iila 





Answer the questions given below. 
(i) The direction ratios of the perpendicular from the point (1, 0, 1) to the plane 
x-y+z=A4is 
(a) (-1,-1, 1) (b) (1, -1, -1) (c) C1, -1, -1) (d) (, -1, 1) 
(ii) The length of the perpendicular from the point (1, 0, 1) to the plane x -y + z = 4 is 














2 4 6 8 

a) —— units b) —= units c) — units d) —— units 

(a) T3 0) 8 (c) i (d) 5 

(iii) The equation of the perpendicular from the point (1, 0, 1) to the plane x - y + z = 4 is 

x-1 Y- z+5 x-1 V*9 z-5 

Ww a a 2 Og. ag 
x-1 V z-1 x-1 V z-1 

SI TY wi» 2 3 


(iv) The equation of the plane parallel to the plane x — y + z = 4, which is at a unit distance 
from the point (1, 0, 1) is 
(a) x-y*z*(2- 93) (b) x-y*z-Q* 3) 
(c) x- y *z *(2* 3) (d) Both (a) and (c) 
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(v) The direction cosine of the normal to the plane x- y + z = 4 is 























1 -1 -1 1 -1 1 -1 -1 1 -1 -1 -1 
Orga) res) Olara Owe) 
Sol. (i) Direction ratios of the perpendicular from the point (1, 0, 1) to the plane x- y + z = 4 is 
(1, -1, 1) 
-. Option (d) is correct. P (1,0,1) 
(ii) The required length of perpendicular from point P 
to the plane is given by 
1-0+1-4 
vař «cy «a» 








T units 
J/3 


-. Option (a) is correct. 





(iii) Required equation be 
x-1 7-0 z-1 
1 -1 1 
x-1 V z-1 
1 -1 1 
-. Option (c) is correct. 











=> 


(iv) Let the equation of the plane parallel to the plane 
x-y+z=4isx-y+z=k  ..(i) 
Distance of the plane (i) from the point (1, 0, 1) is 
> EE > 2+k=4+/3 
=> k=+/3-2 
from (i) equation of the plane be 
x-y*tz-t43-2 > x-yt+z+2-/3=0 
or x-y*z*(/3*2)-0 


-. Option (d) is correct. 
(v) Direction cosines of the normal to the plane 
x-y +z = 4is given by 
1 -1 1 
Va «cay «ay yay «cir a VaP AP «ay 
dd d 
v3" V/3' 3 


-. Option (D) is correct. 











i.e. 


7. Read the following and answer any four questions from (i) to (v). 
A mobile tower stands at the top of a hill. Consider the surface on which the tower stands as a 
plane having points A(1, 0, 2), B(3, -1, 1) and C(1, 2, 1) on it. The mobile tower is tied with 3 cables 
from the point A, B and C such that it stands vertically on the ground. The top of the tower is at 
the point (2, 3, 1) as shown in the figure. [CBSE Question Bank] 
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B (3, -1, 1) 


Answer the questions given below. 


(i) The equation of the plane passing through the points A, B and C is 


(a) 3x - 2y + 4z = -11 (b) 3x + 2y + 4z = 11 
(c) 3x 2y - 4z = 11 (d) -3x + 2y + 4z = -11 
(ii) The height of the tower from the ground is 
5 7 6 8 
a) —— units b) —— units c) —— units d) —— units 
© a O Ja © as 0 ns 


(iii) The equation of the perpendicular line drawn from the top of the tower to the ground is 
x-1 4*9 2-5 






































x-2 Y-3 z-1 
() E E. (22.7. 
4x22. 479 z-1 x*1 V*3 7-5 
OZ 2 4 eo 8 
(iv) The coordinates of the foot of the perpendicular drawn from the top of the tower to the 
ground are 
eo) oe ee CERE 
0) 129729729] Ola 77) © 29729 29 29' 29' 29 
(v) The area of AABC is 
29 29 39 39 
(a) Eu units (b) En units (c) E sq. units (d) a units 


Sol. (i) Given Co-ordinates of the points in a plane are 
A(1,0, 2), B(3, -1,1) and C(1, 2,1) 
Ay Yi T2: 5.79) X3 Y3 23 
Equation of plane containing three non-collinear points is given by 
X-X% YY 24 
Var Ya Yr s |= 0 
se a ee m 








x-l y-0 z2 x-l y z2 
> 3-1 -1-0 1-2)/=0 > | 2 -1 -1]=0 
1-1 20 1-2 0 2 -1 


=>  (x-1)(1 + 2) -y(-2) + (z- 2) (4) =0 
=> 3x-3+2y+4z-8=0 => 3x+2y+4z=11 


Option (b) is correct. 
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(ii) We have Co-ordinates of the top of the tower is (2, 3, 1) 
3x2*2x3*4x1-11 
/9 *4*16 
5 
= —— units 
/29 
-. Option (a) is correct. 
(iii) The equation of the perpendicular line drawn from the top 
of the tower to the ground is given by 
x-2-43-9 1 
3 2 4 
-. Option (c) is correct. 
(iv) Let Q(a, B, y)be the foot of the tower. 





Required distance = 











3x+2y+4z = 11 











3a +2B+4y=11 (i) pee 
Direction ratios of PQ be 
a-2,p-3,y-1 
d-2. B-39 Yel. 
7 B j "(et 





> a=3k+2,B=2k+3andy=4k+1 


Q (o, B.) 3x+2y+4z = 11 
From (i), we have 


3(3k + 2) + 2(2k + 3) + 4(4k + 1) =11 


























-3 
=> 29k +16=11 > k= 29 
Da D 15. 715*58 43 
WO a ao. 329 
-5 77 
D 
-5 9 
iran aeu 
; 4377 9 
Coordinates of foot of perpendicular are 29 29 29 ! 
-. Option (d) is correct. 
(v) We have 


AB =(3i -j+k)- 
AC =(i * 2j +k) 


( 
(i 0j + 2k) =07 «2j -K 
| 


Area of AABC = =| AB x AC | (i) 


= 
=. 
> 


Now, AB x AC =|2 -1 -1]=i(1+2)- j(-2)+k(4)=3i + 2j + 4k 
02 -1 


| AB x AC |= /9+4+16 =/29 
From (i) 


29 
ar(AABC) ; x /29 n units 


-. Option (D) is correct. 














Case Study Based Questions 557 


Chapter-14: Probability 


1. Read the following and answer any four questions from (i) to (v). 


A coach is training 3 players. He observes that the player A can hit a target 4 times in 5 shots, 
player B can hit 3 times in 4 shots and the player C can hit 2 times in3 shots [CBSE Question Bank] 


Te > + S- 





Answer the questions given below. 


(i) Let the target is hit by A, B: the target is hit by B and, C: the target is hit by A and C. Then, 
the probability that A, B and, C all will hit, is 


4 3 2 1 
(a) = (b) = (c) 5 (d) 5 
(ii) Referring to (i), what is the probability that B, C will hit and A will lose? 
1 3 7 4 
a) 46 (b) 19 (c) 46 (d) 19. 


(iii) With reference to the events mentioned in (i), what is the probability that 'any two' of A, 
B and C will hit? 


1 11 17 13 
(8) 45 (P) 30 (c) 39 (d) 35 
(iv) What is the probability that ‘none of them will hit the target’? 
1 1 1 2 
(8) 39 (P) c0 (c) 1$ (d) +5 
(v) What is the probability that at least one of A, B or C will hit the target? 
59 2 3 1 
(8) Sp (b) 5 (c) 5 (d) c6 
Sol. We have, F 
P(A) = Probability of hitting the target by Player A= 5 
P(B) = Probability of hitting the target by Player B= » 
P(C) = Probability of hitting the target by Player C = = 


(i) Probability that A, B and C all will hit the 
target = P(A) x P(B) x P(C) 
4 3 2 2 
m——X«—x—-—-— 
5 4 3 5 
-. Option (c) is correct. 
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(ii) Probability that B, C will hit and A will lose 
= P(A’) x P(B) x P(C) 


( 1,3,2.1,1.1 
5/°4°3 5 2 








-. Option (a) is correct. 











(iii) P(any two will hit) = P(A).P(B).P(C’) + P(A).P(C).P(B’) + P(A’).P(B).P(C) 
4 3.1 5 2 1, 19 2. 1, 5-1 
5° 4°3 53:4 5 4 3 5 15 10 
| 6*4*3 13 
|. 80 30 


-. Option (d) is correct. 
(iv) P(None of them will hit the target) 
= P(A').P(B’).P(C’) 
1.1.1 1 
(5. 4'3 60 
Option (b) is correct. 
(v) P(atleast one of A, B or C will hit the target) 
= 1 - P(none will hit the target) 


41.59 
60 60 


-. Option (a) is correct. 





Read the following and answer any four questions from (i) to (v). 


In answering a question on a multiple choice test for class XII, a student either knows the answer 
or guesses. Let 3/5 be the probability that he knows the answer and 2/5 be the probability that 
he guesses. Assume that a student who guesses at the answer will be correct with probability 1/3. 
Let E,, E, E be the events that the student knows the answer, guesses the answer and answers 
correctly respectively. [CBSE Question Bank] 





Answer the questions given below. 
(i) What is the value of P(E,)? 


(a) 2 o 4 ()1 (a) = 
(ii) Value of P(E | E,) is 
() $ ()1 () @ = 
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Gi) “Š P(E | E,) p(E,) equals 


k=1 
11 4 1 
(2) 45 (b) 4 Ons (a) 1 
(iv) Value of SFPE is 
k=1 
1 1 3 
() 4 Os ()1 a) = 
(v) What is the probability that the student knows the answer given that he answered it 
correctly? 
2 5 9 
a i O3 () 4i (d) 3 


Sol. Itis given that E,, E; and E be the events that the student Knows the answer, guesses the answer 
and give answer correctly respectively. 4 
(i) We have, probability that student knows answer = 5 
3 
P(E,)= 5 
-. Option (d) is correct. 


(ii) We have, (E 5 ) (E 
PIENE) P(E 

p(E/E 1 
dE)” RE) 


-. Option (D) is correct. 
(iii) We have, 
PURE) = 1, POSÉ 














1 
3 
2 
5 
E/E 


P(E/E,).p(E,) = P(E/E,). P(E,) + P(E/E;).P(E;) 


-. Option (a) is correct. 
(o) X P(Ex)= P(E)) + P(E) 


d 2. 45 
=—+—=—=] 
5 5 5 


-. Option (c) is correct. 
(v) We have, E EJE 
P(E,/E) P(E,).P(E/E, ) 
P(E;).P(E/E,) + p(E;).p(E/E;) 














Option (c) is correct. 
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